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PREFACE. 






Thb following ^lemeiitajiy treatii^d dH Dynamics (commonly 
called Mechatiicd) Will be fotind to differ in solne impottatit 
respects froin thd text-books in common use. Some of these 
differences will be here noticed^ The term D^fnamics is used 
in its ia*ae logical sen^e as the science which treats of th& 
action of force on mattet whether it maiiitains relative test 
or prodnces acceleratioil of relatire motion, and Dynamic^ 
is thus sab-^dirided into Statics and Kmeties. In both of 
these branches thd unit of ^force adopted is the KirieUc unit. 
deriyed from the miit of ihass which is taken to be the ponna 
avoirdtipois. As a secondary tinit of force, contenient in 
certain cases and sufficiently aocurate for most practical 
^ purposes, although varying in value at different places, the 

rtf common Ofavitation nnitf the Weight of the unit of mass (that 
\ is, the weight of one pound), has been adopted. 

^ It is presumed that, at the present day, there can be 

no question as to the great advantages, both as regards 
^ simplicity and clearness for beginners, and also as regards 
scieiilMc accuracy, of Gauss's method over the me&ods 
which have been in common use, in which the so-called 
Statical unit of force is a variable quantity, and in which 
it is necessary in the Kinetic branch to employ a different 
unit of force, the so-called Dynamical unit, from which a 
variable and very inconvenient unit of mass is derived, 
altogether different from the fixed standards of mass (com- 
monly, but incorrectly, called standards of Weight) used in 
commence. 

Care has been taken throughout the book, both in the 
text and in the examples, to avoid the use of the term 
weight, except in its true sense as the apparent force of 
gravity on a body. 

The chapters on Kinematics, which arfe, of course, 
independent of the rest of the book; are placed in the order 
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in wbich the subjects are now usually read. Kinematics^ 
however, involving only the ideas 'of space and time, is a 
much less complex subject than Dynamics, which intro- 
duces the further ideas of force and mass, and might with 
advantage be studied by beginners before even conmxencing 
the Static branch. The chapter on Dynamical Laws and 
part of the chapter on the Force of Gravity might also 
be read as an introduction to the whole subject. 

The importance, however, particularly for beginners, of 
clearly separating results and formulas derived from con- 
ventions, with regard to methods of estimating velocity 
and acceleration of velocity, from conclusions depending 
on the laws which are observed to regulate the action of 
force on matter, cannot, it is thought, be too strongly 
insisted upon. Nothing, perhaps, in Dynamics has given 
rise to more confusion of ideas with beginners than the 
use of the expression " accelerating force" for acceleration 
of velocity^ and the arbitrary distinction drawn between 
" accelerating" and " moving" forces. 

Any treatise on Dynamics, in the present state of science, 
would be incomplete without some reference to the Principle 
of Conservation of Energy. It has been attempted in chap- 
ter VIII of the Statics to explain the scientific sense in 
which the terms work and energy are now used^ and to 
illustrate the Law of Energy, and some consequences from 
it, in connection with the Simple Machines. Further explan- 
ations and illustrations are given in the chapter on Energy 
in Kinetics, and it is hoped that these chapters combined 
may form a sufficient introduction to the subject for those 
readers who are commencing the study of Physical Science. 

This little treatise was originally designed to supply a 
text-book on Dynamics, in conformity with late methods 
and improvements, for the pass students of the Calcutta 
University, and the greater portion of it has been compiled 
from notes, taken from various sources, which the author 
has used for some years with his classes. The book, how- 
ever, as it now stands, contains most of the propositions 
which can be advantageously investigated by the aid of 
Elementary Algebra, Geometry and Trigonometry, such 
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as are usually found in elementary treatises, together with 
some additions. Of the examples, very few are original ; 
some have been taken from University Examination papers, 
and others, which have been considered as more or less 
common property, have been taken from various sources, 
including some of the text-books in common use. In m^ny 
of these examples the wording and notation have been 
altered and a few have been altogether re-cast. 

It seems scarcely necessary in a text-book, which, from 
its very nature and the purpose for which it is intended, 
must be, more or less, a compilation of well known methods 
and propositions, to specify, in detail, sources from which 
information has been obtained. It should, however, be stated 
that, as regards arrangement, method and demonstrations, 
much has been derived from Sir W. Thomson and Professor 
Tait's Treatise on Natural Philosophy. The thanks of 
the author are due to Mr. M. H. L. Beebee for many 
valuable suggestions in the chapters on Kinematics and 
Kinetics. 

It is felt that some apology may be due for imperfections 
in type and diagrams, which will be noticed throughout 
the book. Any one who has had the misfortune to be 
obliged to get Mathematical printing done, and diagrams 
engraved, in this country, will fully appreciate the difficulties 
which had to be encountered in attempting to secure even 
tolerable accuracy and neatness of arrangement. The scarcity 
of mathematical type rendered it necessary that each 
form should be passed and printed o& before the next 
was commenced, and thus mistakes and inaccuracies which 
might have been corrected, had a general revision been 
possible, may have escaped notice. It is hoped, however, 
that no errors of a serious nature have been overlooked. 
The publishers, with the limited means at their disposal, 
have done all that it was possible for them to do. 

Calcutta : 
January^ 1874, 



^•^•l W. G. WILLSON. 
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Page IS, example 7, for "32-188" read « 82-088." 

Page 21, line 10, for "a-/3" read "a + i3." 

Page 37, line 10, after "outwards" insert "at the middle 

points of tlie sides of tlie triangle." 
Page 41, example 31, for "30 y»ds" read "60 yards." 
Page 160, last line, for "30-112" read "32-112." 
Page 171, example 6, read ^'Ans. 26-9." 
Page 203, last line but one, for "r" read "r^." 
Page 209, line 18, for " C" read "P," . 
Page 228, lines 5 and 6 from the bottom, for"oSm" 

read " a S m." 
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CHAPTER I. 
INTRODUCTIOIT. 

1. Matter. — ^Matter is anything which can be perceived 
by the senses. A portion of matter limited in every direc- 
tion, and therefore of determinate figure and volume, is 
called a body. 

2. Material Particle. — A material particle is a por- 
tion of matter so small that, as far as its position is concerned, 
it may be regarded as a mathematical point; for shortness 
sake we shall speak of it as a particle. 

3. Motion and Eest. — A body is in motion when its 
parts occupy successively different positions in space. When 
this is not the case, the body is at rest. We can only dis- 
tinguish the state of rest or motion of a body by comparing 
it with other bodies ; and for this reason all motions which 
come under our observation are relative. We thus speak of 
the state of rest or motion of a body relatively to the bodies 
which surround it. 

4. Force. — ^That which produces, or tends to produce, a 
change in a body's state of relative rest or motion is known 
by the general term force. Matter may also be defined to 
be that which can be acted upon by, or can exert, force. 
Force, and by it matter, is the direct object of all our senses ; 
more obviously, force is the object of our muscular sense. 

5. Dynamics. — Dynamics is the science which treats of 
the action of force on matter, whether it maintains relative 
rest or produces relative motion. It is divided into Statics 
and Kineiics, Statics treats of the action of the forces which 

B 
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keep a body at rest. Kinetics treats of the action of forces 
which produce motion in a body. 

Kinematics, which may be considered as introductory to 
Kinetics, investigates the possible motion of a body, or system 
of bodies, without any reference to the cause by which the 
motion might be produced. It is the purely geometrical 
science of motion in the abstract, and is sometimes called 
" Geometry of pure motion." 

6. Equilibrium op Forces. ^- Several forces acting 
simultaneously on a body, or particle, may so modify each 
other's effects, that no motion of the body or particle can 
take place ; the body or particle is then said to be in 
equilibrium ; or, the forces are said to maintain equilibrium. 
A system of forces is said to be in equilibrium when a body 
would remain at rest if it were acted upon by that system 
alone. 

7. Equal Forces. — Two forces are equal when they are 
$uch that if they were applied to a particle in opposite diree-r 
tions they would maintain equilibrium. 

If two equal forces act on a particle in the same line, 
and tend to produce motion in the same direction in the 
line, they are equivalent to a single force double of either ; 
if three equal forces be thus united, we obtain a triple force, 
and so on. When we speak of a force acting on a particle 
being a multiple of another force, we mean that the first 
may be supposed to be made up of a certain number of forces 
each equal to the second and acting, in the same direction. 

In this way we can measure forces by comparing their 
effects with that of some known force, taking the known 
force as the unit to which all other forces are to be referred. 
Thus by a force F we mean a force equal to P times the 
unit force, or P units of force ; P being the abstract number 
which expresses the ratio of the force P to the unit force. 

8. Force op Gravity. — The force with which we are most 
familiar is the force of -gravity, or the force of the earth's 
attraction. Experience teaches us that all bodies, when 
allowed to fall freely, do so in vertical directions, that is in 
directions perpendicular to the surface of a liquid at rest. 
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If a body be prevented from falling by the interposition of 
some other body, such as a table or the hand, there is a 
certain pressure exerted on the table or the hand ; it will 
be shown in Kinetics that this pressure is caused by the 
earth's attraction on the body, it is called the force with 
which the body gravitates towards the earth. It will also 
be explained that this gravitating force, for the same body, 
is different when the body is taken to different places on 
the earth. 

Ohs, — The student will understand hereafter that the 
pressure which a body exerts against the earth is the result- 
ant of the true force of gravity, and the so-called centri- 
fugal force on the body. This has been called the apparent 
force of gravity on the body, and, except the contrary is 
expressed, it is in this sense that " force of gravity " is to be 
taken. 

9. Mass. — The quantity of matter which a given body 
contains is called its mass. 

Two bodies contain the same mass, or the same quantity 
of matter, when they gravitate towards the earth at the 
same place with the same force. The mass of any body is 
proportional to the force with which it gravitates. 

A more general definition of the equality of two masses, 
but which includes that given here, will be explained in the 
chapter on Dynamical Laws. Masses of bodies are com- 
monly measured, according to this definition, by a machine 
called a common balance. The use of this inachine, in every- 
day life, in measuring quantities of matter, is more or less 
familiar to every one ; it will be described in the chapter on 
Machines. The most convenient unit of mass for scientific 
investigation is the unit used for practical purposes. 

The British unit of mass is the mass of an imperial pound 
avoirdupois. 

In India and in France the unit of mass Is the mass called 
a Ser or Kilogramme, which is about equivalent to two 
pounds. 

0^5. — Units of^ass are commonly called units of weight, 
and weight is often used in different senses. It sometimes 
means the mass of a certain body ; at other times, the force 

B— 2 
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with which the body gravitates. This doable meaning of 
weight has led to considerable confusion and difficulties in 
elementary treatises on Dynamics and Hydrostatics. In 
this treatise, the word weighty whenever used, is to be con- 
sidered as synonymous with gravitating force, 

10. Kinetic Unit Force. — ^In choosing a unit by which 
to measure force, one should be selected which shall be 
independent of locality. The force with which a given body 
gravitates is different at different places on the earth, and 
on this account cuinot famish a unit force independent of 
locality. An absolute unit of force has only been obtained 
from kinetic principles. 

The Kinetic umt force is the force which, acting on a 
national standard unit of matter during the unit of time, 
generates the unit of velocity. 

The British unit force is the force which, acting on an avoir- 
dupois pound of matter for a second, generates a velocity of 
a foot per second. 

This is known as the " Kinetic unit force," or " Gauss's 
absolute unit;" it will be explained in the chapter on 
Dynamical Laws. It has been thought better to define it 
formally here, but it was not necessary to do so. It will be 
sufficient for the student to know its value compared with 
the force with which a pound avoirdupois gravitates at a 
certain locality. 

A pound at the equator gravitates with a force 32.088 
times the Kinetic unit force. Hence the Kinetic unit force 
is ^^jWff P^^ ^^ *^® force with which a pound gravitates at 
the equator, or roughly speaking about the force with which 
a mass of half an ounce gravitates. 

Let g be the gravitating force, or weight, of a mass of one 
pound (the unit of mass), expressed in Kinetic units, for 
any locality ; then, since the weight of a body is proportional 
to its mass, Art. 9, the weight W, in that locality, of a body 
whose mass is m pounds (or, oim units of mass) is given 
b 

W=mg, 

The weight of the unit of mass is different in different 
localities; thus, at Edinburgh ^ = 32.2, and ^ varies very 
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slightly from this value throughout Great Britain and Ire- 
land, At Calcutta ^=32.112. 

The values of g vary with the latitude of the {dace, firom 
^ = 32.088 at the equator to ^ = 32.2527 at the poles. 
The extreme values of the weight of the unit of mass thus 
differ by a quantity which is the -^^^ part of the least value. 
Thus a body which gravitates with a force of 194 Kiaetic 
units at the Equator would, if it could be removed to the 
Pole, gravitate there with a force of 195 Kinetic units. 

11. Gravitation Unit Force. — The weight of the 
same body is different when the body is taken to different 
places on the earth. But from what has been said it will 
be seen that the difference is small. For most practical 
purposes the difference may be neglected, but when strictly 
accurate scientific measurements have to be made, such as 
the measurements of Electrical and Magnetic forces, it must 
be considered. The force of gravity furnishes a simple 
and convenient unit of force sufficiently accurate for most 
practical purposes. 

The gravitation unit force is a force equal to the force with 
which one pound of matter gravitates^ and is called the 
gravitating force of one pound, or shortly, a force of one 
pound. 

Thus the gravitating force, or weight, of a body whose 
mass is m pounds, expressed in gravitation units, is a force 
of m pounds ; when expressed in Kinetic imits, it is mg 
Kinetic imits, g having the particular value for the locality 
in question, 

12. Force Estimated Numerically. — A force may be 
estimated numerically by the weight of the body which it 
is capable of counterpoising ; for example, if a body whose 
mass is m pounds be supported by suspending it freely by 
a string, the force exerted vertically upwards by means of 
the string is, in gravitation units, a force of m pounds \ in 
Kinetic units, a force mg, 

18. Spboifioation of a Force. —^ There are four 
elements which completely determine a force : (1) its point 
of application, (2) the line in which it tends to produce 
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motion, (3) the direction along the line to which the motion 
tends, (4) its magnitude or intensity. 

When a force acts on a material particle, we may, accord- 
ing to the abstract conception of such a particle, Art. 2, 
consider the force as acting at a point. In reality, however, 
the place of application of a force is always either a surface 
or a portion of space occupied by matter. The point of a 
needle, or the sharpest edge, is still a surface, and acts as 
such to the bodies to which it may be applied. As an 
example of the place of application being a portion of space 
occupied by matter, we may take the force of gravity, 
whose place of application is the whole matter of the body 
which we consider. Thus there are two kinds of force 
distinguishable by the place of their application, — ^force 
whose place of application is a solid, and force whose 
place of application is a surface. Thus when a heavy body 
rests on a table, force of the first kind acting downwards is 
balanced by force, of the second kind acting upwards. 

The second element in the specification of a force is the 
line in which it tends to produce motion. If the place of 
application of a force be regarded as a point, a line through 
that point drawn towards the direction of tendency to motion 
is called the line of action of the force. In the case of 
force whose place of application is a surface, or a solid, we 
shall find that it is frequently possible to find a line and a 
point in that line, such that a single force acting at the 
point and along the line would produce the same effect as 
is actually produced. 

14. Representation op Forces by Lines. — It is 
evident from what has been said that three of the elements 
which determine a force can be immediately represented 
geometrically. The place of application of a force may be 
represented by a point. The line of action of the force may 
be represented by a straight line through the point; an 
arrow-head on the line will indicate the direction towards 
which the force acts in the line. But we may also make 
use of a portion of this line as a geometrical representation 
of the intensity of the force. Measure off from the point, 
along the line, a portion containing as many units of length 
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as the force to be measured contains units of force : this 
portion of the line will conveniently represent the relative 
magnitude of the force. A line may thus be made to repre- 
sent three of the elements of a force absolutely, and the 
fourth relatively. 

For example, suppose two forces to act on a particle whose 
position is indicated by the point 0. Let one of them be 
equal in magnitude to P units of force ; the other to Q 
units of force. 

From draw OA in the direction of the force P, and 
let OA contain as many units of length as the force P con- 
tains units of force. 

Similarly, measure off OB in the direction of Q, and con- 
taining as many units of length as Q contains units of 
force. 

Then OA and OB represent the forces P and Q, abso- 
lutely as regards their point of application and directions, 
and relatively as regards their magnitudes. 

The abstract numbers which denote the lengths OA and 
OB are the same as the abstract numbers which denote the 
forces P and Q. Thus — 

OA units of length P units of force 
OB units of length Q units of force* 

This suggests another method of procedure. Take on OA 
any length OA, and take OB, so that Pi Q = OA : OB, 
then the ratio of the forces is completely determined by the 
the ratio of the lengths, and if the absolute magnitude of 
one force is known the other is determined. 

Thus, to represent the forces P and Q, it is sufficient to 
draw lines in the proper directions from O, and to take on 
these lines any two portions, measured from 0, proportional 
to the magnitudes of the forces. 

15. A BiGiD Body. — ^A solid body may be assumed to 
be composed of an aggregation of material particles ; since 
experiments show that any body is divisible into sue-" 
cessively smaller and smaller portions, if sufficient force 
be Jised to overcome the mutual actions of the parts of the 
body. For purposes of reasoning it is convenient to form 
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an abstract conception of a body perfectly bard and perfectly 
strong. Bncb a body is called rigid, and may be defined 
as a body in ichich the relative positions of the particleB 
cannot he altered by the application of any force however great. 
No body in nature is perfectly rigid ; every body yields more 
or lees to the forces which act on it. If, however, the 
forces applied to a body are not sufficiently powerful to alter, 
to a sensible extent, the relative positions of its particles, it 
may be considered rigid, and this is, in many cases, 
approximaely tme for solid bodies. As in this work rigid 
bodies mostly are considered, we shall often, in fatnre, use 
the word body in the sense of rigid body, 

16. The reasoning about rigid bodies is extended to 
other bodies by the following axiom — 

If any forces, acting on a body of any kind, produce equili- 
brium, we may suppose any portions of the body to become 
fixed or rigid, or rigid and fixed, without destroying the 
equilibrium. 

17. Moving and Bbsisting Forges. — There are two 
kinds of forces which may be distinguished by the mode 
of their action : ( 1 ) forces which tend to produce motion ; 
( 2 ) forces which tend to resist or change motion. To the 
latter belong all kinds of resistance, reaction, and friction. 
They have no tendency to produce motion, but have a 
tendency to change and modify it. 

By motion is here to be understood molar or sensible 
motion. The student of Physical Science is aware that these 
resisting forces do produce molecular motion in the forms 
of heat, electricity, &c. 

Kesisting forces are determined in amount and direction 
by the moving forces which act against them. The prin- 
ciple on which this determination depends is expressed in 
Newton's third law of motion : 

To every action there is always an equal and contrary 
reaction ; or the mutual actions of any two bodies are always 
equal and Oppositely directed. 

This law is generally considered self-evident as far as it 
is used in Statics, and in most books is not formally stated. 
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As a simple example of a resisting force, snppose a 
gravitating particle to rest on a horizontal table. The 
gravitating force of the particle is a moving force which 
would cause the particle to fall in a verticid direction, if 
the table were removed. This moving force, therefore, acts 
verti«ally downwards. Again, the table supports the particle ; 
and according to Newton's law, the resisting force, or the 
reaction of the table, is exactly equal to the gravitating 
force of the particle, and its direction is vertically upwards. 
The reaction of the table is in this case the resisting force, 
and its amount and direction are determined by the amount 
and direction of the moving force acting against it. 

The terms pressure, tension f reaction, &e., are often used as 
synonymous with force, 

18. Superposition op Forces. — The effect of any sys^ 
tern of forces will not be altered hy the addition or subtraction 
of another system of forces in equilibrium. 

Hence, if two systems of forces, when acting separately, 
would keep a body in equilibrium, they would also keep the 
body in equilibrium when acting on it simultaneously. 

The principle of this article may be regarded as a physical 
axiom. 

19. Transmission op Force by a Rigid Body. — Sup- 
pose a force P to act at the extremity J. of a rigid rod in the 
direction of its length. 




Let the other extremity, J5, of the rod be fixed. We may 
suppose the rod to be a part of a rigid body AB. 

The force P acting at A is transmitted by the rigid body 
to any point, O, on its line of action, AB, with undiminished 
effect. Hence P may be supposed to act at any point, 0, on 
its line of action. 
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This is generally regarded as axiomatic or as a result of 
experience, and is called the principle of transmiaaihility of 
force. The principle may be thus stated — 

When a force acts on a rigid hody^ its effect will be un- 
changed at whatever point of its line of action it be supposed 
to act, provided the point be either one of the points of the body 
or be supposed to be rigidly connected with it, the direction of 
the force remaining the same. 

20. As this principle is the foundation of Statics, and 
usually presents considerable difficulties to beginners, we 
give another illustration of the amount of assumption involved 
in it. 

At any point in the line AB, suppose two forces, each 
equal to P, applied in opposite directions along the line AB. 
The introduction of these forces in equilibrium will not affect 
the action of P. Art. 18. 

If we assume that P acting at along OB equilibrates F 
acting at A along AC, an easy extension of Art. 7, these 
may be removed, Art. 18, and there remains P acting at 
along OA. Thus the effect of P acting at A is the same as 
the effect of P acting at 0. 

21. It is easily seen that the principle is a consequence 
of the nature of a rigid body and the law of action and 
reaction. Art. 17. 

The particle of the body at A is drawn by the force P ; 
this particle must then be kept in equilibrium by a force 
equal to P in the direction AB, Art. 7, which is the action 
on it of the next particle along the line AB. The first par- 
ticle reacts on the second with an equal and opposite force. 
This system of actions and reactions takes place along the 
whole line AB, and by this means the force P is transmitted 
along the line with undiminished effect. This is sometimes 
expressed by saying that the tension or strain along the rod 
AB is the same throughout its length, and is measured by 
the force P. 

We have supposed P to act from A towards C, that is to 
pull the rod so as to tend to extend it, but the same conclu- 
sions would follow if we supposed P to act at A from C 
towards A, that is to push the rod so as to tend to compress 



CHAP. I.] INTRODUCTION. 11 

it. Since the rod is supposed to be rigid, it is, of course, 
inextensible and incompressible. 

22. Transmission op Force by a Flexible Inex- 
tensible String. — Let AB, Fig. Art. 19, be a flexible, but 
inextensible, string attached to a fixed point B, and stretch- 
ed by a force P acting from A along its length. 

Since the string is in equilibrium, we may suppose it to be 
rigid without destroying the equilibrium. Art. 16 ; in fact, 
since the string is inextensible, it resists the force P as if it 
were rigid, and, as in the last article, the force P is equally 
transmitted to any point of the string. This is expressed 
by saying that — 

The tenison of a string stretched by a force at one end is 
the same throughout its length, and is measured by the force 
which stretches it* 

The force must act in such a direction as to stretch the 
string, that is, must be a pull, and not a push. In this a 
string differs from a rod in its power of transmitting force, 
for while a rod will transmit equally force which tends to 
extend it and force which tends to compress it, a string can 
only transmit force which tends to extend it. 

But a string, by reason of the flexibility of its parts, 
possesses the important property of being able to transmit 
a force, which tends to extend it, in any direction with 
undiminished intensity. This is effected by turning the 
string to the required direction by making it pass over 
smooth surfaces. 

The tension of the same string, which is in contact with 
smooth surfaces only, is the same throughout. 

This will be more fully explained hereafter ; for the present 
we may assume it as an axiom, or as a result of experience. 

23. Smooth Surface. — By a smooth surface is meant 
a surface which opposes no resistance whatever to the 
motion of a body upon it. A surface which does resist 
the motion of a body along it is said to be rough, and 
the resisting force is called the force of friction. A smooth 
surface can resist pressm*e only in the direction perpendi- 
cular to the surface at the point where the pressure is 
applied, or the direction of the reaction of a smooth surface 
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18 the normal to the surface at the point This may be 
regarded as axiomatic, but we will hereafter show that it 
is a consequence from the definition of smoothness. When 
the contrary is not expressed, we always suppose the sur- 
faces of bodies to be smooth. Smoothness is another 
abstraction introduced for the sake of simplifying the problem 
of equilibrium. Xhere is no such thing in nature as a 
smooth surface; but we will see further on how friction 
modifies the problem. 

24. Bbharks. — Many of the axioms and definitions 
in this chapter will probably at first present considerable 
difficulties to the student. " An axiom is a proposition 
the truth of which must be admitted as soon as the terms 
in which it is expressed are clearly understood." But the 
student must bear in mind that '^ physical axioms are 
axiomatic to those only who have a sufficient knowledge 
of the action of physical causes to enable them to see at 
once their necessary truth." The first principles of any 
physical science are necessarily general and abstract, and 
therefore cannot be thoroughly comprehended until the 
subject itself has been read and considered practically, and 
the meanings of the axioms traced in the applications made 
of them. The student will find that the more familiar he 
becomes with the idea of force and the mode of its action, 
the clearer will the meaning and truth of these first princi- 
ples become in his mind. 

In theoretical or abstract dynamics, we reason about 
material particles, rigid bodies, and ideal properties of bodies, 
just as in geometry we reason about points, lines, and surfaces, 
which are abstractions and have no existence in nature. 
The solutions of problems thus obtained are first approxi- 
mations to the solutions of the actual problems, and in 
practical applications are either near enough to the reality, 
or further approximations can be made by means of a more 
refined analysis. 

Examples. 

^1. If a force of lOibs. be represented by a straipflit line 6 
inches long, what force will be represented by a line 2 feet lonj? P 

Ans, 40ft>9. 
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^2. A force of 25 units is represented by a line 5 inches long; 
what length would represent a force of 35 units ? Ana, 7 inches. 

^3. If a force of P units be. represented by a line a inches 
long, what force will be represented by a line h inches long ? 

An8, —p. 
a 

*' 4. A line a inches long represents a force of P lbs. ; what is 
the length of the line which would represent a force of Q lbs. ? 

Ans, ^ a. 

^5. If a force of lOOlbs. be represented by the diagonal of a 
square, what force would be represented by a side. 

Ans. 70. 711bs. 

i^ 6. A string hanging vertically from a fixed point supports a 
mass of 4fb8. at its extremity, and a mass of 6Ibs. at its middle 
point ; find the tensions of the two parts of the string. 

Ans, Tension of upper portion = lOibs. 
„ lower „ = 41bs. 

^7, What force, estimated in Kinetic units, would support at 
the Equator a body whose mass is one ton ? Here m = 2240 ; 
5^ = 32088. Ans, 71877.12. 

^ 8. What force would support the same body at the Poles of 
the Earth? Here g' = 32.2527. Ans. 72246.048. 

1/ 9. Find in Kinetic units the difference in weight of a mass of ^ '\ Tmc 
one ton at the Poles and the Equator P Ans. 368.928. 

1/ 10. The weight in Kinetic units of a body is PT, at a place 
where the weight of the unit of mass is g ; find the change in 
weight of the same body at a place where the weight of unit o f 
i^assis^'. ^^ TfSIz^ 






CHAPTER II. 

FORCES MEETING AT A POINT. 

25. A system of forces acting on a particle may, 
according to the definition of a particle, be considered as 
a system of forces meeting at a point. 

When a system of forces, whose directions meet at a 
point, acts on a rigid body, we may, by Art. 19, suppose all 
the forces to act at that point ; and it is evident that if 
they maintain equilibrium in the body, they would also 
maintain equilibrium, if they acted, instead, on a particle ; 
and vice versd. 

When a number of forces act on a particle, or when they 
act on a body in such a manner that their directions meet 
at a point, we speak of them as " forces meeting at a point." 

They are in equilibrium when they would maintain equili- 
brium either in a particle or in a rigid body. 

26. Resultant akd Components. — The resultant of a 
si/stem of forces meeting at a point is the single force whose 
effect is equal to the combined effect of all the forces of the 
system. 

The forces of the system are called components with 
reference to this resultant. When the system is in equili- 
brium, the resultant is zero. 

27. Every system of forces not in equilibrium, whose 
directions meet at a point, has got a single resultant. 

We may suppose the forces to act on a particle at the 
point where they meet, Suppose then the forces to be simul- 
taneously applied to this particle ; it is clear that the par- 
ticle would begin to move in some definite direction. 

It is evident that a single force could be found of such a 
magnitude that, if it acted on the particle in a direction 
opposite to that in which motion would take place, it would 
prevent the motion, This force would then be equal in 
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magnitude and opposite in direction to the combined effect 
of all the forces of the system. 

The forces of the system have therefore got a single 
resultant equal in magnitude to this force and acting in the 
direction in which motion would take place. 

28. If any number of forces meeting at a point he in 
equilibrium^ any one of them is equal in magnitude and opposite 
in direction to the resultant of all the rest. 

For we may suppose the forces to act on a particle at 
their point of intersection. If any one of the forces were 
removed, it is evident that the particle would begin to 
move in the direction of the force removed. This force 
therefore counteracts the combined effect of all the rest, and 
is therefore equal and opposite to their resultant. 

29. Composition and ' Eesolution. — The process by 
which a system of forces is replaced by one or more forces, 
equivalent in effect to the system, is called the composition 
of forces. When a single force is replaced by others equi- 
valent in effect, the process is called resolution. 

Before determining the .conditions of equilibrium of 
systems of forces, it will be necessary to deduce rules for 
the composition of forces, that is, for finding their resultants. 
The conditions of equilibrium will then express the relations 
which must exist among the forces in order that their 
resultants may be zero. 

30. To find the resultant of any number offerees acting 
in the same straight line, and the condition of equilibrium, 

' It is evident, by Art. 7, that the forces which act in the 
same direction along the line may be replaced by a single 
force equal to their sum. The forces which act in the oppo- 
site direction to this force may also be replaced by » single 
force equal to their sum. It is clear that these two forces, 
acting in opposite directions, may be replaced by a single 
force equal to their difference and acting in the direction of 
the greater. 

• Hence the resultant of all the forces is equal to their 
algebraic sum, those in one direction being considered posii? 
live, and those in the opposite direction negative. 
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The condition of equilibrium is that, the algebraic sum of 
the forces should be equal to zero. 

31. To find the line of action of the resultant of two equal 
forces, not in the same straight line, acting on a particle, or 
meeting at a point. 

It is obvious that the resultant must lie in the plane of the 
two forces. For no reason can be assigned in favor of its 
lying on one side of this plane which could not, with equal 
validity, be assigned in favor of its lying in a similar position 
on the other side, and we know, by Art. 27, that there can 
be only one resultant, therefore it must lie in the plane of 
the forces. 

Moreover, it is evident that the resultant must Insect the 
angle between the components. For since the component 
forces are equal, there is no reason why the resultant should 
make with one of the forces an angle different from that 
which it makes with the other. 

If we measure from the point where the forces meet, along 
their lines of action, two equal portions to represent them, 
Art. 14, and construct the parallelogram having these two 
lines for adjacent sides, the diagonal of this parallelogram 
will be equally inclined to its adjacent sides, since they are 
equal. The direction of the resultant is therefore repre- 
sented by the diagonal of the parallelogram drawn from the 
point where the forces meet. 

32. Parallelogram of Forces.— i/* two forces acting 
at a point he represented in magnitude and direction hy two 
straight lines drawn from that point, and if a parallelogram 
he constructed having these two lines for adjacent sides, then 
the diagonal of the parallelogram which passes through the 
point of application of the forces will represent their resultant 
in magnitude and direction. 

Duchayla^s proof of this important theorem, called the 
parallelogram offerees, is based on the following : — 

(1.) The direction of the resultant of two equal forces 
meeting in a point is the diagonal of the parallelogram, 
drawn from the point, of which the components are adjacent 
sides. Art. 31. 
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(2.) The point of application of a force may be sup- 
jposed to be transferred to any point in the line in which the 
force acts without altering the effect of the force, the points 
being conceived to be rigidly connected. Art. 19. 

' The proof is diyided into three parts : in the first part, 
the direction of the resultant is deduced, by the method of 
mathematical induction, in general, from the particular case 
of two equal forces, for which it is already known, the forces 
being commensurable; in the second part, this proof is 
extended to incommensurable forces; in the third part, the 
magnitude of the resultant is deduced from the faiowledge 
of its direction, 

33. The line of action of the resultant of any two com- 
mensurable forces meeting at a point is a diagonal of the 
parallelogram constructed on the lines which represent the forces. 

We shall first prove that if this proposition be true for 
any two forces, p and q, inclined at any angle, and also for 
two forces, p and r, inclined at the same angle, then it will be 
true for the forces^ and g^+r, inclined at the same angle. 

Let the forces p and q-k-r 
meet at 0; take OA and 
OB to represent p and q in 
magnitude and situation, 
and BG to represent r in 
magnitude. Thus 00 will 
represent q-\-r in magnitude 
and situation, and r may be 
supposed to act at B instead 
of O without altering its effect. Art. 19, Complete the 
parallelograms OADB and BDEO. 

By our hypothesis OD is the line of action of the resultant 
of the forces p and q represented by OA and OB ; let these 
forces be replaced by their resultant, and let it be supposed 
to act at D instead of 0. Art. 19. Since two forces are in 
every way equivalent to their resultant, we may evidently 
replace the resultant at D by the original components 
parallel to their original directions, p acting along JDF and 
q along DE ; the former may be supposed to act at B, and 
^he latter at E^ 
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Again, p and r at B are represented by BD and J5C, there- 
fore, by hypothesis, their resultant acts along BE, and may 
be supposed to act at E. This resultant at Ey and q at E, 
must have a single resultant passing through E, 

Thus the effect of the forces, p and ^--i-r, acting at 0, is the 
same as that of a single force through E ; therefore -£? is a 
point on their resultant, but is aJso a point on their 
resultant, hence OE is the line of action of the resultant oi p 
and q-^-r. 

Thus, if the proposition be true for forces p and q and 
for p and r, it must be also true for forces p and ^+r. 
But the proposition is true for equal forces^ and^, Art. 31, 
therefore it holds for^ and 2jp, and therefore for jo and dp] 
and so on ; hence it holds for p and mp, where m is any 
integer. 

Since it is true for (mp, p) and (mp, p) it holds for mp 
and 2p, and therefore for mp and 3p, and so on ; hence it 
holds for mp and np, when m and n are both integers. 

Thus the proposition is true for any two commensurable 
forces, P = mp and Q = np, 

34. The line of action of the resultant of two incommen-y 
surahle forces is also the diagonal of the parallelogram. 

This might be inferred from the fact, that although we 
cannot express the ratio of the incommensurable forces P 
and Q by any numbers exactly, yet we can always find two 
integers m and n ( and therefore two commensurable num-. 
bers ) whose ratio will represent the ratio of P to Q within 
any assigned degree of closeness. 

It is usual to give the following indirect proof, 

Let OA OB represent two ^ D ^ 

incommensurable forces. Com- 
plete the parallelogram OA 
CB; and, if it be possible, let 
their resultant be in any 
direction, OD different from 

OC, o^ F~B 

Divide OA into any number of equal parts, each less than 
DC; measure off from A along AC parts equal to these, 
and let ^ be the extremity of the last part, which cm thus 
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be measured oflf; then E evidently lies between D and C. 
Draw EF parallel to OA, join OE, 

The force represented by OB may be replaced at by 
two forces, one represented by OF, the other by FB, Now 
the forces represented by OA and OF are commensurable, 
and therefore have a resultiant in the direction OE, They 
may be replaced by this resultant, which, together with the 
force represented in magnitude by FB acting at along 
OB, will give a resultant within the angle EOB, which 
lies nearer to OC than OD. 

Therefore OD cannot be the direction of the resultant of 
the forces, and similarly it can be shown that no other line 
except OC can be the direction of their resultant. 

The Parallelogram of Forces is thus demonstrated as far 
as the line of action of the resultant is concerned for any 
two forces whatsoever meeting in a point. 

35. Assuming that the diagonal represents the line of 
action of the resultant : to prove that it also represents the 
resultant in magnitude. 

Let OA and OB be the lines 
of action of the forces F and 
Q, Take lengths OA and OB to 
represent these forces, and com- 
plete the parallelogram OACB; 
OC is the line of action of the 
resultant. 

Let B be the unknown magnitude of the resultant of 
F and Q. Take OD in the opposite direction to OC to 
represent B, Then OD represents a force B equal in mag- 
nitude and opposite in direction to the resultant of F and Q. 
Hence the forces P, Q and B are in equilibrium. Art 28. - 

Complete the parallelogram ODEB, Then OE is the 
direction of the resultant of Q and B, But the direction, 
of the resultant of Q and B must be opposite to F, since 
the forces are in equilibrium. Hence OA and OE are in the 
same straight line, and therefore OEBC is a parallelogram. 

Hehce EB = OC; but EB = OD; therefore OC=OD. 
OC therefore represents the magnitude, as well as the lino 
of action, of the resultant of F and Q, 

c— 2 
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The Parallelogram of Forces has now been completely 
demonstrated for any two forces meeting at a point, 

36. Geometrical Construc- 
tions. — The following geome- 
trical constructions for the re- 
sultant of two forces meet- 
ing at a point follow immedi- 
ately from the Parallelogram of 
Forces. "o ' ' '^q[ Ts 

(1.) Take any Jength OA to represent one of the forces 
F in magnitude and direction ; from A draw AC parallel to 
the direction of Q, and so that AC : AO =^ Q : P ; join 
OC; 0(7 represents the resultant in magnitude and direction. 

(2.) Take OA and OB to represent the forces acting 
at in magnitude and direction ; join AB, bisect it at E, 
and join OE, OE represents the direction of the resultant, 
and 20E represents its magnitude. 

37. The sides of the triangle OAC (or OBC) represent 
the magnitudes of the forces and their resultant ; two of 
the angles are the inclinations of the resultant to the com- 
ponents, and the third angle is the supplement of the angle 
at which the components meet. The abstract numbers 
which represent the ratio of the forces to the unit force, or 
any multiples or submultiples of these numbers, may be 
taken as the numerical values of the sides of the triangle. 
Of the six quantities P, Q, R and the angles at which 
they are inclined to each other, when any three ( except the 
three angles) are given, the remaining quantities can be 
found by the rules of trigonometry. Some examples of 
these determinations will now be given. 

38. Two given forces P and Q meet at a given angle 6 ; 
required to determine the magnitude of the resultant R, and 
the angles a and /3 which it makes with the components. 

Let OA and OB (Fig. Art. 36) represent the forces P and 
Q ; complete the parallelogram, then OC represents i?, 

Jn the triangle OAC we have by trigonometry 

0C^ = 0A^^AC'^-20A, AC cos OAC 
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but AC=OB, 0-1(7 = 180° -uiO-B = 180° -e 

.-. 0C* = 0^2+0J5«+20A05 cos e 

OA_OB_OG 
F ^ Q^ E 

A ^ = P«+Q«+2PQ cos e (1) 

Let the angle AOG = a and BOG=(i, 



but 



we have 



OA AC OG 






sin /3"" sin a sin(180°-e) 

P ^ Q ^ R 

sin /3 sin a sin 6 



(2) 



From (1) i? can be calculated, and then a or /3 from (2)* 
When either a or /3 is determined, the other is found from 
the equation a^/3 = 9. 

Cor, 1. — The angles a and /3 might also be determined 
by the equations— 

^^^" — 2p:r^' ""'^^ 2Q-^-- 

Cor. 2. — ^The equations (2) express the fact that each of 
the forces P, Q, R is proportional to the sine of the angle 
between the other two. Again, since a force equal and 
opposite to R would equilibrate P and Q, and since the 
sines of supplemental angles are equal, when three forces are 
in equilibrium at a pointy each force is proportional to the 
sine of the angle between the other two. On account of the 
importance of this proposition an independent proof will bo 
given further on. 

Cor, 3. — Equations (2) also express that the resultant of 
two forces meeting at a point divides the angle between the 
forces into parts whose sines are in the inverse ratio of the 
forces. 

Cor, 4. — When three forces, P, Q, i?, meeting at a point, 
are in equilibrium, anj one of them is equal and opposite to 
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the resultant of the other two. Hence if the angle between 
jP and Q be denoted by (PQ) we have from (l)-r* 

Obs, — When we speak of the ratio of a force to a lin^ 
(or to the sine of an angle), the student must remember that 
the ratio is between two abstract numbers, one of which 
expresses the ratio of the magnitude of th« force to the 
unit of force, and the other the ratio of the length of the 
line to the unit of length. Keeping this in mind, such 
expressions as 

P P 

OA' sin/3 
are intelligible, and are very convenient, 

39. Examples, — (1.) The resultant of two given forces 
is greatest when they act in the same straight line in the 
same direction, and least when they act in the same straight 
line in opposite directions. 

These results are evident geometrically, or may be inferred 
from formula (1) of Art. 88. For, in the first case, 
cos = 1, and therefore E is greatest and equal to P + Q. 
In the second case, cos 0= - 1, hence E is least and equal 
to P-Q, 

(2.) When the angle between the forces is a right angle 
sin =3 1; hence— 

P 

^=:P+^8; coso = sin/3 = j^. 

these results are also evident geometrically by Euclid I, 47. 
(3.) When the forces are equal, or Q = P, 

i?« = P'+i^+2i» cos = 2P2 (l+cos 0) ; 

but 1 +COS = 2 COS* i ; 
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therefore i?« = 4 P« cos* ^ 6; 

hence * -^ = 2 P cos -^ 6; 

and a = /5 = -|- 6. 

These results may also be inferred geometrically. For, 
in construction (2) of Art. 36, when OA = 0-B, OE bisects 
the angle AOB and is at right angles to AB — 

hence OE = OA cos | d 

therefore 5 = 2P cos ^ 0. 

40. The conditions of equilibrium of three forces meeting 
at a point. 

It is evident, as in Art. 28, that in order that any one of the 
forces may counteract the effect of the other two, it must be 
equal in magnitude and opposite in direction to their resultant. 

The conditions of equilibrium are therefore — . 

(1.) The directions of the three forces must lie in 
one plane. 

(2.) Any one of the forces must be equal in magnitude 
and opposite in direction to the resultant of the other two. 

The latter of these conditions may be expressed mathe- 
matically in various ways, some examples of which are 
given in the following articles. 

41. Wlieh three forces meeting at a point are in equili- 
brium; each force is proportional to the sine of the angle between 
the other two,. 

Let the forces P, Q, R, acting in 
the directions OA^ OB, OZ), equili* 
brate. 

Take any length OD to represent 
E : produce OD backwards, and take 
OC equal to OD, and complete the 
parallelogram by drawing CA and 
CB parallel to OB and OA. 

Then OC, equal and opposite to 
OD, represents the resultant of P 
and Q; therefore, by the parallelo- 
gram of forces, OA represents P, and OB represents Q. 

Letthe Single DOB ^(QE), AOB = (PQ)and A02^ = (Pi2). 
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Then- 
Oil AC OC . 



therefore 



hence 



sin ^C0"sin^0C7""sm OAC' 

OA ^ OB OP , 

sin C70-B"sin^0C""sin AOB' 

P Q B 



sin (BQ) sin (FB) sin (FQ) 

42, If three forces meeting at a point and lying in tk^ 
same plane have magnitudes and directions such as to satisfy 
the relations 

P ^ Q B 

sin {BQ) ' sin {FB) " sin (PQ) 

the forces either are in equilibrium, or one is the resultant of 
the other two. 

Let the force F, Q, B act in the directions OA, OB, 
OD : produce OD backwards, and take any point in it C: 
from G draw CA and CB parallel to OB and OA, then — 

OA ^ AO 00 . 

sin ACO sin AOC^ ^m CAO ' 

OA _ OB 00 ^ 

sin COB sin AOC sin AOB ' 

OA _ OB '^ OC . 
sin (i?Q) "" sin {fQB) sin (P^) ' 
Combining this with the given relation we get 

OA^OB^qC, 
F" Q B ' 

Therefore OA, OB, OC represent the forces F, Q, B in 
magnitude. 

But, by the parallelogram of forces, OC represents the 
resultant of the forces F and Q, which are represented by 
OA and OB, 

The resultant of F and Q is thus equal and opposite to 
B ; hence the forces F, Q, B are in equilibrium. 



hence 
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0^5.— If the line of action of B, reckoned along its 
direction from 0, lay within the angle AOB, it is evident, 
that if the above relation existed, B would be the resultant 
of P and Q, It will be easy to see from a figure, in any 
case, whether this is so or not. 

43. Triangle op Forces. — If three forces meeting at a 
point be proportional and parallel to, and co-^irectional withy 
the sides of any triangle taken in order j they will he in 
equilibrium. 

Let the forces P, Q, B, 
meeting at the point A, be 
parallel and co-directional with 
the sides B'C, C'A', A'B' of 
the triangle A* B'C, taken in 
order as indicated by the 
arrow-heads. 

Produce the direction of any 
of the forces Q, backwards to 
any point C, and from C draw 
CB and CD parallel to the 
directions of P and B, 

The triangle ABC is parallel to the triangle A'B^C, and 
is therefore similar to it, hence— 




but by hypothesis — 
we have 



hence 



BC 

B'C 


GA 

~ GA' ~ 


AB 
' A'B' 


P 


Q ■ 


. B . 


EG 


~ A'G'' 


' A'B'' 


P 


Q 


B 



BC CA AB 



Therefore BC or AD represents P, CA represents Q, and AB 
represents B. But, by the parallelogram of forces, AC 
represents the resultant of the forces B and P, represented 
A^ and AD* The resultant of B and P is equal and 
opposite to Q, therefore the forces are in equilibrium. 
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44. If we take two of the forces E and P parallel and 
co-directional with the sides A'B" and B'C*, but the third 
force Q parallel and co-directional with A'Cy that is taking 
the side A'ff in a different order from the other two, then Q, 
parallel to A'C\ will evidently be the resultant of E and P. 

45. If the relation . . p^. = . /Ipv = . x p^. 

sin (jBQ) sin {FE) sm (PQ) 

exist, the forces will be proportional to the sides of any 
triangle drawn parallel to them, for the external angles of 
such a triangle are evidently equal to the angles between the 
forces, and the sines of the external angles are proportional 
to the opposite sides. This proposition is demonstrated 
independently in the next article. 

46. Converse op Triangle of Forces. — If three forces 
meeting at a point be in equilibrium, and any three lines be 
drawn, in the same plane, parallel to the forces, and not meet- 
ing at a point, the sides of the triangle formed by the lines 
will be proportional to the forces. 

In the figure of Art. 43 let A'B', BC, and CA' be 
any three lines parallel to the forces, E, Q and P, which are 
in equilibrium. 

Take AD and AB proportional to P and E, and complete 
the parallelogram ABCD. Then AC represents the result- 
ant of P and ^, therefore AG and AE are in one straight 
line, and AC i& proportional to Q. 

The sides of the triangles ABC and A'B'C are therefore 
parallel. Hence the triangles are similar, and — 

BC 
B'U 

^^* 4c 

therefore 



CA 


AB 


CA'' 


' A'B' ' 


Q 
CA 


E 
AB' 


Q 


E 



B'C CA' A'B 

Which relation establishes the proposition. 

47. The magnitudes of three forces meeting at a point, 
which could produce equilibrium, are subject to the condition 
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that the stun of any two cannot be greater than the third. 
Since, by Art. 46, the forces mnst be proportional to the 
sides of a triangle. When this condition is satisfied, the 
forces would always equilibrate, if properly directed. 

If one force be equal to the sum of the other two, there 
will be equilibrium when the forces act along the same 
straight line, the greatest in the opposite direction to the 
other two. 

48. It is not necessary in Arts. 43 and 46 that the sides 
of the triangle A' BO should be parallel to the forces. 
It will be sufficient if each of the sides A'B, B'C, C'A' 
make the same angle with the directions of the forces 
JR, P, Q; for in this case the triangles ABC and A^BC 
will be similar as before. For example, the triangle A'BC 
may be formed by lines perpendicular to the directions of 
the forces. 

49. To determine the resultant of any number of forces 
whose directions meet at a point. 

Take any two of the forces; find their resultant by the 
Parallelogram of Forces, and replace them by this resultant. 
Again, compound this resultant in a similar manner with a 
third, and replace them by their resultant ; and so on. We 
finally arrive at a single force which is the resultant of the 
system. 

50. To determine by a geometrical construction the resultant 
of any number of forces whose directions meet at a point. 

Let the forces be 

P, Q, R, act^ r B 

ing at the point 0. / ^^'^ >v 

Draw OA in the P/ /'^ N. 

direction of one of the 7* / / >v 

forces P, and take on '^^^^"^ $1^1. ^C 

it any length OA, ^ 

From A draw AB SJc 
parallel to the direc- 
tion of Q, from B draw E" * -Ov^ 
BG parallel to R^ and 
so onj let the last force be T, and DE parallel to the 
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direction of T; the lengths AB, BO DE being 

so taken that 

F '^ Q - T" 

Join EO, then OE represents in magnitude and direction 
the resultant of all the forces. 

For join OB, 00, OD Then, by Art. 36, OB 

represents in magnitude and direction the resultant of P 
and Q. We may replace them by their resultant represented 
by OB, 

Again the resultant of this force and R is represented by 
00, and finally the resultant of all the forces is represented 
in magnitude and direction by OE, 

Ogr, — It is evident that if the forces were in equilibrium, 
the last point arrived at, E, would coincide with O. 

Ohs, — In this construction it is not necessary that the 
forces should be in the same plane, 

51. — Polygon op Forces. — If any number of forces meet- 
ing at a point be proportional and parallel to, and co-directional 
with, the sides of a polygon taken in order, they will be in 
equilibrium. 

This might be deduced as a corollary of the last proposi- 
tion. The following is an independent proof for a pentagon, 
and the same method applies in general. 

Let the forces F,Q,E, acting at the point 0, be 

parallel and proportional to the sides of polygon O'AIBOB* 

A 




s-'^-^ or^^'^^Q , ^ 



D' 
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From draw OA in the direction of P, and on OA con- 
struct a polygon OABGD similar and similarly situated to 
0'A!BC'iy. 



a A' A'B' 
0A'~ AB "" 


D'O' ^ 
"" DO ' 


O'A! A'B' 


D'O' 


P ^ Q 


T ' 


OA AB 


_ BO 



but 

> hence ^_ ^ - ^ 

Therefore, by Art. 36, OB represents the resultant of P 
and Q; OC represents the resultant of this force and R; 
and so on. Finally, OD represents the resultant of all the 
forces except T, 

Now since OD is parallel to 0'D\ it is the same line in 
which T acts. Therefore the resultant of all the forces 
except T acts in the opposite direction to T, and bears 
the same proportion to OD that T does. 

One of the forces being equal and opposite to the result- 
ant of all the rest, the forces are in equilibrium. 

Ohs, — The forces in the figure and the sides of the 
polygon are not necessarily all in one plane. The proposi- 
tion will also hold when the sides of the polygon are inclined 
at any, the same, angle to the directions of the forces. 

52. Converse of Polygon of Forces. — The converse 
of the polygon of forces is not generally true ; that is, if 
any number of forces meeting at a point be in equilibrium, 
and if a polygon be formed by drawing lines parallel, to the 
forces, we cannot assert that the sides of the polygon shall be 
proportional to the forces. For, draw the polygon OABCD, 
as in Fig. Art. 51, with the sides OA, AB, BC, CD 
parallel and proportional to forces ; OD represents the 
resultant of P, Q, i?, S, and is therefore opposite to, and 
represents T in magnitude. The sides of this polygon are 
therefore parallel and proportional to forces. Now let 
OAB'CD' be any other polygon having its sides parallel 
to the forces. The two polygons are equiangular; but 
equiangular polygons are not necessarily similar j hence the 
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sides of OMBCJy are not necessarily proportional to the 
forces. 

In the particular case, when the number of sides is three, 
the converse is true, as we have seen in Art. 46, and 
because equiangular triangles are similar. 

53. Resolution op For- 
ces. — By the Parallelogram of 
Forces, any force!?, represented 
by OC, may be resolved in any 
two direction's. Ox and Oy^ its A |- 
components P and Q being 
determined by drawing CA 
and CB parallel to Ox and Oy. 
Thus a force may be resolved 
into two others, inclined at ^ 
any angle, in an infinite number of ways. 

In fact, the components P and Q have only to satisfy the 
relation 

P2+Q9+2PQ cos = ^2 

We may give the angle xOy^ or d, any value we please, 
and we may then determine P and Q so as to satisfy any 
other condition. 

54. Resolved Component of a Force. — It is found 
by experiment, and may be considered also as self-evident, 
that a force can produce no effect in a direction at right angles 
to itself. For example, if O be a particle acted on by 
a force P in the direction Ox, and if by any means the 
particle be prevented from moving in any direction except 
along Oy, it is evident that the force P could not produce 
any tendency of motion in the particle along Oy, when the 
angle xOy is a right angle. 

It is usual for this reason to resolve a force in two direc- 
tions at right angles, as in this case neither of the compo- 
nents can influence the action of the other. The compo- 
nents are then independent of each other. 

When the angle xOy is a right angle, P and Q are called 
the resolved components of B, and each represents the full 
effect of i? in its OTm direction, 
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In this case let the angle C0J9 = a, then evidently 

P = i? cos a ; 

Q = i? cos (90''-'o) = ^ sin a; 

also P2-».Q» = i?«. 

Hence — The resolved component of a force in any direction 
is found hy multiplying the force by the cosine of the angle 
which it makes with the given direction. 

When CB is at right angles to Ox, OB is sometimes 
called ihQ projection of OC on Ox, hence the resolved com- 
ponent of a force in any direction is the projection of the 
force on that direction. 

55. The resolved part of a force in any direction measures 
the fall dynamical effect of the force in that direction. 

For, when a force R is resolved into two components P 
and Q at right angles, the combined eflPect of P and Q is 
the same as that of i?, and Q can produce no effect in the 
direction of P, which is at right angles to it. Art. 54. 
Hence P = M cos o measures the full eiffect of R in the direc- 
tion Ox, 

56. The resolved part in any direction of the resultant of 
two forces meeting at a point is equal to the sum of the resolved 
parts of the components in the same direction. 

This follows from Art. 55, since the effect of a force is in 
every way equivalent to the combined eiBfect of its com- 
ponents. 

It may be also easily proved geometrically from the Paral-^ 
lelogram of Forces by projecting the sides and diagonal on 
the given direction. 

This proposition may evidently be extended to any num-* 
ber of forces meeting at a point and lying in the same 
plane. 

57. To find, analytically, expressions for the magnitude 
and direction of the resultant of any number of forces meeting 
at a point, qt^d lying in the same plane. 



82 



F0BCE8 HEETINO AT A POINT. [cHAP. II, 



a?' 




Let be the point where the forces meet ; through it draw 
any two lines xOx' and yOi/ at right angles. 

Let the angles which the forces Pi, Pj P3, make 

with Ox measured in the direction from Ox towards Oy be 

«!> ^29 ^S} •*' 

Now Pi may be replaced by its components Pi cos oi along 
Ox and Pi sin ai along 0^. So all the forces may be replaced 
by their components along Ox or Ox', and along Oy or Oy\ 

Hence all the forces may be replaced by two forces at 
right angles— one along Ox, equal to the algebraic sum of 
the forces in that direction, or equal to—- 



Pi cos ai+Pg cos a2 + 



the other along Oy, equal to the algebraic sum of the forces 
in that direction, or equal to — 

Pi sin ai+Pg sin 0^+ • « 
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Let the former sum be denoted by S P cos a, and the 
latter by S P sin a ; let the resultant of these two forces 
be E, and let its direction make an angle ^ with Ox, Then 
since the forces are at right angles^- 

i?«^(SPcosa)«+(SPsin/ (1) 

B cos = 2 P cos a (2) 

E sin ^bS P sin a (3) 

From (2) and (3) we get by division 

. ^ SPsina /^v 

tan0 = — (4) 

^ 2Pcosa ^ ^ 

These equations determine the magnitude and direction of 
the resultant. 

Cor. — Equations (2) and (3) express the fact that the 
resolved part of the resultant in any direction is equal to 
the sum of the resolved paiiis of the components in the same 
direction. 

Obs, — The Greek letter 2 is used as a convenient symbol 
to denote the sum of like quantities. 

58. The student should remark that the signs of the 
components of any of the forces indicate the directions in 
which these components act from 0. Thus, if Pg lie in the 
second quadrant, one of its components evidently acts from 
O, towards ^, the other from towards a/. This is 
indicated by their analytical expressions. For sin a^ is posi- 
tive, since o^ lies in the second quadrant ; therefore P^ sin a^ 
is positive, which indicates that it acts from towards t/ ; 
again cos a^ is negative, since a^ lies in the second quadrant, 
therefore P^ cos as is negative, which indicates that it acts 
from towards a/. 

The quadrant in which the resultant acts may be deter- 
mined from the equations (2) and (3), which give sin ^ 
and cos 0. Thus if both sin and cos ^ be negative, the 
resultant lies in the third quadrant. 

G 
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59. To find the conditions of equilibrium of any number 
of forces meeting at a point, and lying in the same plain. 

When the forces are in equilibrium, we must have 
i? = ; therefore— 

(S-P cos a)»+(SP sin a)« = 0. 
The sum of two positive quantities equal to zero, which 
is impossible unless each quantity is zero ; therefore— 

S P cos o =- ; 
5 P sin o = 0, 
These conditions may be expressed in words thus ; The 
sum of the resolved parts of the forces along any direction 
must be zero, and the sum of the resolved parts of the forces 
along a perpendicular direction must be also zero, 

60. If the sums of the resolved parts of the forces along 
any two directions whatsoever be severally zero, thefbrces are 
in equilibrium. 

Let one direction be Ox, the other a line inclined to Ox at 
an angle d. 

The angles which the forces make with Ox are ai, a^ 

Sieref ore the angles which they make with the second 

direction are ( qx — Q ), ( a^ — fl ) ,hence by hypothesis 

PiCOs(ai-d)+P2Cos(a2-G) + , ^^ 0, 

or Px (cos oj cos 6+sin ax sin fl)-f = 

.\ cos 6 (Pi cos ax+Pg cos a2+ .., , ) 

-f sin 6 (Pi sin ai+Pg sin a^-^ , ) = 

but by hypothesis — 

Pi cos ai+Pg cos a2+ » 

therefore Pi sin ai-fPfi sin ai^+ = 0. 

Hence the conditions of Art. 59 are satisfied, and there- 
fore the forces are in equilibrium. 

The following article is an easy extension of the Parallelo- 
gram of Forces. 

61. Parallelopiped of Forces. — If three forces, meet- 
ing at a point, but not lying in the same plane, be represented 
in direction and magnitude by three lines drawn from the point, 
their resultant will be represented in direction and magnitude by 
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the diagonal^ of the parallelopiped^ draumjrim the pointy of 
which the three lines are adjacent edges. 

Let OA, OB, OC represent the forces acting at 0. 

Complete the parallelopiped ; then OD represents their 
resultant. m^ 




For, the resultant of two of the forces X and F, represent- 
ed by OA and OB, is represented by OE ; they may be 
replaced by it. Again the resultant of this force and Z is 
represented by OD, which therefore represents the resultant 
of the three forces JT, F, Z. 

Cor, 1. — If the parallelopiped be rectangular, we have 

OE^ = OB^-^OA^ OD^ = OE'^OC'^'y 

.'. OD^ = OA^-^OB^+OC^, 

or i2« = -Zs+F»+Z«. 

Cor, 2.— Again if the angles DO A, DOB, DOC be 
denoted by a, /3, y, respectively, OA = OD cos a, OB = OD 
cos /3, OC = ODco8y. X=i?cos a, F=i? cos /3, Z = i? 
cos y : thus X, F, Z are the resolved components of B along 
the three directions. 

Cor. 8. — Squaring and adding these equations 

OD^ (cob2 a+cos« /3+cos« y) « OA^-^OB^^OC^ 

• '. cos* a+C0S2/3-KC0S* y «* !• 
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62. To find the direction and magnitude of the resultant 
of an^ number of forces meeting at a pointy hut not lying in 
the same plane, 

I>raw through the point any three lines mntaallj at right 
angles; let the angles which the directions of the forces 
make with these lines be ai, j3i, yi; a^, P^i yii 

Let the resultant make angles with these lines a, h, c. 

Then, as in Art. 57, the forces may be replaced by their 
components along Ox, Oy, and Oz, and are hence equivalent 
to three forces whose directions are mutually at right angles. 
Thus— 

iJ2 = (2 P cos a)2+(S P cos/3)*+(S P cos y)«; 

i? cos a = 2 P cos a ; 

i? cos ft == S P cos |3; 

i? cos c = S P cos y. 

These equations are sufficient to determine the resultant 
and the angles which it makes with Ox, Oy, Oz, 

Cor, — The conditions of equilibrium are found as in Art. 
59 by making J? =» ; therefore 

S P cos a = 0, S P cos j3 = 0, S P cos y = 

These conditions may be expressed in words thus : The sums 
of the resolved parts of the forces along any three directions, 
mutually at right angles, must be severally equal to zero, 

63. If three forces, lying in the same plane, and not 
parallel, keep a body at rest, their directions must meet at a 
point. 

For, the directions of any two of the forces meet at a 
point : they may be replaced by their resultant acting at that 
point, and the third force cannot counteract its effect, except 
it be equal and opposite. 

64. The conditions of equilibrium of three forces which 
are not parallel, but which lie in one plane, may be expressed 
as follows : — 

( 1 . ^ Th£ directions of the three forces must meet at a point, 
(2.) Any one of the forces must be equal and opposite to 
the resultant of the oth^ two^ 
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It will be shown hereafter that if three forces keep a rigid 
body in equilibrium, their directions must lie in the same 
plane. 

We will now give an example of the equilibrium of three 
forces acting on a rigid body. 

65. JExAMPLE. — Three forces acting in one plane on a 
rigid body have directions perpendicular to the sides of a given 
triangle, and each force is proportional to the side perpendicular 
to which it acts ; show that if the forces all act inwards, or all 
act outwards, they will keep the body in equilibrium, 

hetABChe the given triangle ; P, Q, JS the forces acting 
perpendicularly to the sides BC, CA, AB through their 
middle points. 

Lines perpendicular to the sides of a triangle through 
their middle points meet at the centre of the circle circum- 
scribing the triangle. Euclid IV, 5. 

Hence the first condition of equilibrium of Art. 64 is 
satisfied. 

Again, suppose the triangle ABG to be turned round in 
its own plane through a right angle. The forces would then 
be parallel and proportional to the sides of a triangle taken 
in order. Hence, by the Triangle of Forces, they equili- 
brate. 

The second condition of Art. 64 may otherwise be shown 
to be satisfied by applying Art. 42. 

The angles between the forces are evidently the supple- 
ments of the angles of the triangle. 

Therefore, sin -4 = sin {QR) &c., &c. 

By hypothesis - = -. = ^ ; 

a c 

, , a h c 

DUt -; J =s -:: 5 = — ; 7^ • 

Sin A sm jB sm C* 

therefore — ^ -^ 

sin {QR) sin {PR) "* sin {PQ) 

Hence the forces equilibrate. 

The conditions of equilibrium of Art. 59 might also be 
applied. 
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Besolve tbe forces parallel to any side BC of the trfangle. 
The sum of resolved parts is $ sin C—^ sin B. 

Since Q i li = b : c, this sum ranishes. Similarly, the 
sum of resolved parts parallel to any other side vanishes. 
Hence, by Art. 60, the forces equilibrate. 

Examples. 

1. Two forces of 30 and 40Ibs., respectively, meeting at a 
point, are at right angles to each other ; find their resultant. 

Am. 60fbs, 

2. The resultant of two forces, acting at a right angle, is 
56 units, and one of the component is 31 units ; find the other. 

Ans. 46.6. 

3. Two forces, one of which is douhle the other, raeet at a 
point, and are such that if 4 units of force be added to the larger, 
and the smaller be doubled, the direction of the resultant is 
unchanged ; find the forces. 

Ans, 2 and 4. 

4. Two forces act on a particle, and their greatest and least 
resultants are 88lbs. and 241bs., respectively ; find the forces. 

Ans. 561bs. and 32Ibs. 

5. Two equal forces act at the same point, making with each 
other an angle of 120^; find the magnitude and direction of their 
resultant. 

Ans. The resultant bisects 
the angle, and is equal to either 
component. 

6. The resultant of two forces acting at right angles is double 
the^esser of the components ; find the direction of the resultant. 

Ans. It makes an angle of 
60^ with the lesser component. 

7. Two forces, each equal to P, act at an angle of 60**; find 
their resultant, _ 

Ans. P ^/3. 

8. At what angle should two forces of 31hs. and 4Ibs act, in 
order that their resultant should be >/37 lbs. ? 

Ans. 60S 
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9. One of two fbroes meeting at a point is double the other, 
and their resultant is equal to half tneir sum; find the angle 
between them. 

Afu. cos (— T^)' 

10. Can a particle be kept at rest by three forces, whose 
magnitudes are as the numbers 2, 3 and 6 f 

Ana, No. 

1 1 . Can a particle be kept at rest bj three forces, whose 
magnitudes are as the numbers 2, 3 and 5 ? 

Ans, Yes. 

12. Forces proportional to the numbers 1, 2 and s/ 3 keep a 
particle at rest ; determine the angles between their direction. 

Ans, 90O, 120S I50«'. 

13. Three forces meeting at a point equilibrate, and are 

proportional to >/ 3 + 1, ii/ 6^ and 2; find the angles between 
their directions. 

Ans, 105°, 120«, 135<». 

14. Two forces of 721bs. and lOSlbs. meet at a point, and 
the angle between them is 60^ ; find the angles into which the 
resultant divides this angle, having given — 

log 2 =.30103; log 3 « .47712; 

L tan 6«» 36' « 9.06224; diff. for 1" = .00111. 

Am. 36« 35' 12'; 23<> 24' 48'. 

15. The resultant of two forces meeting at a point makes 
angles of 15^ and 45° with the components, and the larger com- 
ponent is 361bs. ; find the resultant, having given log 2, log 3, and 

log 4.409 » .64434. 

Ans. 44.091hs. 

16. Forces of 12, 18 and 24 units, respectively, equilibrate at 
a point; find the angle between the forces 12 and 18, having 
given log 2, log 3 and 

L tan 52» 14' = 10.1 1084 ; difil for 1' = .00026. 

An8. 75° 31' 22". 

17. Three forces of 99, 100 and 101 units, respectively, act 
at a point and are inclined to each other at angles of 120° ; find 
the magnitude of their resultant, and its inclination to the force 
of 100 units. _ 

Am. >/3; 90°. 
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18. Four forces of 1, 2, 3, 4 uniti act from the centre of a 
SQuare towards the angular points ; find magnitude and direction 
of resultant. __ 

Am. 2>/2. It bisects the 
angle between the forces 3 
and 4. 

19. Six forces of 1, 2, 3, 4, 5, 6 units act from the centre of 
a regular hexagon towards the angular points; find the magnitude 
and direction of resultant. 

Ans. 6 in the direction of 
the force 5. 

20. Four forces, each, equal to P, act at a point; the angle 
between the first and secona, that between the second and third, 
and that between the third and fourth are each equal to SO*' ; find 
the magnitude of resultant. 

Seetilt. P^/e-^S^S. 

21. Three forces of 1, 2 and 3 units, respectively, net at a 
point; the angle between the first and second is 60^, the angle 
between the second and third is 30® ; find the angle which the 
resultant makes with the first of the given forces. * 

—13+^/3" 
Result tan — - — - 

it 

22. Forces are represented by two chords of a circle, at right 
angles to each other, drawn from a fixed point on the circum- 
ference; prove that their result is constant in magnitude and 
direction. 

23. A and B are fixed points, and O a variable point ; at O 
forces act, represented by OA and OB ; prove that if their 
resultant be or constant magnitude, the locus of O will be a circle. 

24. Four forces are represented in magnitude and direction 
by lines drawn from a point to the angular points of a parallelo* 
gram ; prove that their resultant is represented, in direction, by 
the line Joining the point to the intersection of diagonals, and, 
in magnitude, by four times that line. 

25. Three forces are represented in magnitude and direction 
by lines drawn from a point to the vertices of a triangle ; ^ prove 
that their resultant is represented, in direction, by the line joining 
the point to the intersection of bisectors of sides (the centre of 
gravity of triangle) and, in magnitude, by three times that line. 
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26. A BCD 18 a ijnadrilateral ; forces are represented, in 
ma^itude and direction, bj AB^ AD, CB, CD; show that 
their resultant is represented, in direction, by the line joining the 
middle points of the diagonals, and, in magnitude, bj four times 
that line. 

27. Fonr forces are represented bj lines drawn from a point 
to the angular points of a quadrilateral; prove that their result- 
ant is represented b}r four times the line joinins the point to the 
intersection of lines joining the middle points of opposite sides. 

28. Three forces are represented by lines drawn from a point 
to the yertices of a triangle ; show that they are equivalent to 
three forces represented by the lines joining the point to the 
middle points of the sides of triangle. 

29. Three forces are represented by three chords of a sphere, 
mutually at right angles, drawn from a point on the spncre ; 
prove that their resultant is represented by the diameter of the 
sphere drawn through the point. 

30. A body whose weight Ts ^Ibs. is suspended freely from a 
fixed point by a flexible string ; find what horizontal force applied 
to the string will draw the upper portion of it 80^ out <n the 
vertical. 

Am. 2.886ib8. 

81 . A boat is dragged along a stream 30 yards wide, by a man 
on one bank, the length of the rope from the boat to the man 
being 50 yards. The boat is steered straight down the middle of 
the stream ; determine the effective force in that direction, if the 
rope be pulled with a force of 701bs. 

Ans. 561bs. 

32. A body whose weight is Gibs is suspended by two strings 
of equal length, the other ends of the strings being attached to 
two fixed points in a horizontal line, at a distance a part equal to 
the length of either string ; find the tension of either string. _ 

Ans. 2/v/3~Ibs. 

33. A body whose weight is 251b8. hangs at rest, attached to 
the ends of two strings, the lengths of which are 3 and 4 feet, 
and the other ends of the strings are fastened at two points in a 
horizontal line distant 5 feet firom each other ; find tne tension 
of each string. 

Ans. 15Ibs. ; 20Ibs. 
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34. A cord, whose length is 2/, is fastened at two points in 
the same horizontal line, at a distance 2a apart. A smooth ring 
upon the cord sustains a bodj, whose weight is W ; find the 
tension of the cord. 

Result. 

35. Three forces are represented, in ma<rnitude and direction, 
by lines drawn from the vertices of a triangle to the points of 
bisection of the opposite sides ; prove that they equilibrate. 

36. Three forces act from the angular points of a triangle in 
directions perpendicular to the opposite sides, and each force is 
inversely proportional to the perpendicular along which it acts ; 
show that the forces equilibrate. 

37. Three forces act from the centre of the circle circum- 
scribing a given triangle towards the angular points ; find the con- 
ditions of equilibrium. 

n,^ii ^ Q ^ R 

-"**"*'• sin 2A - wir2S ■" sirrc- 

38. Forces act along the bisectors of the angles of a given 
triangle, and are proportional to cos ^^1, cos }Z?, cos ^C; prove 
that they equilibrate. 

39. Forces act perpendicularly at the middle points of the 
sides of a polygon, inscribable in a circle, and each force is pro- 
portional to the side perpendicular to which it acts ; prove that 
the forces equilibrate. 

40. Assuming the truth of the Parallelogram of Forces for the 
magnitude^ prove it also for the direction of the resultant. 
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PARALLEL FORCES. 

66. Forces whose lines of action are parallel are called 
parallel forces ; those which tend parallel to the same direc- 
tion may conveniently be called likey and those which tend 
parallel to the opposite direction, unlike, 

67. The resultant of two like parallel forces acting on a 
rigid body is a like parallel force equal to their sumy and whose 
direction divides any line drawn across the forces^ internally , 
in their inverse ratio. 

Let AB be the line joining any two points A and B on 

the lines of ^ o 

action of 

the forces 

P and Q, 
The forces 
may be sup- 
posed to 
act at these 
points. 
Art. 19. 

At A and B apply two equal forces, S and S% acting along 
AB in opposite directions. This will not affect the action 
of the forces P and Q, Art. 18. 

Replace P and S dXAhy their resultant T, and Q and S' 
by their resultant V; let the lines of action of T and V 
meet at (7; T and Fmay be transferred so as to act at C, 
C being supposed to be rigidly connected with A and J?. 
Draw CD parallel to the direction of P and Q meeting AB 
in D, 

Let the forces T and F at C be resolved into their origi- 
nal components parallel to their original directions. Thus 
the effect of the forces P and § at J. and B is equivalent to 
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that of two equal and opposite forces S and S at C, which 
equilibrate, and may hence be removed, and two forces, P 
and Q acting from C along CD. 

Hence the resultant of the like parallel forces P and Q 
is a parallel force P-fQ, acting from C along CD, and it may 
be supposed to act at D 

Again, to find the point D, since the sides of the triangle 
ADC are parallel to the forces P, S and their resultant T, 
we haye, by Art. 44, 

CD P. 
DA^S' 

similarly DC^Q' 

therefore, since 5 « 5^', ttt^t^- 

DA Q 

Thus the line of action of the resultant divides AB, inter- 
nally, into segments which are inversely proportional to the 
forces at A and B, respectively. 

68. Given the length of AB « a, to calculate the seg« 
ments x and y made by resultant. 



We have 


AD Q, 
BD^P' 


therefore 


AD Q 


VXA^A V/AX/^A \^ 


AD-^BD P+e' 


■ 


.z,-.--^, 


similarly 


BD.,.4^^, 


since 


P-^Q^B 


we have 


B, x=Q, a; 




B.y^P.a; 


also 


P, x^Q, y. 
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69. The resultant of two unlike parallel forces is a parallel 
force equal to their difference, acting in the direction of the 
greater, and whose line of action divides any line drawn across 
them, extemallt/, in their inverse ratio. 

Let P be greater 
than Q. The stu- 
dent will have no 
difficulty in prov- 
ing, as in Art. 67, 
that the resultant 
of the unlike forces 
P and Q is a parallel 
force, in the same 
plane, P-Q acting 
in the direction of 
P, in a straight line 
which cuts AB ex- 
ternally at D, so 
that— 

BD" P 

70. Given the length AB -= a, to calculate the segments 
X and y made by resultant. 




We have 



therefore 



AD 
BD 
AD 



Q 
P' 



Q 



BD-AD" P^Q' 



BD 



P-Q 

^ P-Q' 
P-Q^R, 

P. X == Q. a; 
B.y =P. a; 

P, X =s Q. y. 

These fonnulae may be got from those of Art. 68 by 
changing Qxato-Q, ^ 



similarly 

since 
we have 

also 
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71. Centre of Parallel Forces. — If any two points, 
A and By on the lines of P and Q, be taken as their points 
of application, then, no matter how the forces P and Q be 
turned ronnd these points, but so as always to remain 
parallel to each other, their resultant will always pass through 
the point D, which divides AB^ internally or externally, 
according as the forces are like or unlike, in the inverse ratio 
of the forces. 

For this reason the point I) is sometimes called the cmtre 
of the parallel forces P and Q acting at A and B. 

72. Conditions of equilibrium when three parallel forces 
act on a rigid body. 

Any one of the forces must have the same line of action 
as the resultant of the other two ; it must be equal to the 
resultant in magnitude, and opposite in way of action. 

Hence the forces must lie in the same plane ; one of 
them must be unlike the other two, and equal to their sum ; 
and its line of action must lie between theirs, dividing the 
distance between them in the inverse ratio of the forciBs. 

73. Assuming the rules for the composition of two like 
parallel forces. Art. 67, it is easy to deduce the rules of 
composition when the forces are unlike. Art. 69. 

Let the like parallel forces P and Q act at A and B, and 
let D be the point of application of their resultant P+Q. 

Apply at Z) a force B equal and opposite to the resultant 
of P and Q, then the forces P, Q, B, are in equilibrium ; 
hence P is equal and opposite to the resultant of B and Q. 
Hence the resultant of B and § is a parallel force B - Q=P 
acting at A in the direction of B. 

A ' DB P 

^^^"^ Ab-Q^ 

therefore .^^^^^ ^^«- 



hence 



AD Q 

AB B 



AD'-Q' 

Hence the resultant of B and Q divides BD externally 
into parts which are inversely as the forces at D and B, 
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74. When two unlike parallel forces are equal in magni- 
tude, it is impossible to find a single resultant. The process 
of Art. 69 fails in this case. Li fact, the addition of the 
equal forces S and S* to the equal and unlike forces F and 
Q gives still two equal and unlike parallel forces T and F. 

* It will be also seen that the formulae of Art. 70 lead to a 
nugatory result. Since P = ^ gives i? «= and a? «= oo . 

j)ef, — A system of two equal unlike parallel forces is 
called a couple. It will be shown in the next article, by a 
different method, that such a pair of forces cannot have a 
single resultant, 

75. Two equal and unlike parallel forces cannot have a 
single resultant. 

If possible, let the 
equal and unlike paral- 
lel forces P and Q 
have a resultant act- 
ing at any point C. 
At C apply a force i? 
equal and opposite to 
the resultant of P and 
Q. The three forces, 
P, Q and P, are in 
equilibrium. 

Find the point D, situated with regard to the points -4, 
and B in the same manner that C is with regard to B and A. 
Apply at jD in opposite directions two forces T and S, each 
equal and parallel to JR. This will not disturb the equilibrium. 
Hence the five forces, P, Q, R, S, T, are in equilibrium. 

But since P, Q, R are in equilibrium, by symmetry, Q, P, 
T are in equilibrium, and may be removed without disturb- 
ing the equilibrium. 

There remain R and S in equilibrium. But this is im- 
possible, since they are like and parallel. Hence the forces 
P and Q cannot have a single resultant. 

Obs, — The physical effect of a couple will be considered 
further on. 
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76. By the converse of Arts. 67 and 69, a force B. may 
be resolved into two parallel forces, P and Q, in an infinite 
nmnber of ways. 

The positions and magnitudes of the components have 
only to satisfy the following conditions. 

The lines of action of the two components, P and Qy must 
be in the same plane with that of B ; their algebraic sum must 
be equal to R ; and the position of R must divide the distance 
between them in their inverse ratio. 

77. To determine the rrMtgnitvde and position of the result- 
ant of any number of parallel forces acting on a rigid body. 

Let the forces be Pi, P^j P$ P», and let A, By 

C be any points on their lines of action. 

Join AB and divide it at M, either internally or externally^ 
according as the forces Pi and JPg are in same or opposite 
directions, so that 

AM^P^ 
BM Pi 

•The resultant of Pj and Pj is Pi+Pg acting parallel 
through M. 

Join MC and divide it at N, so that— 

MN Ps 
CN ^ Pi+Ps 

The resultant of Pi+Pg and P,, that is, of Pj, Pg, P3 is 
P1-1.P2+P3 acting parallel through N. 

Proceeding in this manner we at last find the point O 
through which the resultant of all the forces, SP, acts 
parallel to the components. 

The algebraic sign of SP determines the direction, paral- 
lel to the components, to which the resultant tends, forces 
tending in one direction being considered positive, and forces 
parallel to the opposite direction, negative. 

78. Centre op Parallel Forces. — The point thus 
found possesses the property that no matter how the 

forces Pi, Pg, P3, be turned round the points A, 

By C, , but so as always to remain parallel amongst 

themselves, their resultant always passes through 0. This 
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point is called the centre of the parallel forces Pj, Pj, P, 
acting at J., ^, C7 

It is eyident that the position of depends on what 

points A, By C, on theUines of action of the forces 

are chosen as their points of application, but, if different 
points be taken, 0,must always lie on the line of action of 
the resultant, which is thus the locus of 0. 

If in the process explained in Art. 77 we arrived finally at 
two equal parallel forces acting in opposite directions not in 
the same straight line, the system of forces would be equi- 
vdent to a couple and cotdd have no single resultant, or 
centre. Art. 75. 

It is eyident that a system of like parallel forces must 
always have a single resultant and a centre. 

In the next article it will be shown how the centre of 
parallel forces can be determined analytically, 

79. To determine analt/ticallt/ the position q,nd magnitude 
of the resultant of any number of parallel forces acting on a 
rigid body. 

Let the forces be Pi, Pg, P3 , and let A, P, C, 

be points on their lines of action. Take any plane 

xOyj and drop perpendiculars from A, P, C, on the 

plane xOy ; let the lengths of these perpendiculars be 
jti, ^£, -?3 In the figure two only of these perpen- 
diculars are drawn, Aa^Zx and Bb=^Zg, 




• O? 



-h I 
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Diride^ AB at M inversely as the forces Pi arid Pi ; draw 
ALK parallel to amh, and ^w». perpexidicular to theplaue 
icQy ; let Mm » a, thewr-^ 

AM P^. 

AM _AM_ Pg 
AM-^BM^' AB F1+P2 

' But by similar triangles we hare 

AM ML a -A 



therefore 



AB BK ^2 - Zi' 



from whicn ~~P~Tp * 

This formiila determines the dist^ft<?e of the point of appli- 
cation of the resultant of two forces from the plane xO^, 

Again Pi and Pg may l?e replaced by a single force equal 
to Pi +Pj5 acting parallel through M; we can find by the 
?ibove formula the distance of the point of application of 
the resultant of this force and P3 from the plane xOt/ ; 
let the distance be /3 ; then---. 

^_(Pi+^)_a+P3^3 

. "" (Pi+P2)+P3 

substituting for a its value we get 

^^ Pi^i+Pg^g-f-Ps^s 
^ P1+P2+P3 

and the three forces are equivalent, to a single force 

P1+P2+P3. 

This process may in a similar manner be extended to any 
number of parallel forces. Let i be the distance of the 
point of application of the final resultant from the plane. 

^1+^2 + ^,+ ■ 



CHAP. III.] PARALLEL FORCES. 51 

Let pOz and zOx be two other planes so taken that 
the three planes shall be mutually at right angles, and let 
distances from these planes be denoted by x and y symbols 
respectively, thus — 

SP ' ^^ SP ' SP ' 

These equations determine the magnitude of the resul- 
tant^ and a point on its line of action ; hence its position. 

Cor. 1. — The values of cb, p, 9 depend only on the algebraic 
magnitudes of the forces and their points of application. 
Hence, if the forces be all turned round their points of 
application so as always to remain parallel, the resultant 
must always pass through the point so determined, which 
point is ihe centre of parallel forces. 

Cor, 2. — From the formulas which determine the centre, 
it is evident that a system of like parallel forces acting at 
definite points has got one and only one centre. 

80. For the convenience of the student who is unacquainted 
with the elements of analytical geometry, it seems desirable to 
make a few remarks regarding the methods of determining the 
position of a point in a plane, and in space. 

To determine the position of a point in a plane 

Take in ^ 

the plane any *^ 

two lines 
xOx' and 
yOy' inter- 
secting in O. 
Let Z>beany 
point in the f 
plane. Draw *X>^ 
DM&fidDN 
parallel to 
Oy and Ox, 
Let 0M=^ 
i>JV=a?,'and 

U' 

B— 2 
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Then if x and y be given the position of D is determined. 
For, to find D we have onlj to take OMss^x, ON^^y^ and to 
draw through M and N parallels to Oy and Or, reflpectivelj, their 
intersection is the point required. 

X and y are called the co-ordinates of the point i>, xOx', yOy' 
are called the axes of co-ordinates^ and O is called the origin of 
eo-ordinates. * 

As in Trigonometry, x U considered positive or negative 
according as it is measured from O along Ox^ or along Ox^ ; y is 
considered positive or negative according as it is measured from 
O along Oy or along Oy\ 

The axes are generally taken at right angles ; the co-ordinates 
are then called rectangular co-ordinates. 

. To determine the position of a point in space. 

Take any three planes xOy, yOz^ and zOx intersecting in O, 
•Fig. Art. 61. Let D be any point. From D draw DN, DM^ 
DE^ parallel to Oar, Oy, Or, respectively, to meet the planes. 
Let OA^DN^x; OB^DA£==^y; OC==^DE^z. 

Then if z, y, z, be given, the position of D is determined. 
For, to find Z), we have only to take OA = x, OB = y, OC= z, 
and to draw through A, B^ C, planes parallel to the planes 
yOz, zOxy xOy, respectively; their intersection is the point 
fequired. 

* Xy y, and z are called the co-ordinates of the point 2), and 
xOy, yOz and zOx are the co-ordit\ate planes ; 0;r, Oy, Oz are 
called the axes of co-ordinates, and Othe origin. . Sixnilar remarks 
apply to the signs of the co-ordinates or, y, z. 

The co-ordinate planes are generally taken at right angles to 
each other, in which case the axes of co-ordinates are also 
mutually at right angles. 

81. Remarks on the Formul-e op Art. 79. — In the 

formulae of Art. 79 Z\, z^t, ig are perpendicular 

distances on the plane xOy. The proof, however, remains 
the same when these distances are all measured parallel to 
ar.given direction such as Oz, The formulae are thus true 
for oblique as well as rectangular co-ordinates. We now 
give some special cases of these formulae. It will be observed 
that any point on the line of action of the resultant is 
sufficient to determine its position. 

I. Suppose the points where the lines of action of the 
forces meet a given plane, are known. We have only to 
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take two axes in this plane, Ox and Oy; then. Zi=zZ2 

sBs ssSssO, and the point where the line of the 

resultant cuts this pl^ie is given by 

2P ' . ZP 

II. When the forces all lie in the same plane, we may 
take any two axes in this {dane, and if the co-ordinates 
of the points of application of the forces be known, the' 
co-ordinates of the centre of parallel forces are given by 

*~ sp 5 y~ SP^ 

III. When the forces all lie in one plane, if we know, 
the points where their lines of action cut any line Ox, 
the point where the line of the resultant cuts this line is 
determined by 

"LPx 



Si 



SP' 



The student should draw diagrams and write out the 
proof of the formulaB for each of these special cases. 

Examples. 

1. Two like parallel forces of 5 and ISIbs. respectiviely ' 
have their points of application 6 feet apart ; find the point bf 
application and magnitude of resultant. 

Ans, Magnitude ISlbs. Point ^ 
of application 4^ feet fiom the 
force of 5fi>s. 

2. Let the forces be 23lbs. and 42ibs., and their points of 
application 14 feet apart 

Ans. 651bs. at a distance 9.047 • 
feet from the force of 4211)>8. 

3. Let the forces be 126 and 220, and their points of appli- 
cation 26 inches apart. 

Ans, 346 at a distance of 9.47 
inches from force 126. -^ 
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4. A bodj is acted on bj two unlike parallel forces, 2P and 
7P, 10 incbies apart; determine the magnitude, position, and 
dii*ection of their resultant. 

Ans, Magnitude, 5P; direc- 
tion, the same as that of the 
force 7P; point of application, 
4 inches from 7P and 14 inches 
from 2 P. 

5. Four like parallel forces act at the angles of a plane 
qiindrilateral, and are inversely proportional to the segments of 
its diagonals nearest to them ; show that their centre is at the. 
intersection of diagonals. 

6. ABC 18 SL triapgle, and O any point within it ; like parallel 
forces act at A and /?, proportional to the areas BOC and A CO 
respectively ; show that tneir resultant acts at the point where 
CO produced meets AB. 

7. ABCiask triangle, and O any point within it; like parallel 
forces act at A^ B, and C, and are proportional to the areas BOC, 
COAf and A OB respectively : show that their resultant acts at O. 

8. If the point O in the last exaniple be outside the triangle, 
between AB and ^C produced, and if the force at A be unilke 
the forces at B and C, show that the resultant acts at (?. 

9. ABCht^ triangle, and parallel forces act at B and C, each 
proportional to the opposite side of triangle ; prove that their 
resultant acts at the point where the internal or external 
bisector of the vertical angle A cuts the base, according as the 
forces are like or unlike. 

10. Like parallel forces act at the angles A, B^ Cofa. triangle, 
and are respectively proportional to «, b, c; show that their 
resultant acts at the centre of inscribed circle. 

11. If in the last example the force acting at A be unlike 
those at B and C, show that the resultant acts at the centre of 
circle escribed to a. 

12. Equal and like parallel forces act at the angles of a 
triangle ; show that their centre is the point of intersection of 
lines drawn from the vertices bisecting the opposite sides. 

13. Like parallel forces act at &ye of the angular points of a 
regular hexagon ; show tljat the centre of parallel forces is on 
the diameter of circumscribing circle passing through the sixth 
angular point and at a distance from it, | r. 
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14. At each of n -^ 1 of the attgnlar points of a regular 
polygon of n sides equal and like parallel forces act ; find the' 
distance of their centre from the centre of circumscribing circle. 

Solution. Let >1 be the vertex at which no force acts; O the 
Centre of circle, and C the centre of parallel forces. C evidently 
lies on ^O produced. If an equal and like parallel force, P, acted 
at A, the resultant of the it forces would evidently act through the 
centre. Hence nP at O Would be the resultant of P at ^ uiid 
(« - 1)P at C) therefore - . 

qc^ P ^ r^ 

OA (ii-l)P* ^^ n-l' 

« * 

15* Find the centre of equal and like parallel forces acting at 
seven of the angular points of a cube whose side is a. 

Ans, The centre lies on the 
diagonal, through the eighth 
angular point, at a distance n:om> 
centre of cube a «y3 -f* 14. 

16. Parallel and like forces of 4, 2, 6, and 10 units respectively 
lie in the same plane* and are one foot apart from each other ; 
find position and magnitude of resultant. 

Ans, Ma^itude 22. Position 
the same as that of force 6. 

1 7. Parallel and like forces, P, 2P, 3P, and 4P, act on a straiffht 
rod at distances from one end of 1,2, 3, and 4 feet respectively ; 
find the distance of resultant from that end. 

Ans, 3 feet. 

1 8. Parallel and like forces, proportional to 1 , 2, 3 n, 

act on a rod at distances from one end of 1, 2, 3, n feet. 

respectively ; find the distance of resultant from that end. 

Ans. ??±lft. 

19. Parallel forces 'fl)-^ 2, -f 3, ^4 act in the same plane on 
a rigid body« Their lines of action cut a line Ox drawn in their 
plane at distances from O of 1, 2, 3, 4 feet respectively; detev*> 
mine the position and magnitude of the force which would keep 
the body at rest. 

Ans. A parallel force -f 2, as 
a distance 5 feet from 0, along 
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20. Equal and like parallel forces act at tbe angles of a 
triangle ABC, given tbe co-ordinates of A, B, and C, with respect 
to any axes in the plane of triangle ; find the co-ordinates o£ 
centre of parallel forces. 

An$. dB = J(ar,+ar,+x,); 

y=*(yi+yj+ys). 

21. Equal and like parallel forces act at the angular points 
A, B, C, J), of a triangular pyramid : giyen the co-ordinates of 
A, B, C, D, with respect to any three plants; find the co-ordinates 
of the centre of parallel forces. 

22. Parallel forces P, Q, R act at the angular points A, B, C 
of a triangle ; the perpendicular distances of their centre 
from the sides a, b, c are oi fiy y respectively, and the area of 
triangle is A ; prove that 

aa _h^ cy_ 2 A 
F'"Q^R'^F4Q-¥B' 

23. When the centre of parallel forces conicides with the 
centre of inscribed circle, find the relation between forces. 

. P Q B 

a c ^ 

24. In the same case, when the centre of parallel forces coinT* 
cides with the centre of circumscribing circle ; find tbe relation 
between forces. 

Besult ^ == Q •_- ^ * 
a cos A h cos B c cos C 

25. In the same case, when the centre of parallel forces coin- 
cides with the intersectien oi perpendiculars from vertices on the 
opposite sides (tbe orthocentre of triangle) ; find the relation 
between the forces. r 

Result. -^==-^^= ^^ 
tan A tan B tan (J 

26. Parallel forces P, Q, i?, S act at the angular points A, B, 
C, D of a triangular pyramid : the perpendicular distances of 
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their centre from the planes BCD, ACD, ABDy ABC, are a, 
/3, y, 5 respectively ; the areas of triangles BCD, A CD, ABD, 
ABC, are Aj, A^, A3, A4, and the ▼olume of pyramid is V; 
prove that 

?LAi-^ yAs_^A4 8F 



CHAPTER IV. 




MOMENTS AND CONDITIONS OF EQUILIBRIUM. 

82. Dtf, — The imxnMnt of a force with respect to a 
point is the product of the force and the perpendicular 
drawn on its line of action from the point. 

Let AB be the line of action 
of ft force P ; GD =» |?, the per- 
pendicular from any point C 
on AB ; the moment of P 
with respect to (7 is Pp. In 
this product the abstract num- 
ber which represents the mag- 
nitude of the force P is multi- 
plied by the number which represents the length of the per- 
pendicular. 

83. The maqnitxide of the moment of a force with respect 
to any point is represented geometrically by twice the area of 
triangle whose base is the cine which represents theforce, in 
magnitude and position, and whose vertex is the point. 

For, let AB represent the magnitude, as well as position 
of the force P ; that is, AB contains as many units of 
length as P contains units of force; then 2 area CAB 
= AB'CD =^Pp = moment of P with respect to C. 

It is evident that the moment of a force with respect 
to a point never vanishes except when the point lies on the 
line of action of the force, 

84. Moments Positive or Negative. — Suppose a force 
P to act on a body rigidly connected with a fbsced point C, 
It is evident that the effect of the force on the body would be 
to produce, or tend to produce, rotation round an axis through 
C perpendicular to the plane CAB, Fig. Art. 82. We shall 
afterwards see that the moment of P with respect to O is the 
mathematical measure of this tendency to produce rotation* 
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If the force F acted from A towards B the tendency 
would be to produce rotation in the direction of the hands 
of a watch. But if the force P acted from B towards A 
tiie tendency of rotation would be in an opposite direction. 

Moments of forces with respect to any point are con- 
sidered positiye or negative according as the forces tend to, 
turn a body in the same or in opposite directions round the 
point. It is indifferent which direction of rotation is chosen 
for the positive one. 

85. The algebraic sum of the momenta of any two forces^ 
which have got a single resultanty with respect to any point on^ 
the line of action of the resultant, is equal to zero. 

First, let the forces P and Q 
meet at a point 0, and let C 
be any point on the line of 
action of their resultant. 

From C draw CA and CB 
parallel to the lines of the 
forces Q and P respectively. 

Then by the parallelogram 
of forces OA and OB re- 
present the forces P and 
Q. Let the perpendiculars 
CD-=p;CE = q. 




Then Pp = 2 area OAC; Qq='2 area OBC; 



but 



area 0-4 C«= area OBG, 



and if the moment Pp be considered positive, Qq is nega- 
tive, since the forces evidently tend to produce rotation in 
opposite directions round C, 

therefore Pp-^Qq^O. 

Next, let the forces be parallel and let C be a point on the 
line of resultant. From C draw CD=p, and CE^q^ 
perpendiculars on the lines of P and Q respectively. Then 
by Arts. 67 and 69 

CD Q 

CE" P 



1 
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and the moments are evidently of opposite signs, 

therefore Pp -f Q^ = 0. 

Conversely it may be shown that if the algebraic 9um of- 
the moments of any two forces with respect to any point is 
equal to zeroy the point must be on the line of action of 
resultant 

86. Physical Meakikg of a Moment* — When two: 
forces acting on a rigid body have a resultant, the resultant 
is in every way equivalent to the forces, and they may be 
replaced by it. Hence, when any point on the line of action 
of the resultant, rigidly connected with the body, is fixed,* 
the tendency to produce motion is counteracted, and the 
two forces are in equilibrium with the resistance of the 
fixed point. 

It is evident that the tendencies of the forces P and Q- 
would be to turn the body round an axis through C, perpendi- 
cular to their plane, in opposite directions. Fig. Art. 85. These 
tendencies to cause rotation balance when the point C is any 
point on the line of resultant, since the forces might be 
replaced by a single force H thorough C. We have shown 
that when ihis is the case the moments of the forces P and 
Q with respect to C are equal and opposite. Hence, the 
moment of a force with respect to a point is the mathematical' 
measure of its power in producing ^ or, tending to produce, 
rotation, in a body rigidly connected with the point, round an 
axis through the point perpendicular to the plane of the point 
and the force. 

The effect of a force in producing rotation round a point 
is thus directly proportional to the magnitude of the force, 
and also directly proportional to the length of the perpendi- 
cular drawn from the point on the line of the force. 

87. Principle of the Lever. — A lever is a rigid body 
which is capable of turning freely in one plane about a fixed 
point, or fixed axis, which is called the fulcrum. 

When two forces act on a lever in the plane in which it is 
capable of turning, the lever is in equilibrium when the moments 
of the forces round the fulcrum are equal and opposite* 
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• This follows from Art. 85, and is called the principle of the 
lever. The resultant of the forces passes through the falcrom, 
by the resistance of which it is counteracted. 
^ The reaction of the fulcrum is equal in magnitude and 
opposite in direction to the resultant of the two forces. 
Art. 17.' 

The principle of the lever has been deduced from the 
parallelogram of forces ; this principle is however sometimes 
taken as the fundamental one in Statics and the parallelo- 
gram of forces deduced from it. 

88. Assuming the Principle of the Lever to deduce the 
Parallelogram of Forces as far as the line of action of the 
resultant is concerned. 

Let P and Q be two forces acting on a rigid body, and 
meeting at 0. Fig. Art. 85. Their resultant lies in their 
plane and is intermediate in position. 

Suppose the line of action of the resultant to be OC ; the 
forces may be replaced by a single force along 00. 

Hence if any point on 00 such as were fixed, the result- 
ant would be counteracted by the resistance of the fixed 
point ; therefore the forces P and Q would balance round a 
fulcrum 0. 

We have by the principle of lever, without regarding the 
signs of moments, 

P.OD=Q.OE 

or 





P OE 




Q CD' 


But by similar 


triangles CAD and CBE 




CE CB OA 




CD^CA^OB 


Therefore 


P OA 
Q^ OB 



Therefore OA and OB represent the forces, and the 
diagonal of the parallelogram OACB is the line of action of 
their resultant. Having shown that the diagonal is the 
line of action of the resultant, we can prove as in Art. 35 
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that it also represents the magnitude of resultant, and hence 
the parallelogram offerees can be completely demonstrated. 

89. T?ie algebraic mm of the momenta of two forcee^ which 
have a single resultant, round any point in the plane contains 
ing the forces is equal to the moment of their resultant. 

This follows from the physical meai;iing of a moment, 
since the resultant must be in every way equivalent to the 
forces, as well in tending to produce rotation roimd any 
point, supposed to be rigidly connected with the body on 
which the forces act, as in tending to produce motion along 
its line of action. 

The following proof depending on the definition of a 
moment and the parallelogram offerees is usually given in the 
ease when the lines of action of the forces meet at a point. 

Let P and Q be two forces ineeting at 0. Take OA and 
Od to represent the forces and complete the parallelogram ; 
OG represents their resultant B* 

Let D be any point in 
the plane of forces ; join 
i:ito 0,AyCyB; we shall 
show that, taking D as 
a common vertex, the area 
of the triangle on resultant 
is equal to the sum of the q, 
areas of triangles on com- 
ponents. 

For, area i)0^ = area 
DBC-^&reo, OBC; because 
the base OA of J)OA is equal to the common base BC of 
DBC and OBC and the altitude of DOA is evidently equal 
to the sum of the altitudes of DBG and OBG. 

Adding area DOB to both sides, we have 

area 2)0-4 +ar6a DOB 
a area i)5(7+area OJ?C+area i)(9J5 = area DOG. 

Therefore, 2area Z>0il+2area i>Oi9«2area DOG 
moment of P+moment of Q = moment of B. 

When the point D lies within the angle AOB the 
moments of the forges P and. Q will have opposite signs, the 
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moment of the resultant being of the same sign as the 
greater. In this case the algebraic sum of the moments 
of P and Q, is still equal, to the moment of the resultant B, 
The student should draw a diagram to represent this case 
and imte out the proof. 

Cor, — The proposition of this article can be easily 
extended to any number of forces meeting at a point. For 
the sum of the moments of any two of the forces is equal 
to the moment of their resultant, and this resultant can be 
compounded with another force, and so on. Hence the 
moment of the resultant is equal to the algebraic sum of 
the moments of the components, 

90, It remains to 

prove the proposition, (>■■ ■. [ t.. m , , P 

for two parallel forces. 14 L 

Let Pi and P^ be ^^ ^^ ^ft 

two parallel forces and aR a^ 
E their resultant. | I , 

From any point in S* a | 

their plane draw a line V pjj^ 

perpendicular to their 
lines of action meeting them in A, B, C, 

Then by Arts. 67 and 69, from the first figure, 
Pi CB x^-r^ a 

* 

.-. {Pi+Pi)ck = Bar^PiX^-\^P^Xi 

Moment of Pi+moment of P^ =?* moment of JR. 

In the second figure, when the forces act in opposite 
directions, we get 

(Pi-P8)a = i?a = Pia?i-P3arB 

and since the moment P^ x^ is negative we have the same 
result. 
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The student will observe that the proposition of this 
article has been before proyed for any number of parallel 
forces lying in the same plane. Art. 81, case III. For, when 
the line Ox is drawn perpendicular to the forces, Pj x^^ P, av 

are the moments of the forces about O, and 

^ SP is the moment of their resultant. 

When the point round which the moments are taken lies 
on the resultant, the moment of the resultant vanishes, and 
hence the sum of the moments of the forces vanishes which 
is the proposition of Art. 85. 

91. There is one case when the sum of the moments of 
the two forces is never zero, namely when the forces are 
equal, parallel and tend in opposite directions. Such a pair 
of forces is called a couple, Art. 74, and does not admit of 
a single resultant. 

The algebraic sum of the moments of the two forces which 
constitute a couple, round any point in their plane, is constant 
and equal to the magnitude of either force multiplied hy the 
perpendicular distance between them. 

Let P^ and Pj be equal parallel forces tending in opposite 
directions, second figure, Art. 90 ; let O be any point in 
their plane. 

Moment of Pj =^P^OB = P^ OB, 

Moment of Pi = - Pj OA. 

Moment of Pi+moment of Pj = Pi (OP - OA), 

= Pi AB = a constant. 

When the point O lies between the lines of action of the 
equal forces, their moments about have the same sign, as 
both forces then tend to turn in the same direction round O; 
we thus get the same result. 

92. When a system of forces lying in a plane, and either 
meeting at a point or parallel to each other, is in equilibrium^ 
any one of them is equal in magnitude and opposite in 
direction to the resultant of all the others; hence the 
moment of any one about any point in their plane must be 
equal and opposite to the sum of the moments of the rest 
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(Arts, 89, 90); be^ce, when stich a system of forces is in 
equilibrivmf the algebraic sum of the moments of the forces 
round any point in their plane is zero. 

This also follows from the nature of a moment and 
expresses the fact that the forces produce no tendency to 
rotation round the point« 

The above, although a necessary condition for equilibrinm, 
is not a sufficient condition; as the forces might have a. 
resultant passing through the point round which the 
moments are taken, in wluch case the algebraic sum of the 
moments of the forces would be zero, but they would not be 
in equilibrium. 

It will be easily seen that the following conditions of. 
equilibrium are both necessary and sufficient, 

A system of forces lying in a plane and meeting at a point 
will he in equilibrium when the algebraic sum of the moments 
of the forces vanishes round any two points, in the plane of 
the forces, which are not situated on a straight Um passing 
through the point at which the forces meet^ 

A system of parallel forces in one plane will he in equili-- 
brium when the algebraic sum of the moments of the forces 
vanishes round any two points, in the plane of the forces, 
which are not situated in a straight line parallel to the forces^ 

93, The Moment op a Foeob with respect to a Line. — 
Resolve the force into two components, one parallel, the 
other perpendicular to the line ; the product of the compo- 
nent perpendicular to the line and the shortest distance 
between the line and the direction of this component is the 
moment of the force with respect to the line. 

The physical meaning of the moment of a force with 
respect to a line may be thus explained. Let J. and B 
be two points fixed in a rigid body which is acted upon by 
a force H, not in the same plane with the line AB, The 
only motion the body can have is a motion of rotation 
round the axis AB. Let E be resolved into two components—^ 
one P parallel to the line AB, the other Q perpendicular 
to AB, Then the effect of i? on the body is the same atf 
the combined effect of P and Q, But F being in the same 
plane with AB can evidently produce no motion in the body, 



1 
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flince AB is fixed« Hence the effect of B in producing' 
rotation round AB is the same as the effect of Q. Throngh 
Q draw a plane perpendicular to AB meeting it in C, and let 
CD be the perpendicular from C on Q. Then Q,CD 
measures the effect of Q in producing rotation round AB' 
and is the moment of R with respect to AB* 

' Obs. — The moment of a force with respect to a line can 
only vanish when the line and the direction of the force are 
in the same plane. This includes the cases when the line and 
force are parallel and when the line intersects the direction 
of the force. 

. 94. . When three forces maintain a body in equilibrium they 
must lie in the same plane. 

Suppose a body to be in equilibrium under the action of 
three forces P, Qy B. Take on the lines of action of P 
and Q any points A and B, respectively, so that AB shall 
not be parallel to the line of action of B. We may sup-* 
pose these points to become fixed without disturbing the 
equilibrium. . Art. 16. 

The moments of P and Q round AB are separtely zero. 
Hence, for equilibrium, the moment of B with respect to the 
line AB must be zero, otherwise B would produce a motion 
of rotation in the body round AB, Therefore, since AB is 
not parallel to B, the line of action 'of B must intersect. A-ff. 

Since then any straight line which meets the lines of 
action of P and Q and is not parallel to B meets the line 
of action of i?, the lines of action .of P, Q, B must lie in 
one plane. 

95. We can now give a complete account of the condi- 
tions of equilibrium of three forces acting on a rigid body. 
See Arts. 64 and 72. 

(1.) The lines of action of the forces must lie in the same 
plane, 

( 2. ) They must meet at a point or be parallel. 

(3.) Any one of the forces must be equal and opposite to 
the resultant of the other, two, 

96. Def, — The arm of a couple is the perpendicular 
distance between the lines of action of its forces. 
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The moment of a cofiph is the product of one of the 
equal forces and the arm. ... , 

• The tendency of a couple acting on a rigid body is evi- 
dently to cause rotation, and the power of the coujple to 
cause rotation round every point in its plane is the same, 
and is measured by the moment of the couple. 

Couples which tend to turn a body round in the same 
way may be called like, and couples which tend to turn a. 
body round in opposite ways may be called unlike ; their 
moments have opposite signs, 

97. Two unlike couples in the same plane equilibrate when 
ikeir moments are equal. 

Let the equal forces of one 
coupl6 be P ; of the other Q, 

The lines of action will in 
general form a parallelogram; 
let it be OACB. Draw OM 
perpendicular to BG, and ON 
perpendicular to AC. 

Then the moments of the 
couples are P. Oif and Q^OJN'^ 
Hence, by hypothesis, 




therefore 



F.OM = Q.ON 

P ^ON OA 
Q OM" OB 



Hence OA and OB represent P and Q; and, by the 
Parallelogram of Forces, CO represents the magnitude and 
direction of their resultant. 

Similarly it may be shown that the resultant of P and 
^ at C7 is represented in magnitude and direction by OC ; 
hence the two resultants equilibrate. 

Cor, 1. — Since two unlike couples of equal momenta 
in the same plane balance each other, two like couples in 
the same plan^ produce equal effects when their moments are 
equal. 

Cor, 2.^Since a couple is always balanced by an unlike 
couple of equal moment in the same plane, it follows that 
the effect of a couple will not be altered if we change it into 

F— 2 
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unoiher like couple of equal mcmeKt^ or if we transfer it to 
any position in its oivn plans, 

ObsA, — In the proof of this article it is tacitly assumed 
that the forces of one couple are not parallel to those of 
the other. This restriction may now be removed since we 
see that the effect of any couple is not altered by turning 
it into a new position in its own plane. The student 
will, however, have no difficulty in proving the proposition 
directly when the four forces are parallel, 

Obs. 2.-'-^ l^e proposition of this article follows at 
once from the nature of a couple. For the tendency of a 
couple is to produce rotation and the measure of the power 
©f the couple is its moment (Art. 96) ; hence if two unlikq 
couples in the same plaue have equal moments they must 
balaAce» 

98. To find the resultant of any mmiber of couples acting 
on a rigid body in the same plane* 

Let P, Q, i?, be the forces of couples : 

a, h, c, ...••^ their arms« 

Let the couples be transferred so as to have their arms in 
the same straight line, and one extremity common* This 
will not alter their effects. Art. 97. 

Let them be now replaced by other couples having equal 
arms, their moments remaining imchanged. This will not 
alter their effects. Art. 97. 

Let the common arm be a and the new forces of 

couples F\ Q', i?', ; we have F'a = Pa ; Q'a = Qb ; 

R'a==Itc, ......... 

The forces P', Q', acting in the same line at 

one extremity of the common arm, may be replaced by their 
resultant equal to their algebraic sum ; and likewise the 
equal and parallel forces at the other extremity of common 
arm may evidently be replaced by an equal and parallel 
resultant. 

^ The force 6f the resiiltant couple is P +Q' -j- and 

its arm a ; hence its moment is (P'+Q'+^' + )a «* 

Pa+Q*+i?c+ 




-•X 
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Hence th$ moment of the remltani touple ie equal to 
the algebraic mm of the momente of the origi'oal coupke, 

99. To determine the resuUante of any number of forces 
acting on a rigid body in oneplane^ and the conditions of 
equilibrium. 

Take any two axes Ox and 
Oy at right angles in the 
plane of the forces. 

Let Pi be one of the forces, 
Acting at A, 

Introduce at two forces 
parallel and equal to P^ and 
acting in opposite directions ; 
they will not afifect the system. 

From draw OD =jpi per* 
pendicular to the line of action 
of P^ 

The force P^ is thus equivalent to an equal, parallel and 
like force at O, and a couple whose moment is P^ p^ 

Let tti be the angle which the line of action of P^ makes 
with Ox, Pi at is equivalent to Pj cos oj along Oxy and 
Pj sin Ci along Oy. 

The same process may be applied to all the forces. We 
would thus get two forces, SPcos « along Ox and 2SPsin a 
along Oy, and a system of couples whose moments are 

^iPiy ^»Pi 

Hence the system may be replaced by a single resultant 

force Hf and a single resultant couple O^ where 

^ = (SPcos a)*+(SPsin a)« 
G^ZPp. 

The forces must be in equilibrium wlien 1? =» and = 0. 
Therefore the necessary, and eufficient^ conditions of 
equilibrium are three in ntmiber : 

SPcos a = (1) 

2Psina = .(2) 



3Pp-0 



.(8) 
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* • The moment (X I3ie resnltant conple is equal to the sum 
of the moments of the forces romid any point O in their 
plane ; hence the above equations of condition may be 
expressed in words — 

The algebraic sum of tKe resolved parts of tlie force^ 
parallel to any two directions at right angles must be separately 
zero, and the algebraic sum of the moments of the forcesi 
round any point in their plane must be zero, 

100. Eemarks on Conditiows of Equilibrium. — ^If the 
sums of the resolved parts of the forces parallel to any two 
directions are separately zero, it can be shown, as in Art. 60, 
that the suiis of the resolved parts of the forces parallel to 
two rectangular directions must be also separately zero, and 
therefore the conditions (1) and (2) of the last article are 
satisfied. Hence the directions of resolution need not be 
rectangular. 

The conditions of . equilibrium of any number of forces 
m one plane may be expressed in various forms, but it 
will be found in general that these conditions give rise 
io three, and only three, independent equations of equili- 
brium. 

, For example, as in Art. 60, we see that the equation (2) 
follows from (1) and the equation got by resolving the 
forces in any other direction. Hence no new independent 
equation can be got by resolving the forces in more direc» 
^ions than two, 

- It will be ^also found that we can get no new equations 
independent of (1), (2) and (3) by taking moments round 
any other point. 

In solving problems the equations of equilibrium are 
obtained in the most convenient forms by. -a judicious che^ce 
of the directions of resolution, and of the point round 
which the momehts are taken^ We have the following rules 
for forming them : 

(1.) Resolve all the forces parallel to amy direction^ and 
equate their algebraic sum to zero^ 

(2. ) Besolve alt the forces parallel to any other direction^ 
and equate their algebraic mm to zero^ i 
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(3.) Tak€ moments of all the forces round any pointy and 
equate their algebraic sum to zero. 

The student should consider carefully the physical meau'^ 
ing^ of these equations of equilibrium. The first two express 
that the combined action of the forces has no tendenc^ 
to impart a motion of translation to the body in any 
direction. 

The third expresses that the combined action of the 
forces has no tendency to impart a motion of rotation to the 
]>odj, and hence the body must be at rest, 

101. A system of forces, not in equilibrium, acting in one 
plane on a rigid body cam, be reduced either to a single couple 
m the plane of the forces or to a single force. 

For it has been shown (Art 99) that the forces can in 
general be reduced to a single force E acting at any arbi- 
traiy point O in their plane and a couple G. 

If J?=«0, the forces reduce to a single couple O. If 
■G'= 0, the forces reduce to a single force E, When neithei* 
E nor G vanishes, the system may be reduced to a single 
force. For, one of the equal forces of G may be supposed to 
act through O, and not in the same straight line with E. 
Art. 97. The resultant of E, and this force acting at O,- 
fcannot be parallel to -the other force of the couple G, and 
hence can be compounded with it so as to give a single final 
resultant. 

10^. A system of forces acting in one plane on a rigid body 
will be in equilibrium if the algebraic sum of the moments of 
the forces vanishes round any three points in the plane, which 
Qre not in the same straight Une^ 

. For, if the system be not in equilibrium it is equivalent 
to a single resultant or a couple. Art 101, . . i 

But the system cannot be equivalent to a couple ; for 
then the sum of the moments could not vanish round any 
point in the plane of forces. Art 91. 

Also the forces of the system cannot have a single resul- 
tant ; for then the sum of the moments could only vanish 
for points on the line of the resultant. Hence the i^stem 
must be in equilibrium. • v ^ . 
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SxAVFLBfl. 

I. Three forcei, P, Q, A, «ct through the angular poinfs of a 
triangle in direetiona,^ perpendicular to the opposite sides ; find 
the conditions^ of their eqailibriom, bjr taking moments round 
the angular points. ' 

Besult ^^^^?. 
a . € 

9. Three forces act perpendicularly to the sides of a triangle 
ftt the middle points, and each force is proportional to the side 
At which it acts ; show, bj taking moments round the angular 
points of the triangle, that the forces equilibrate. 

3, ABC is a triangle ; D^ E, F are the middle points of 
the sides opposite to A^ B, C^ respective! j ; show, by taking 
moments round the angular points, that forces represented by 
ADf BE and CF are in equilibrium, 

4. Q and P are ^tl^ points on the circumference of a 
(Bircle ; QA and QB are any pair of chords drawn at right 
angles through Q ; if QA and QB represent forces, show that tbp 
algebraic simi of their moments with respect to P is constant. 

' 5. Forces act alon^ the sides of a triangle; show that they 
may be reduced to a single resultant passing through the centre' 
of the inscribed circle, when one of the forces is e<}ual to the 
aum of the other two and tends to produce rotation in th^ 
opposite direction. 

6. Forces P, Q, R act along the sides BC, CA, AS of % 
triangle, and their resultant passes throush the centres of the 
inscnbed and circumscribed circles ; shew that 

P : Q: R:: cosJB * cosC : cosC- cosil ; cosii - cobB, 

7. A BCD is a quadrilateral inscribed in a circle ; forces 
P, Qi R act in directions AB^ AD^ CA ; show that they will 
be in equilibrium when P : Q: R:: CD : BC : BD. 

8. A number of forces in the same plane meet at a point, find 
the locus of a point such that the algebraic sum of the moments 
of the forces round the point shall be constant. 

Result. A line parallel to resultanL 

- 9. Forces P, Q^R^S act along the sides AB, BCy CD, DA 

of a par illelogram ; find the position of their resultant. . . 
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Let AB^€iy AD'sah, and let x and y be the distances on AB 
Bnd AD respectivelji measured from Ay at which the resultani 
cuts these lines. 

SesulL « = ^^ 

10. Forces are represented in niagnitude and position by the 
sides of a plane polygon taken in order ; show that their resul- 
tant is a couple whose magnitude is represented by twice the area 
of the polygon* 

11. Forces are represented by the sides of a plane polygon, 
except one, taken in order ; show that they are equiyalent to a 
single force which is parallel to the omitted side. 



CHAPTER V. 

CENTRE OF GRAVITY. 

4 

. 103. Every particle of matter on the earth is acted on 
Jby a force proportional to the mass of the particle ( Art. 8 ) 
the line of action of the force being vertical, and its point 
of application the point which determines the position of 
jtJie material particle, 

Def, — A horizontal plane at any point of the earth's 
surface is a plane parallel to the free surface of a liquid at 
rest. Any line parallel to this plane is called a horizontal 
line, and straight lines perpendicular to this plane are called 
vertical lines. A vertical line at any point is the line of 
action of the force of gravity at that point. 

Ohs, — Through a given point an infinite number of hori- 
zontal lines can be drawn, but only one vertical line, 

104. The action of gravity on a system of material particles, 
supposed to he rigidly connected, is reducible to a single 
resultant force whose line of action passes through a point, 
fixed relatively to the particles whatever he the position of the 
system. This point is called the Centre of Gravity of the 
particles. 

Let the masses of the particles be %, mj? ^j ; 

their positions a, h, c, 

The forces with which the particles gravitate (the weights 

of the particles) are m^, m^, m^, ; their lines of 

action are all vertical, and hence parallel ; and their points 
of application are a, b, c, 

Hence, by the nature of like parallel forces, they are 
equivalent to a single resultant equal to their sum, and 
whose point of application is determined by the following 
construction. 
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' Cut ab at k and ^c at Z^ and so on ; so that 

ah m^ m^^ 
hk ~" m^ ~ nil ' 

kl m^g ^3 ^ 



Proceeding in this way we find a point G through which 
the resultant force of gravity on the system, ^ S (w), acts. . 
• The position of G thus, depends only on the masses of 
the particles and the distances between them, and is there-r 
for^ fixed relatively to the particles whatever be the positiou 
pf the system. 

The point G is called the Centre of Gravity and is the 
same as the centre of a system of like parallel forces, the 
weights of the particles (which are proportional to their 
masses), whose points of application are the positions of the 
particles. We have here merely repeated the process of 
Art. 77 for the sake of clearness. 

Ohs, — In the above construction we are only concerned 
with the ratios of the weights, which are the same as the 
ratios of the masses of the particles. Hence we may use^ 
indifferently, the numerical expressions for the weights 
Referred to any the same unit of weight, or the numerical 
expressions for the masses referred to any the same unit p{ 
mass. 

. 105. Centre of Gravity op a Rigid Body. — A rigid 
body niay be considered as made up of an assemblage of 
material particles rigidly connected together, the mass of the 
body being equal to the sum of the masses of the particles 
which compose it. Hence, by the last article, the action 
of gravity on the body is reducible to a single resultant 
force, the weight of. the body, whose line of action passea 
through a fixed point in the body, whatever be its position. 

. Def. — The Centre of Gravity of a rigid hody is a definite 
point in the body through which the line of action of the 
resultant fbrce of gravity always passes ^ whatever btUhe bodtf*9 
position, ^ i 
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In this definition the term body may be tmderstood to 
include a system of particles or a system of bodies rigidly 
connected, or supposed to be rigidly connected. 

The construction of Art, 104 shows that the effect of 
gravity on any body is the same as if the whole mass of the 
£ody were collected at the centre of gravity. 

Oha, — The point determined by the construction of 
Art. 104 depends only on the masses of the particles and 
their distances. Considering it from this point of view it is 
called the Centre of Inertia of the masses, and every body or 
system of bodies has got a centre of inertia. The general 
theory of the resultant action of gravity shows that there 
is not always one point which can properly be called the 
«entre of gravity Qf a rigid body. In the case of terrestrial 
gravitation the gravitating forces of the particles which 
compose the same body may be all considered parallel and 
proportional to the masses of the particles, and hence have 
a resultant force which always passes through the centre of 
inertia of the body. As thie is the only case we shall have 
to consider, we may, according to common custom, use the 
term " Centre of Gravity " as equivalent to " Centre of 
Inertia.'' The ideas involved in the terms are^ however, 
essentially different. 

106. A hody or a system of bodies cannot have more than 
one centre of gravity^ 

This follows from the nature of like parallel forces, op 
may be at once deduced from the definition. For, if possible, 
suppose there are two centres of gravity, O and G\ Let 
the body be placed so as to have the line GO' horizontal, 
then, by the definition of the centre of gravity, the line of 
action of the resultant force of gravity must pass through 
&, and also G' ; but this is impossible, since the line of action 
must be vertical, while GGr is horizontal. 

107. If ike centre of gravity of a boc(y, acted on only Jty 
gravity, be fixed or supported, the body will rest in any position* 

For in every position the resultant force of gravity on the 
hody act8«vertically through the fixed point, and will hence 
be equilibrated by its equal and opposite reaction. Axt. 17» 
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The effect of grayity on the body is in fact the same as 
if the whole mass were collected at the centre of gravity, 
hence the body will be at rest when the centre of gravity is 
supported. In the case of a system of bodies their common 
centre of gravity must be supposed to be rigidly connected 
with the bodies of system. 

This article suggests another definition of the centre of 
gravity, which is very commonly used, 

Def,—^Th^ centre of gravity of a rigid body is a point 
on which the body will balance in all positions, supposing 
the point to be supported^ and the body acted on only by 
gravity. 

108. A body which can turn freely round a fixed point, 
or which is suspended from a fixed point, will not rest unless 
its centre of gravity be in the vertical line passing through the 
fixed point. 

For the body is acted on only by two forces, the force of 
gravity which acts vertically through the centre of gravity, 
end the reaction of the fixed point. Hence the body can 
be in equilibrium only when these forces have the same line 
of action ; and when this is the case the body must be in 
equilibrium ; for the fixed point will supply a reaction 
equal and opposite to the force of gravity. Art. 17. 

Hence the body is, and only is, in equilibrium when the 
vertical line through the cpntre of gravity passes through 
the fixed point. 

109. To determine the position of the centre of gravity of 
(my body experimentally. 

Let the body be suspended from a fixed point in any way : 
when it has arrived at a state of rest the vertical line 
through the fixed point must, by last article, pass through 
the centre of gravity ; let the direction of this line in the 
body be determined. Again suspend the body from another 
different point ; we shall obtain a second line passing 
through the centre^ of gravity ; consequently the intersec- 
tion of these two lines will be the centre of gravity. 

110. When a body is slightly displaced from a position 
of equilibrium, it may (1) tend to return to its original 
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position, (2) tend to deviate farther from the original posi- 
tion, (3) remain in equilibrium in the new position. 

In (1), the original position of equilibrium is called 
stable; in (2), unstable; in (8), neutral, 

111. When a body, which can turn freely round a fixed 
pointy is in equilibrium^ the equilibrium is stable , unstable ot 
neutral according as the centre of gravity is vertically below, 
vertically above, or coincident with, the fixed point, the body bein^ 
0nly acted on by gravity and the reaction of the fixed points 

Let be the fixed point, 
O the centre of gravity of 
body, OH a vertical line 
through 0. 

When G is on Off below 
0, the body is in stable equili- 
brium. 

. For, suppose the body to be 
slightly displaced from the 
position of equilibrium, as in 
the first figure. Let the force 
of gravity, F, acting vertically through G, be resolved into two 
components, T along OG, and S perpendicular to OG. 

T is counteracted by the reaction of the fixed point ; S 
is unresisted, and tends to turn the body round to its origi- 
nal position of equilibrium with G vertically below 0, 

Similarly it may be shown, from the second figure, that 
the position of equilibrium, when G is vertically above O 
on OH, is unstable. 

When coincides with G, the body wiU rest in any posi- 
tion (Art. 107), therefore the equilibrium is neutral. 

112. When a body is placed on a horizontal plane, or on 
an inclined plane so rough as to prevent slipping, it will stand 
or overturn according as the vertical line through its centre of 
gravity falls within or without the base, the body being sup- 
posed to be acted on only by gravity and the reactions of the 
different points of the plane with which it is in contact. 

By base is here to be understood the area enclosed by 
iltretching a string round the points of contact of the body 
with the plane. 
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For, since the reactions of the points of contact of the 
body with the plane all act from the plane, the line of 
action of their resultant cannot cut the plane outside the 
base of the body. 

This resultant will adjust itself so as to counteract 
the force of gravity on the body (Art. 17) as long as the 
vertical line through the centre of gravity falls inside the' 
base. 

But when the verticle through the centre of gravity falls 
outside the base, the resultant reaction can no longer have 
the same line of action with the resultant force of gravity 
on the body, and hence there cannot be equilibrium. 

113. To determine analytically the centre of gravity of 
any number of particles whose positions are given. 

Let the masses of the particles be m^, 972,, ms •* ; and 

let a, h, c, be their positions. 

The weights of the particles are nijjg, m^, m^ .** and 

are all vertical, and therefore parallel forces. The centre of 
this system of parallel forces is the centre of gravity. 

Hence if the co-ordinates of a, ft, c, with respect 

to any three planes be (a?i, ^i, z^,) (a?j, y^, z^) {x^, ys, Zs) 

...♦. the co-ordinates x, y, z of the centre of gravity 

are determined, as in Art. 79, to be 

^mx . Smv . 2mz 

I. When the particles lie in the same plane, and the 
co-ordinates of the particles with respect to two axes in the 
plane are given, the co-ordinates of the centre of gravity 
are found from— 

II. When the particles lie on a line, and their distances 
from any point on the line are given, the distance of their 
centre of gravity is found from — 

Sma? 
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117. To jmd the centre of gravity of a uniform material 
line. 

The material line may be supposed to be made np of an 
indefinite number of equal material particles, which may 
be considered in pairs equidistant from the middle point of 
the line. 

The centre of gravity of each pair of equal particles, 
equidistant from the middle point of the line, is that middle 
point. 

Hence, the conmion centre of gravity of the pairs of 
particles, that is, the centre of ^avity of the line, is its 
middle point, 

118. A plane lamina of any form may be supposed to 
be made up of an indefinite number of parallel material 
lines ; the centres of gravity of these lines are their middle 
points. 

If these middle points all lie on a line, that line is 
called in geometry a rectilinear diameter, and the 
common centre of gravity of all the material lines, that is, 
the centre of gravity of the lamina, must lie on this diameter. 

Hence, if we can draw two rectilinear diameters in any 
plane figure, the centre of gravity of the figure must lie on 
both, and is, therefore, their point of intersection. 

This principle is often of use in finding, the centres of 
gravity of plane figures. We give some examples. 

(1.) The centre of gravity of a circular lamina is its 
centre. 

(2.) The diagonals of a parallelogram are diameters, 
hence its centre of gravity is their intersection. 

(3.) The lines joining the middle points of the sides of 
a triangle to the opposite vertices are diameters, hence its 
centre of gravity is their intersection. 

(4.) The line joining the middle points of the parallel 
sides of a trapezium is a diameter, and hence its centre of 
gravity is on that line. 

119. A body is said to be symmetrical with respect to a 
plane when the body may be supposed to be made up of 
pairs of equal particles on opposite sides of the plane, 
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equidistant from it and on the same perpendicular to it. 
Similarly, a body may be symmetrical with respect to a line^ 
or a point. 

When a body is synmietrical with respect to a plane- a 
line, or a point, the centre of gravity lies T the plLe, on 
the line, or coincides with the point. For the centre of 
gravity of each pair of equal particles mast be in the plane, 
on the line, or at the point. 

The principle of symmetry is often of use in finding the 
centres of gravity of bodies. We give some examples, 

(1.) The centre of gravity of a solid sphere, or the 
centre of gravity of the surface of a sphere, is its centre, 

(2.) The centre of gravity of a cube is its geometrical 
centre, 

(3.) The centre of gravity of a solid cylinder and the 
centre of gravity of the surface of a cylinder are at the 
middle point of its axis. 

(4.) The centre of gravity of a solid right circular cone 
and the centre of gravity of the surface of the cone lie 
on its axis. 

The following examples of the determination of the 
centre of gravity are usually given, 

120, To find the centre of gravity of a triangle (tri- 
angular lamina). 

Let ABChQ the triangular 
lamina; it may be supposed 
to be made up of an indefinite 
number of material lines paral- 
lel to the base (Art. 116); let 
ah be one of these lines. 

Join C to Dy the middle 
point of AB, meeting ab in ds ' 
then by similar triangles 

ad 
AD' 

But AD « BD ; therefore ad =» dh. Hence d is the middle 
point, and therefore the centre of gravity of ab. Art, 117, 

G— 2 
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Similarly it may be shown that the centre of gravity of 
«very material line parallel to AB lies on CD; hence the 
centre of gravity of the triangle lies on CD. 

Join B to E the middle point o{ AC ; in the same way 
it may be shown that the centre of gravity of the triangle 
lies on BE. 

, Hence the centre of gravity of the triangle is (?, the 
point of intersection of CD and BE. 

Join DE; then DE is parallel to BC (Euclid, VI, 2) ; 
therefore by similar triangles 

DG DE AD 1 
GC^BG" AB''2 

Thus (tC is twice DG, and ^therefore DG is one third of 
DC; similarly EG ib one third of EB. 

Hence the centre of gravity of a triangle is determined 
by the following rule. Join any vertex to the middle point 
pf the opposite side ; the centre of gravity is on this line 
at one third of its length from the side. 

Cor. 1. — It follows by similar triangles that the perpendi- 
cular distance of the centre of gravity from the base is 
one-third of the altitude of the triangle. 

Cor. 2.— The centre of gravity of a polygon can be 
found by dividing it into triangles. 

Obs. — The position of the centre of gravity of a triangle 
was indicated in Art. 118 (3), but it is usual to give, as 
above, the proof of the geometrical proposition that the 
lines joining the middle points of the sides to the opposite 
vertices are diameters, meet at a- point, and trisect each 
other. , 

121. Geometrical propositions can sometimes be proved 
by the aid of the principle that a body can have only one 
centre of gravity. Thus all rectilinear diameters of a 
plane figure must meet at a point, because they must all 
pass through its centre of gravity. 

' The- lilies joining the middle points of the sides of a 
triangljB to the opposite vertices meet at a point. 
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- The diagonals of a parallelogram and the lines' joining the 
middle points of the opposite sides, being all diameters, 
meet at a point. 

122, The centre of gravity of a triangle' coincides with 
the centre of gravity of three particles of equal masses placed 
at the angular points^ 

Let AJSG be the triangle (Fig, Art. 120 ). Bisect AB at D ; 
then D is the centre of gravity of equal particles at A and B, 

Join DC and cut it at G so that DG may be to GO 
as 1 is to 2 ; Gh the centre of gravity of the three equal 
particles at Af B and (7, and G is also by the construction 
the centre of gravity of the triangle. ♦ 

Cor, — Hence, if Xi, oig, a?,, be the co-ordinates of. the 
angular points of a triangle, the co-ordinate of the centre of 
gravity is (Art. 113) — 

m+m-^m "3 

123. The centre af gravity of the perimeter of a triangle 
coincides with the centre of the circle inscribed in the triangle 
formed by joining the middle points of the Mes, 

The sides are supposed to be material lines of uniform 
section and density ; hence their masses are proportional to 
their lengths. 

Let ABC be the triangle; /5 . 

the middle points Z>, E, Fy 
of the sides ar£ their centres 
of gravity. x \ i 

Join EF and cut it at L ^.x \ o i 

s^'iihat EL may be to FD as 



£X 


^ 


io 




*4-^ 


y , 


X ^\ 


\/ 


\ 



AB is to -4.(7; then L is the 
centre of gravity of the sides 
AC and ^5. ^ 

Join DZ, the common . ' 

centre of gravity of the three sides lies on DL ; and w e 
have— 

EL AB EB , . ,^ ^. , 
j^ = ZC ""P5» ^ smular triangles ; 
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therefore LD bisects the angle EDF (Euclid VI, 3), and 
therefore the centre of the circle inscribed in DEF lies on 
LD (Enclid IV, 4). 

Join FD and cut it at M so that FM maj be to DM as 
JBC is to AB. It may be shown in a similar manner that the 
centre of gravity of the three sides, and also the centre of 
the circle inscribed in DEF, lies on EM, 

Hence 0, the point of intersection of EM and DZ, is the 
centre of gravity of the perimeter of the triangle ABC, and 
also the centre of the circle inscribed in the triangle DEF^ 

. 124. To find the 
centre of gravity of 
a triangular pyra- 
mid. 

Let ABCD be 
the pyramid; it may 
be supposed to be 
made up of an in* 
definite number of 
triangular laminas 
parallel to the base 
ABC; let ale be 
one of these tri- g 
angles. 

Bisect BC in Ey 
and take, on EAy 
EH one-third of 
EA ; H is the centre 
of gravity of the 
triangle ABC, 

Join ED meeting he in d, and j^in HD meeting c^ in i^» 

Then by similar triangles, hd = de 

, dh ^ Dk __ ah 

*""* . EH^DH'AH 

But AH is twice EH ; therefore ah is twice dh ; hence h 
is the centre of gravity of triangle ahe. 

Similarly it may be shown that the centres of gravity of 
all the triangular laminas, parallel to ABC, lie on HD^ 
Hence the centre of gravity of the pyramid lies on HD^ 
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Again, take EK one-third of ED ; K is the centre of 
gravity of the triangle BCD, and similarly it may be shown 
that the centre of gravity of the pyramid lies on AK, 

Hence the centre of gravity of the pyramid must be G 
the point of intersection of HD and AK. 

Join HK, then HK is parallel to DA (Euclid, VI, 2) and 
by similar triangles, 

SG^BK EH 1 
OD DA^EA'^S 

Thus fl*G is one-third of DG, that is, HG is one-fourth 
of HD, and similarly KG is one-fourth of KA, 

Hence the centre of gravity of a triangular pyramid is 
detennined by the following rule* Join any angular point 
with the centre of gravity of the opposite face ; the centre 
of gravity of the pyramid is on this straight line, at one- 
fourth of its length from the face. 

Cor, — ^The lines joining the angular points of a pyramid 
to the centres of gravity of the opposite faces meet at a 
point, the centre of gravity of pyramid. 

125. The centre of gravity of a triangular pyramid coin- 
cides with the centre of gravity of four particles of equal 
masses placed at its angular points. 

Let ABCD be the pyramid (Fig. Art, 124). Take H the 
centre of gravity of triangle ABC ; it is also the centre of 
gravity of equal masses at A, B and C, Art. 122. 

Join HD and cut it at G so that HG may be to GD as 
1 is to 3 ; G is the centre of gravity of four equal masses 
at A, B, C and D, and G is also, by the construction, the 
centre of gravity of the pyramid ABCD, 

Cor, 1. — Hence if x^, a?„ a?,, x^ be the co-ordinates of the 
angular points of a pyramid, the co-ordinate of the centre 
of gravity is (Art. 113) — 

X'l "T Xm -rX» + Xa 
X = -i 1— -? *, 

4 

Cor, 2. — It follows from the last article, by similar 
feiangles, or from the above value of the co-ordinate of the 



88 CENTRE OF GRAVITYi [cHAP. Tt 

centre of grayity, that the distance of the centre of gravity 
from any face is one-fourth of the distance of the opposite 
vertex from the same face. 

126. To find the centre of gravity of a pyranUd whose 
base is a plane rectilinear polygon. 

The pyramid may be supposed to be made up of an inde- 
finite number of polygonal laminas parallel and similar to 
the base, and it may be shown, as in Art. 124, that the 
centre of gravity of each poligoiial lamina lies on the line 
joining the .vertex of pyramid to the centa-e. of gravity, of 
the base. Hence the centre of gravity of pyramid lies on 
on this line. ^ 

Again, by joining the centre of gravity of base to the 
angular points of the base and the vertex, the pyramid may' 
be divided into triangular pyramids. The centre of gravity* 
of every one of these lies on a plane parallel to the base 
at one-fourth of the distance of the common vertex from 
it. Hence ^ the centre of gravity of the whole pyramid lies 
in this plane, ; 

Therefore the centre of gravity of the pyramid is on thei 
line joining the centre of gravity of base to the vertex, and 
at one-fourth of its length from the base. 

127. To find the centre of gravity of a solid cone. 

The reasoning of , the last article will not be affected by 
supposing the number of sides of the polygonal base to b© 
indefinitely great. In this case the polygon becomes a 
closed curve and the pyramid a cone. 

Therefore the centre of gravity of a cone is on the line 
joining the vertex to the centre of gravity of base and at 
one-fourth of the length of this line from the base. 

In- the particular case of a right cone, the centre of the 
circular base is the centre of gravity of the base ; heiice the 
centre of gravity of a right solid cone is on the axis at one- 
fourth of its length from the base, 

128. The centre qf gravity of the. surf ace of a right com 
is on the axis at one-third of its length from base, 

• Suppose the circular base to be a regular polygon, the 
number of sides being indefinitely great and their magnitudea-, 
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indefinitely small. Hence we may suppose the surface of 
the cone to be made up of an indefinitely great number of. 
triangles whose bases are the sides of the polygon, and 
common vertex the vertex of the cone. . . . 

The centre of gravity of every triangle is at a distance 
from the base of the cone one-third of the distance of the 
vertex from the base. Art. 120. Hence the centre of gravity 
of the surface of the cone must lie in a plane parallel to 
the base and at a distance from it one-third of the distance 
of the vertex. 

Again the surface of the cone is symmetrical with respect 
to its axis, hence the centre of gravity must lie on the 
axis (Art. 119) which proves the proposition. 

Oh 8, — It may be easily shown that the centre of gravity of 
the surface of any cone is on the line joining the vertex to 
the centre of gravity of the perimeter of the base, at one- 
third of the length of this line from the base. 

129. The masses of uniform bodies are proportional to 
the volumes of the bodies, and thus volumes may be sub- 
stituted for masses in determining the centre of gravity. 

The masses of uniform surfaces and laminas are propor- 
tional to their areas, and areas may be substituted for masses 
in determining the centre of gravity. 

The masses of uniform material curves and lines are 
proportional to their lengths, and lengths may be substituted 
for masses in determining the centre of gravity. 

Suppose a uniform surface or lamina to be made up of 
indefinitely small elements, the masses of these elements are 
proportional to the areas of the elements. 

Let the areas of the elements be a^^ Ot, Os > ^^^ their 

co-ordinates Xi x^ x^ 

The co-ordinates of the centre of gravity (Art. 113) 
become 

;«_ 2aa: _ Say _ 2a4r 

*""S^' ^~^^' *""S^* 

These formalas are used in Hydrostatics. We conclude this 
chapter with an example of their application in the solution 
qi problems. > 
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130. To find the centre of gravity of a quadrilateral 
figure which has two sides parallel (a trapezium) 

Let the parallel sides be DM 

Draw DE parallel to BC ; 



then AE = a - J ; let the common / \ jq 
altitude of the triangle ADE 
and the parallelogram DEBC 





be/). ^ E L B 

The perpendicular distances of the centres of grarity of 
the triangle and parallelogram from A B are respectively 

-^ and -g-, and their areas, which are proportional to 

p 
their masses, are -^^{a - h) and pb respectively. 

Let X be the perpendicular distance of the centre of 
gravity, Gj of the quadrilateral from AB, then 

2 (^-^) S-^^^'f p a+25 
2 {a-h)'¥ph 

Let y be the perpendicular distance of from DC ; 
similarly 

p 2p p 

- g(a-5)-3-+j)5. ^ p 5^ 

^~" p 3' a+d 

The line ML joining the middle points of the parallel 
sides is a diameter and contains the centre of gravity, 
Art. 118 (4), and 

LG Si a-^^^h 

MG~~y'^b+2a 

Hence the position of the centre of gravity is determine^. 
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Examples. 

1. Find the C.G. of three particles at the angular points of 
an equilateral triangle ABC^ the masses of the particles at B and 
C being each double of the mass of particle at A, 

Ans, From A draw AD per- 
pendicular to BC ; O lies on AD 
and^jD = 5 DO, 

2. Two particles of equal masses are placed on two opposite 
sides of a parallelogram ; show that their C.G. is fixed while 
they move along the sides so as always to be equidistant from 
opposite angles. 

3. Particles are placed at the angular points of a triangle ; 
if the masses of the particles be proportional to the lengths of 
the opposite sides, show that their C.G. is the centre ot the 
circle inscribed in the triangle. 

4. If the base of a triangle and its area be given, show that 
the locus of its C.G. is a line parallel to the base. 

5. A uniform rod, whose length is 3 feet and mass 4Ib9., has a 
mass of 21b8. placed at one end ; find the centre of gravity of the 
system. 

Ans, One foot from the end. 

6. A uniform bar of iron 15 inches long, and whose mass is 
I21bs., has a mass of lOIhs., suspended from one extremity ; where 
must a fulcrum be placed that it may just balance upon it ? 

Ans^ 4y\- in. from the end. 

7. A uniform straght bar, whose Weight is TT, has masses whose 
weights are P and Q, suspended from its extremities ; find the 
distance from the line of action of the weight P, of the fulcrum 
upon which the whole would balance, the length of the bar 
being a. * 



2'P+Q+PF" 

8. A uniform triangular lamina is ^pported at its three 
angular points ; show that, whatever be the form of the triangle, 
the pressures on the supports are all equal. 

9. Four particles of 1, 2, 3 and 4 units of mass respectively 
Bre placed at equal intervals along a line ; show that their com- 
mon C.G. is unaltered by the removal of the third particle. 

10. On a uniform straight bar'5 fl. long, and whose weight is 
51bs, bodies whose weights ftce 1, 2, 3, 41b8. are hung by 
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strings at distances 1 , 2, 3, 4 feet respectively from the extre- 
mity ; find the distimoe frond the centre of the bar, of the fulcrum, 
on which the whole will rest. 

An8» 4 in. 

,11. A right-angled triangular lamina is suspended from its 
right angle, and the inclination of the hjpothenuse to the horizon 
is 40° ; find the acute angles of the triangle. 

Ans. 25'and-e5^ 

12. A triangular lamina A CB is suspended from the angular 
point C ; show that /IB is inclined to the horizon at an angle of 
30°, if— 

Ci4 : -45: ilC: : 1 : 2: >/3. 

13. If three equal Uniform rods be rigidly united so as to 
form half of a regular hexagon, prove that if the system be sus- 
pended from one of the angles, one of the rods will be horizontal. 

14. A triangular lamina, whose sides AB, AC are equal and 
each double of BC» swings freely about the angular point C; show 
that the sine of angle which AB makes with the horizon is ^|. 

15. From the fact that a system of particles has one centre of 
gravity only, show that the lines joining the, middle points of 
opposite sides of any plane quadrilateral bisect each other. 

16. Prove the following geometrical construction for the C.Gi 
of any quadrilateral area. Let E be the intersection of the diago- 
nals, and F the middle point of the line joining their middle 
points; draw EF, and produce it to O, making FG equal to one^ 
third of EF; O shall be the C.G. required. 

- 17, From a uniform . circular area is cut jMit another circular 
area, the latter being described on a radius of the former as 
diameter ; find the C.G. of the remainder. 

Ans, The distance of the C. G. 
from the centre of the larger 
circle is one-sixth of the radius. 

' • . 

18. Let a and h denote the diameters of two non-concentrie 
spheres forming a shell, and let D denote the distance between 
l^neir centres ; show that the distance of the (XG. of the shell 
from the centre of the larger sphere is 



CHAP. V.]. CENTRE OP GRAVITY, 93 

< 19. The middle points of two adjacent sides of a sqiiare 
lamina are joined, and the triangle formed by this straight line and 
the edges is cut off; find the distance of the C.Q. of the remainder 
from the centre of the square, the length of a side being a, 

Ans. ^. 

20. Find the G,Q. of a plane area formed by an equilateral 
triangle and a square, the base of the triangle coinciding with 
one of the sides of the square. 

Ans, Let a equal a side of the 
square ; the C.G . is on the axis 
of the figure at a distance from 
the base. of. triangle equal to 

21. Fite equal particles are placed at five of the angular 
points of a regular hexagon; find the distance of their C,G. fi:om 
the^centre of the hexagon, the length of side being a. 

Ans, -z, 

/ 22. « -^ 1 equal particles are placed at n - 1 of the angular 
points of a regular polygon of n sides ; find the distance of their 
C.G. from the centre of tlie circumscribing circle, whose radius 

^^ ^ a 

Ans, 



»-l. 



23. Seven equal particles are placed at seven of the angular 
points of a cube whose diagonal is a; find the distance of their 
C.G. from the unoccupied angle. 

Ans, =- 
7 . 

24. Four heavy particles whose weights are 3, 5, 4 iind 2 lbs., 
are placed at the cornei-s of a square whose side is a ; find the 
distance of their C. G. from the centre. 



Ans, 



Os/O, 



14. 

. 25. . Four particles whose weights are 4, 6, 5, and Slbs., are 
placed at the corners of a square plate, whose side is 26 inches 
and weight 8 lbs. ; find the distance of the common C.G. from 
the centre of the plate. 

Ans, y/5 in. 



Ansn 
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36. Particles whose weights are 1, 9, 2, 8, 3 and 6Ibs. res- 
pectivelj are placed at the angalar points, taken in order, of a' 
regular hexagon whose side is a; find their C.Q^. and its dis- 
tance from the centre of the hexagon, 

27. The sides of a trangular area are 3, 4 and 5 and its inscribed 
circle has been removed; find the distance of the centre of 
gravity of the remainder from the sides 3 and 4 respectively. 

Ans, and 1. 

6-ir 

28. What is the height from the ground of the centre of 
gravity of a pyramid formed of four eight-inch shells touching 
each other? _ 

Ans. 4+2^^1 in. 

29. A circular table is to be supported by three legs meeting 
it in its circumference, and two of the angles of the triangle 
formed by its feet are 30^ and 45^ respectively ; will the table 
stand or fall? 

Ans, Fall. 

30. A round table stands on three legs placed on the circnm«> 
ference at equal distances ; show that a body, whose weight is not 
greater than that of the table, may be placed on any point of it 
without upsetting it. 

31. A cubical block of uniform material rests on a perfectly 
rough inclined plane whose inclination to the horizon is gradu- 
ally increased, an edge of the cube being parallel to the intersec- 
tion of the inclined plane and a horizontal plane ; show that the 
cube will overturn wnen the angle of inclination becomes greater 
than 45*». 

32. A regular polygonal jjrism of 1 8 faces is placed on a per- 
fectly rough inclined plane with an edge of the prism parallel to 
the intersection of the plane with a horizontal plane ; determine 
the greatest inclination of the plane consistent with equilibrium. 

Ans. 10®. 

33. If the prism (in the last question) has n faces, find the 
greatest inclination of the plane consistent with equilibrium. 

A 1 80O 

Ans, . 

n 
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34. A right circular cone whose heisht is h and the radios 
of whose base is r, is placed on a perfect^ rough inclined plane ; 
if a be the greatest inclination of the plane consistent with equi* 

libriom, show that 

4r 
tana == -r- 

35. Explain why in ascending a hill we appear to lean for* 
wards ; in descending, to lean backwards P 

36. Why does a person rising from a chair bend his body for- 
ward and his leg backward ? 

37. What is the use of a rope-dancer*s pole ? 

88. A beam 30 feet lone; balances itself on a point at one- 
third of its length from the thicker end ; but when a body whose 
weight is lOlhs. is suspended from the smaller end, the prop 
must be moved two feet towards it, in order to maintain equili- 
brium ; find the weight of the beam, 

Ans. 90Ibs. 

39. A bar, the mass of each foot of whose length is 71t)e.« 
rests upon a fulcrum distant 3 feet from one extremity, what 
must be its length that a mass of 7^tbs. suspended from that 
extremity may iust be balanced by a mass of 201tN3. suspended 
from the other f 

Am. 9 ft. 

40. A rod, ABy II inches long, has a mass of 7 ounces suspended 
at A, and one of 8 ounces at By and is found to be in equiiibrium 
when balancing on a fulcrum 5 inches from B, If the masses 
be interchanged the fulcrum must be shifted |i^th of an inch ; find 
the mass of the rod and the position of its C.G. 

Ans, 2oz. ; 1 inch from fulcrum. 

41. A body m suspended from one end of a lever, whose 
weight is neglected, is balanced by a mass of lib. at the other 
end of the lever ; and when the fulcrum is removed tiirough 
half the length of the lever, it requires a mass of lOIbs. to 
balance m ,* determine the mass m, 

Ans. 5tbs. or 21b8. 

42. A heavy equilateral triangle, hung upon a smooth peg 
by a string the ends of which are attached to two of its angular 
points, rests with one of its sides vertical ; show that the length 
of the string is double of the altitude of the triangle. 
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43. A weigh tlesa strinc* A CBD, tied to the end i4 of a uniform 
rod A By vAiose weight is TT, passes through a fixed ring at C, 
and through a ring at the end i3 of the rod, the free end of the 
string supporting a body D, whose weight is P ; show that the 
resultant of the tensions along B C and vl C is vertical, and that 

AC: BCw 2P+FF: TF! 

' 44. A heavy triangle ABC \^ suspended successively from 
the angles A and B and two positions of any side are fouq4 ^ 
be at right angles to each other ; prove that 5c* = a> ^. &>. 

45. If Q be the C.G. of a triangular area ABC, show that— 

S(ACP+BO^-hCG^}==AB^-^BC^-^CA^ 

46. 1{ O be the C.G. of a triangle ABC and O any point in 
the plane of the triangle, show that^* 

' 47. If O be the C.G. of a system of particles in one plane, m 
the mass of any one particle, p its distance from C?, and r its dis- 
tance from any point O in the plane, prove that— 

48. In the last example show that the sum of the products 
of the mass of each particle and the square of its distance from 
a given point is least when the point conicides with the C.G. of 
the particles. 

49. ABC is a triangle, O its C.G. and O any point in it« 
plane ; forces are represented in magnitude and direction by OA, 
OB, OC ; show that their resultant is represented by 3 OG^. 

50. Forces are represented in direction by the straight linefl. 
drawn from a point to a system of particles lying in one plane, 
each force being proportional to the product of the length of the 
straight line and the mass of the corresponding particle ; prove 
that the resultant force is represented in direction by the line 
drawn from the point to the C.G. of the particles, and is propor- 
tional to the product of the length of the line and the sum of 
the masses of the particles. 



CHAPTER VI. 

RESISTING FORCES AND PROBLEMS. 

131. A surface which apposes no resistance whatever to 
the motion of a body along it is called a smooth surface ; 
otherwise the surface is said to be rough. Art. 23. The 
nature of the action between surfaces in contact will be 
considered in this chapter. 

The following geometrical definitions are here stated for 
convenience : — 

The plane touching a curved surface at any point is called 
the tangent plane at the point. 

The perpendicular to the tangent plane at the point 
of contact is called the normal to the surface at that 
point. 

The surfaces of two bodies which touch have a common 
tangent plane and a common normal at the point of 
contact. 

132. Reaction op a Smooth Surface. — When a body 
having one point in contact with a fixed rigid surface is 
pressed against the surface by given forces, the surface 
resists, as far as it can, the tendency of the forces to 
produce motion in the point of the body in contact with 
the surface. This force of resistance is called the reaction 
of the surface, and is by Newton's law equal and oppositely 
directed to the force with which the point of contact of 
the body presses against the surface. Art. 17. We shall 
first consider the case when the surfaces in contact are 
smooth. 

Whatever be the direction of the reaction of a surface at 
any point it can always be resolved into two forces : one 
along the normal ; the other in the tangent plane perpendi- 
cular to the normal. 



98 SEBisTina fobces amd fsoblshb. [cbap. vi. 

If the surface be emooth the force of resistance along the 
tangent plane ia zero, from the definition of smoothness. 
Art. 131. Hence— 

A emooth mr/ace can only resist pressure in tke direction 
of the Ttormal at the point where the pressure is applied. 
Art. 23. 

Since the surface is supposed to be rigid (Art. 15), the 
mtagnitade of the reaction of the enrface iiia7 be an; what- 
soever, depending on the normal pressiire against it (Art. 17), 
but the direction of the reaction can only be along the 
normal. 

In general, when two surfaces are in contact with each 
other at a single point, thej react on each other with eqaal 
forces oppositely directed along the common normal. The 
magnitude of either of these equal forces is equal to the 
resultant normal force which presses the point of contact of 
one of the surfaces against the other. 

Hence, when a body, acted upon by given forces, is placed 
with one point in contact with a smooth fixed surface, the 
body will be in equilibrium when the resultant of the given 
forces has its tine of action coincident with the normal at. 
the point of contact, and presses the body against the 
surface. 

When two bodies have a finite extent of their surfaces in 
contact, and are in equilibrium, the position and magnitude 
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• Let DABE be the string in contact from ^ to J5 with 
the circumference of the smooth circle whose centre is C 




Since the radius of a circle is normal to its circumference, 
the reaction of the surface on the string at every point must 
pass through the centre G. Hence the resultant reaction R 
of the circle on the string must pass through the centre C. 

Bince the string is in equilibrium we may treat it as a 
rigid body. Art. 16. The forces which maintain equilibrium 
are the forces P and Q, applied at the ends of the string, 
whose lines of action are evidently tangents to the circle at A 
and J5, and the resultant reaction of the circle, whose line of 
action must pass through C and through 0, the intersection 
of the lines of action of P and Q, Art. 63. 

By the nature of a circle the angle AOC = BOC=sa 

Hence, considering the equilibrium of the three forces 
P, Qj E meeting at 0, we have, Art. 41, 



Q 



B 





sin a sin a sin 2 a 


Hence 


P = Q; 


and 


JJ = 2 P cos a. 



The condition of equilibrium is — The tensions of the par- 
tions of the string separated by the circle must he equal. Art. 22. 

H— 2 
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The restdtant reaction of the circle bisects the angle 
between the directions of the two portions of the string, which 
are not in contact with the circle. 

We might have shown that the tensions of the portions 
of the string, separated by the circle, must be equal, when 
there is equilibrium, without considering the resultant reac- 
tion of the circle. 

For, taking moments of all the forces acting on the string 
round the point C, we get, as a necessary condition of 
equilibrium 

P.AC=^Q. CB .\P^Q. 

The moment of the reaction of the circle on the string at 
every point is zero, since the reaction at every point must 
pass through C. 

Ohs, — In the proof of this proposition we have treated 
the forces acting on the flexible string as if they acted 
on a rigid body. This is lawful (Art. 16), because sinc6 
the flexible string is in equilibrium, if we supposed it to 
be replaced by a rigid body of exactly the same form, the 
same forces would act in the same manner on the rigid string, 
and would maintain equilibrium. By the principle of Art. 16, 
we may treat any body which we know to be in equili- 
brium as a rigid body. The principle is extensively used in 
Hydrostatics. 

134. When a string is stretched in equilibrium over any 
smooth surface, the tension of the string is the same throughout. 
Art. 22. 

The string is supposed to be perfectly flexible and inex- 
tensible, and its weight is neglected. 

The limits of the present work do not allow us to give a 
strict proof of this proposition. It may however be regard- 
ed as a result of experience, or as an axiom depending on the 
nature of a string and a smooth surface. 

For, if the tensions from point to point along the string 
were not equal, motion would ensue, because the smooth 
surface cannot resist the motion of the string along it. Or, 
considering only the portions of the string separated by the 
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surface, the forces at the ends which stretch the strmg must 
be equal, otherwise motion would take place. 

An important particular case was proved in the last 
article, and the magnitude and direction of the resultant 
reaction of the smooth surface can be determined in the 
same manner in the general case. 

For, the tensions of the two portions of the string 
separated by the surface being equal, the resultant reaction 
must bisect the angle between them. 

When the portions of the string, separated by the surface, 
are parallel, the resultant reaction of the surface is parallel, 
midway between them, and equal in magnitude to twice the 
tension of the string. This is the theory of the pulley, 
which will be described in the next chapter. 

135. Constrained Body. — A distinction is usually 
made between bodies which are/r^e to move in any manner 
and bodies whose motions are restricted. 

In considering the equilibrium of a constrained body, 
it is to be observed that the physical eiBfect of the constraints 
on the body is the same as the effect of a system of forces, 
the reactions produced by the constraints, of unknown mag- 
nitudes but of known directions when the restraining 
surfaces are smooth. 

Taking into account these resisting forces, along with 
the moving forces acting on the body, the constrained body 
is to be treated as if it were a free body, and the equations 
of equilibrium are to be formed for all the forces. 

136, The fbllowing axiom is always assumed, although 
not formally stated, about the action of resisting forces. 

Suppose a body is acted on by a number of forces, some 
moving, some resisting ; and suppose that consistently with the. 
conditions that limit the action of the resisting forces, there 
can be assigned to these forces values which can give equili- 
brium, then there always will he equilibrium. 

More briefly — A system of resisting forces will maintain 
equilibrium if it can do so. See also Art. 17. 

Without this axiom, although we could assert that if 
there was equilibrium certain conditions would hold, wa 
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could not assert, conversely, tliat if the conditions were 
satisfied there would be equilibrium. 

137. It will be often only necessafy to consider cases 
where the surfaces in contact are of indefinitely small 
extent ; as for instance when a particle, or the end of a 
rod, is in contact with a plane or sphere. In these cases 
the contact is between a material particle and a finite surface, 
and when the surface is smooth, the normal to the finite 
surface determines the direction of the mutual pressure. 

In solving problems the student must be very careful to 
represent properly the lines of action and directions of the 
unknown resisting forces, denoting their unknown magni> 
tudes by symbols. 

The equations of equilibrium are then to be formed for 
the entire system of forces, including the unknown reactions. 
These equations, together with geometrical equations, depend- 
ing on the form of the body and the constraints to which it 
is subject, will be sufficient for the solution of the proposed 
problem. 

We now give a few examples to illustrate the application 
of these principles, and the solution of statical problems. 

138. Ex. 1. — A gravitating body rests with three given 
points in contact with a smooth horizontal plane ; to determine 
the pressures at the three points. 

Let Aj B, C be the points at ^ 

which the body is in contact 
with the horizontal plane. 

Let W be the weight of the X / ^ 

body, and let O be the point x S^ 

where its vertical line of action 
meets the horizontal plane. « 

The reactions of the plane ' D^ 

at ^, j5, (7, which are equal and opposite to the pressures 
at these points, must be normal to the plane and hence 
vertical ; let their unknown magnitudes be P, Q and i?, 
respectively. 

The equilibrium of the body is maintained by the four 
parallel forces P, Q, E^ W; hence the resultant of the likQ 
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forces P, Q, R must be equal and opposite to Wj therefore 
O is a point on the line of action of the resultant of F, Q 
and E. 

Join AOy and produce it to meet BC in D; then, by the 
theory of parallel forces, the resultant of E and Q passes 
through D; hence 

Q^CD area AOC 
E BB'^ &TeeL AOB' 

Similarly, it may be shown that 

P CE a.re&BOC 



Hence 



E AE area AOB^ 

P Q R 



area BOG area AOC area AOB 
P^Q+E W 



areABOC-¥«re&AOG-¥Qie&AOB lae&ABC 

These relations determine the pressures at the points 
A, By and 0. 

This problem might be solved otherwise, analytically, 
by expressing the condition that the resultant of the three 
parallel forces P, Q, E, which is equal in magnitude to their 
sum, should pass through the point 0^ 

Let the co-ordinates of ^, j5, C, referred to two axes in 
their plane, be x/ y'; x" y** ; x"' /"; and let the co-ordinatea 
of be Xy y. By Art. 79 we have — 

Pvf^- Qof-^-EaP^ = Wx ; 

P^-^Qf-^Ei/'^Wy; 

P+Q+E^W. 

In these three equations the only imknown quantities are 
P, Q and JR, which can hence be determined. 

Obs, 1. — This method of solving the problem shows 
that when tiie body has more than three points in contact 
with the plane, the pressures at the points are indetermi- 
nate. For, there would be only three equations connecting 
more than three unknown quantities. 
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For example^ wlien a table with four legs stands on a 
horizontal plane, the pressures of the legs on the plane are 
indeterminate, on the supposition that the table is perfectly 
rigid. Practically, however, there would be a definite pres- 
sure at each leg, because no body in nature is perfectly 
rigid. 

Obs. 2. — In this problem we have supposed gravity to be 
the only moving force acting on the body. The solution, 
however, would be the same if Wwere the resultant moving 
force acting perpendicularly to the plane through 0. 

139. Ex. 2. — A uniform beam rests upon two smooth 
inclined planes whose line of intersection is horizontal; deter- 
mine the position of equilibrium of the beam and the pressures 
on the planes. 



^^o 




The forces acting on the beam are three in nuniber, the 
two normal reactions of the inclined planes, and gravity. 
These forces must lie in one plane for equilibrium. Hence, 
since the direction of gravity is vertical, the beam must lie 
in a vertical plane normal to both of the inclined planes 
and therefore perpendicular to their line of intersection. 

Let AC and BC be sections of the inclined planes by the 
vertical plane in which the beam lies. Let the inclinatipns 
of the planes and the beam to the horizon be o, /?, 6, res- 
pectively. 

The faiown weight W of the beam acts vertically through 
its middle point, which is its centre of gravity (?. 

Let the perpendicular reactions c^ the planes on the beam 
^t A and By which are equal and opposite to the pressures 
of the beam on the planes, be R and Bf^ respectively. 
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The quantities TF", a, jS being supposed known it is required 
to determine B, R and Q ; fixes the position of eqnilibrinm. 

We shall obtain the equations of equilibrium (Art. 99) by 
resolving parallel to each of the inclined planes, and taking 
moments round the point G. 

Observing that a perpendicular to either of the planes at 
C would make with the other plane an angle 90° - (a -¥ f^)^ 
we have 

TTsina^iS' sin(a+/?); (1) 

Trsini3 = i? sin(d+/3); (2) 

i?cos(a + 6)=i2'cos(/3-0) (3) 

We have thus three equations between three unknown 
quantities ; hence these equations are the complete solution 
of the physical problem. 

From these equations we obtain 

sin a _ -R' __ cos (a + ^) 
snri3'"X"~cos(/3-0) 
solving for tan 6 we get 

tan = cf^^ -"/J 
2 sm a sin p 

^ .,„ sin Q 

sm(a + p) 

Oha, — The advantage of resolving parallel to each of the 
inclined planes is that in each equation thus obtained only 
one of the unknown quantities appears. It also obviously 
leads to a simpler equation to take moments round a point 
situated on the line of action of one of the forces than round 
any other point. The student should form, as an exercise, 
the equations of equilibrium by resolving the forces in 
directions different to those chosen here, and by taking 
moments round a different point. It will be found that the 
final results will be always the same, although the elimination 
miy be a little more complicated, . • - 
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A problem may often be more conveniently solved from 
geometrical considerations than by forming the equations 
of equilibrium. The following is a geometrical solution 
of the same problem :-— 

Geometrical Solution. — Since the lines of action of 
three forces which keep a body in equilibrium must meet at 
a point, the geometrical condition of equilibrium is that the 
vertical through the centre of gravity G of the beam must 
pass through the point of intersection of the lines of action 
of the reactions of the planes. If this condition be satisfied, 
the planes will supply the necessary reactions for equilibrium. 
Art. 136. 

From the geometry of the figure it is obvious that 



angle ^OGf = a; BOG^fl', J?(?O = 90-6 



and 



hence 



cos 



(a -^ e) _ GO ^ GO __ co9 (fi-e) 
GA GB sin 



sm a 



cos (g -f B) __ cos (/3 ~ 6) 
sin a sin /3 



Thus we obtain, from this geometrical equation, the same 
value of Q as before. 

From the three forces meeting at the point we can 
write down immediately, by Art. 41, the values of R and R\ 

140. * Ex. 3. — A uniform rod rests over a smooth horizontal 
rail with its lower end pressing against a smooth vertical wall ; 
determine the position of equilibrium of the rod and the pres-* 
$ures against the wall and rail. 

The forces acting on the 
rod are three in number, the 
weight W acting vertically 
through the centre of gra- 
vity Gy which is the middle 
of the rod ; the reaction B of 
the ran D, which is perpen- 
dicular to the rod ; and the 
reaction of the wall B^y which 
is perpendicular to the wall* 
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For equilibrium these forces must lie in the same plane, 
hence the rod must lie in a yertical plane perpendicular to 
the wall ; the plane of the paper represents this plane. 

Let the inclination of the rod to the yertical wall, which 
determines its position of equilibrium, be 0; let half the 
length of the rod be a, and the distance of the rail JD from 
the wall h. 

To obtain the equations of equilibrium ; resolye the forces 
vertically and parsdlel to the rod, and take moments round 
the point A. 

Tr=i?sin0 (1) 

TTcos Q^R' sin Q (2) 

W, a sin d = i?. AD:::^B. -^ (3) 

sm 6 

The quantities a, h and W are supposed known, and we 
haye thus three equations between three unknown quantities, 
which therefore constitute the complete solution of the 
physical problem. 

From these equations we obtain 

. . TT h 

E a sm«d 

therefore sin*d =— 

a 

and i? « TT cosec B 

R'^WQoid 

Geometrical Solution. — The lines of action of R, R' 
and W must meet in a point 0, and the geometrical condi- 
tion for equilibrium is that the yertical through G should 
pass through the intersection of the perpendiculars to the 
wall and rod, at A and D, respectiyely. If this condition be 
satisfied the wall and rail will supply reactions sufficient for 
equilibrium. Art. 136. 

From the geometry of the figure we haye 

AD^OA&iaBj, b^ADziaS', OA ^ a sia 6^ 
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Eliminating OA and AD we get, as before, 



sin'^ = — 
a 

The values of B, and K can be immediately written down 
by Art. 41. 

From the geometry of tbQ figure it is evident that equili- 
brium would be impossible if the distance of the rail Z) 
from the wall were greater than half the length of the rod. 
This also follows from the value for sin 6, which would be 
an impossible one if h were greater than a. 

141. Ex. 4. — A uniform rod is capable of turning freely 
in a vertical plane round a hinge at one extremity : a cord 
attached to the other extremity passes over a smooth horizontal 
rail (perpendicular to the vertical plans through the rod, and in 
the same horizontal plans with the hinge) and supports a body 
of given m^ss hanging freely ; determine the position of equili- 
brium of the rod and the direction and magnitude of the pres- 
sure on the hinge. 

The rod CB is 
acted on by three 
forces; gravity W 
through its centre 





rectionJ5A, which 
is equal to the 
weight of the given 
mass and the reaction By of the hinge at C, 

The direction of E is found by joining the point where 
the lines of action of T and W intersect to C, since the 
three forces which maintain equilibrium must meet at a 
point. 

Let the known lengths BC and AC be 2a and 2 J, 
respectively, and the unknown angles of the triangle ABC 
b6 a, /J, y. Also let the unknown angle which the direction 
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of the reaction of the hinge OC makes with the horizontal 
line AC bed. 

To form the equations of equilibrium ; resolve horizon- 
tally, and perpendicular to AB, and take moments round C. 

JKcos0 = r cosa (1) 

E sin (0+a) = TTcos a (2) 

r2a sin /3 = T7a cosy (3) 

These, which are the only dynamical equations of equili- 
brium, are not sufficient for the solution of the problem, 
since these are five unknown quantities B, a, /3, 7, 6. 

Two additional geometrical equations can however be 
obtained from the figure ; they are 

a sin a ^^x 

^"'sm^S ^ ^ 

a+/3+y = 180^ (5) 

These five equations are sufficient to determine the 
unknown quantities, and hence are the complete solution 
of the physical problem. The determination of the 
unknown quantities from them is merely a mathematical 
question. 

When these unknown quantities are determined, y gives 
the position of equilibrium of the rod, d the direction of 
the reaction of the hinge, and B the magnitude of this 
reaction. 

Obs. 1. — If the question asked were to find only the 
position of equilibrium of the rod, the equations (3), (4), 
and (5) would be sufficient. 

Obs, 2. — The problem might be varied by supposing the 
string to be fastened to a fixed point at A instead of passing 
over the rail at A and supporting the given mass. We 
should have the same equations of equilibrium as before, 
but a, /3, y, become known quantities, since the triangle 
ABC would then be a known triangle. The unknown 
quantities beconie T, R and d, and the equations (1), (2), 
and (3) would be sufficient for their determination. 
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Oba. 3. — ^When the rod BC lies above the horizontal 
line AC, making with it an angle less than a right angle, 
it is evident that equilibrium could not be maintained by 
means of a string attached to B and a fixed point at A. 
The equation of moments (3) would in fact give a negative 
value for the tension of string, which is impossible, because 
a string can only resist in the direction which stretches it. 
In this case (and in similar cases) equilibrium could still be 
maintained by substituting for the string a rigid rod 
attached to A and B, as the tension of a rigid rod may be 
positive or negative. Art. 22. 

142. Friction. — A rough surface is one which opposes 
resistance to the motion of a body along it ; the tangential 
resisting force is called the force of friction. When a body 
in contact with a rough fixed surface is in equilibrium, the 
force of friction at any point of contact is equal and 
opposite to the resultant tangential force which tends to 
produce motion at that point. We shall only consider 
cases (1) when the surfaces of contact are plane, (2) when 
the contact is at a definite point, (3) when it is along a 
definite line. 

143. When a body rests against a fixed rough surface, 
the surfaces of contact being plane, the friction developed 
depends upon the resultant tangential force, which tends 
to cause the body to slide along the surface, to which it 
is equal and opposite. If this tangential moving force 
be gradually increased, a gradually increasing amount of 
friction is brought into action to resist it, up to a certain 
maximum and limiting value, depending on the nature of 
the surfaces in contact and the normal pressure between 
them. When the moving force is further increased equili- 
brium is broken. 

When the body is in a state bordering on motion friction 
has its maximum value, and is then equal and opposite to 
the tangential force which is just sufficient to cause the 
body to slide. 

144. Laws op Friction. — The following laws of the 
limiting value of the friction between two solid bodies, when 
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the surfaces in contact are plane, haye been determined 
experimentally. 

(1.) Friction is directly proportional to the normal pres- 
sure between the bodies in contact, 

(2.) Friction is independent of the extent of the surfaces 
in contact, 

(3.) Friction depends on tie nature of the bodies in 
contact ; upon their polish ; on the species and quantity of 
lubricant which may have been applied. 

(4.) Friction increases up to a certain maximum, with 
the duration of the contact. 

These are the laws of statical friction when the body is 
in a state bordering on motion ; that is, when friction has 
assumed its maximum value. When the statical friction 
has been overcome, and sliding takes place, friction still 
acts as a resisting force, but the Kinetic friction is less than 
the Static friction, and is approximately the same what- 
ever be the rate of motion. 

Obs. — These laws are not accurately true in certain excep- 
tional cases. The discussion of these cases is however not 
suited to the limits of the present work, and we shall assume 
the laws to be generally true. It will be only necessary to 
consider laws (1) and (2). 

145. Coefficient of Friction. — Bylaw (1) the ratio 
of the friction to the normal pressure, when the body is in a 
state bordering on motion, is constant. This constant ratio 
is called the coefficient of friction. 

The numerical value of the coefficient of friction depends 
on the circumstances of the case, and must be obtained from 
some experimental determination. In practical cases it 
varies from about 0.03 to 0.80, according to the nature of 
the surfaces in contact. 

The friction F between two bodies may have any magni- 
tude not greater than fiN, where N is the whole normal 
pressure between the bodies, and jx the coefficient of friction. 
The direction of the friction F is always such as to oppose 
directly the tendency of one body to slide along the other. 

When the bodies are in a state bordering on motion 
F^PlN 
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O^^.-^Theoretioally we might suppose a surface to be so 
rough as to preyent all sliding along it. Such a surface is 
said to be perftctly roughy and in this case /k » oo. A 
smooth surface would be denoted by /i sO. 

146. Reaction of a rough surface. — The reaction of 
a rough surface is the resultant of the friction and the 
normal reaction. 

Let O be a particle at rest ^. 

on a rough surface, and let R \ 

be the resultant moving force Na 

on the particle in the direction 
CO / let angle CO A » 0. 

R, which is equal and op- 
posite to the reaction of the 
surface, may be resolved into two forces, one along the 
normal, which is counteracted by the normal reaction N of 
the surface ; the other along the tangent to the surface, in 
the plane AOC, which tends to make the particle slide along 
the surface and is resisted by the friction F, 




Hence 



iV«J?cos0 (1) 

F = i?sin^ (2) 



From these equations we get 

-F=siVtan ^ 

The greatest value that i^can have is fiN ; hence tan 
cannot be greater than /x. 

So long as tan ^ is not greater than /x, the surface will 
supply a resistance of any magnitude in the direction OC. 
Art. 136. Hence. — 

The reaction of a rough surface at any point may he of 
any magnitude^ hut its direction must not lie outside the surface 
of a cone whose vertex is the point, whose axis is the normal, 
and whose semi-vertical angle is the angle whose tangent is 
equal to the coefficient of friction, 

Def 1. — The angle whose tangent is equal to the coeffi- 
cient of friction is called the angle of friction. If ^ = the 
angle of friction, = tan—^ /x, • 
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J)€f, 2. — The cone, defined aboYe, is called the cone of 
resistanee, 

147. To determine the greatest inclination of a rough 
inclined plane upon which a gravitating particle will rest 
without sliding down. 

The figure represents the forces 
acting on the particle 0; the 
reaction B of the rongh inclined 
plane, which is the resultant of 
the friction and normal reaction, 
counteracts the weight W of the 
particle. 

Hence R must be vertical, and 
the angle COA, which its direc-^ — ^_«___^ 
tion makes with the normal 04, O g 

cannot be greater than the angle of friction 0, 

From the figure it is evident that angle CO A = angle 
ODE = inclination of plane to horizon = o. 

Hence for equilibrium the inclination a of the plane to the 
horizon cannot be greater than ^ = tan"i/u. 

The question may be also solved without compounding F 
^nd N into their resultant R. 

Kesolve the fcrces p^allel and perpendicular to the 
plane. 

i^=s=Trsina; N^Wco^a. 

The greater the inclijiation a, the greater will F be, and 
its maximum value hF^fi^. From these equations we 
get 

tan Q. = u .*. a = tan'^^ = ^, 

Ohs, — The angle of friction, which is the greatest inclina* 
tion of an inclined plane upon which a gravitating particle 
can rest, is sometimes c^H^ the arigle of repose^ 

148. To determine the coefficient of friction between two 
substances experimentally. 

Suppose jD^ (Fig, Art, 147) to be an inclined plane 
capable of turning round D, Let one of the substances be 
formed into a platC; and fastened to the incliner> 



■r\t\ 
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parallel to it. Let a plane surface of the other substaxtce be 
placed in contact with this plate. 

If now the inclination of the plane DB to the horizon be 
gradually increased, the tangent of the angle of inclination 
when the body jnst begins to slip will be the coefficient of 
friction, which can thus be determined. 

149. A body of weight W is supported on a rouqh plane, 
of given inclination a, by a force acting in a given direction ; 
to determine the limits of the magnitude of the force for which 
equilibrium is possible. 

The force is supposed to act in a 
vertical plane perpendicular to the 
inclined plane. In the figure it is 
represented as applied by xneans of a 
string passing over a smooth pulley and 
sustaining a body, whose weight is P, 
hanging freely. The direction of the }{ 
string, that is, of the force P, makes 
an angle d with the plane. 

Let the greatest value which P can 
have, consistent with equilibrium, be Pi. 
The body is then in a state bordering 
on motion up the plane, therefore the friction acts down the 
plane, and the resultant reaction R of the plane makes with 
the normal OA an angle equal to the angle of friction, 
= tan"*|x. 

The forces Pj, W and R maintain equilibrium ; hence, 
by Art. 41, 




Pi 



W 



Pi 



W 



or 



sin {RW) sin {RP^) sin (a+^) cos {B - ^) 

p - j^^M^L+i). 

^^ COS(d-0)' 



Secondly :' Let the least value of P, which is consistent 
with equilibrium, be Pg. The body is then in a state border- 
ing on motion down the plane ; therefore friction acts up the 
plane, and the resultant reaction S of the plane makes with 
the normal OA an angle equal to the angle of friction. 
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The forces P£, W and S maintain equilibrium ; hence, by 
Art. 41, 

Pg _ TT . Pg W 

8in(ASTr) sin(>S'P2)" sin(a-0) cos((? + ^)' 

Pg=Tr ^^%(;-^> . 

cos (6 + 0) 

For equilibrium P must not be less than Pg and not 
greater than Pi. 

Prom the value of Pg given above it appears that Pg = 0, 
when a = 0. For this value of the inclination, and smaller 
values, the body would be supported by friction alone. See 
Art. 147. 

Ohs, 1. — The limiting values of P may be written in one 
formula, 

p^iy- sin (a±0) 

cos (^ + 0) 

and either can be got from the other by changing the 
sign of 0. 

OhB. 2. — The student should work this question by 
resolving forces, as in Art. 147, without compounding the 
friction and normal reaction, the results will be 

p TTT- sin a±,\i cos a 

"* cos 6±/i sin 6 

These results become the same as those given above if we 
write tan 0'for /i. 

150. To determine the direction of the least force which 
would bring a body into a state bordering on motion up an 
inclined plane ; that is, to determine the best angle of traction, 

Pj being the value of the force when the body is in a 
state bordering on motion up the plane, we have, by the last 
article, 

P - TT ^^ <^°'^^) 
■^^"' ^ COg(d-0) 

1—2 



116 .RB8ISTIN0 F0RCB8 AND PROBLEMS, [cHAP. V*. 

In this yalae is the only Tariab]e quantity, and hence 
Pi is least when cos (6 - ^) is greatest, that is, when = ^. 

Hence, the best angle of traction is the angle of friction, 
as the smallest increase to P^ would produce motion ^p the 
plane. 

151, To determine the direction and magnitude of the least 
force which will support a body on an inclined plane whose 
inclination is greater than the angle of friction. 

The least force, at an angle 6 to the plane, which will 
support the body is (Art. 149) — 

■^*~ ^ cos (0+0)^ 

In this value $ is the only variable quantity, and hence 
P2 is least when cos(6+0) is greatest, that is, when 3= - 0, 

The direction of the force must therefore make with the 
plane, below the plane, an angle equal to the angle of 
friction, 

The magnitude of least force is W sin (a - ^), 

Examples. 

1 . A particle, whose weight is 2 W, is sustained upon a smooth 
inclined plane by three forces each equal to TT, "one acting 
verticnlly upwards, another along the plane, and the third 
parallel to the horizon ; show that the inclination of the plane 
to the horizon is 2t&xr^^, 

2. Two particles, whose weights are P and Q, support eacl^ 
other on two smooth inclined planes, making angles with the 
horizon a aud ^ respectively, by means of a string passing over 
the comiiion vertex of the inclined planes ; find the ratio of P 
to Q and the tension of the string. 

il«<. Tss P sin a = Q sin /?, 

, 3. Two particles, whose weights are P and Q, are connected 
together by a fine thread passing over a smooth pulley; the 
particle whose weight is P rests on a smooth inclined plane, 
inclination a, and the other particle hangs freely ; determine 
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the position of equilibrium and the pressure on the inclined 
plane. 

Ans, Let be the inclination of the string . 
to the plane, R the pressure on plane — 

Q cos 6 » P sin a ; 
i? == Pcos a-(<2'- /" sin* a)* 

4. A particle, whose weight is 2P, is supported on a smooth 
inclined plane by two equal forces P, P, one acting along the 
plane, and the other in a direction inclined to the plane at an ' 
angle equal to the inclination of the plane ; show that the 
inclination of the plane is sin*-*^. 

5. A sphere, whose radius is r and weight VF, rests upon two 

upright posts of equal heights and at a distance apart equal to 

2a ; find the horizontal thrust upon each of the posts. 

Wa 
Ans, ^ ^ ^ ■ 

6. A roof ACB is wholly composed of beams forming 
isosceles triangles, of which AB la the base ; find the horizontal 
thrust on each of the side walls, the weight of the roof being 
W and S the angle which it makes with the horizon. 

Ans. i W cot e, 

7. Two raflers, AB and AC, are each 25 feet long, and their 
feet are tied by an iron rod BC, whose length is 40 feet ; a body 
of weight, I ton, is suspended from A ; determine the horizontal 
strain which it produces on the tie neglecting the weight of the 
rafters. 

Ans. 2986} lbs. 

8. A sphere, whose weight is T7, rests on two smooth inclined 
planes, whose inclinations are a and /3 ; find the pressure on 
each plane. 

A W^sinjg , yTsina 

* sin (a+/3)' sin (a 4/3/ 

9. A carriage wheel, whose weight is W and radius r, rests 
upon a level road, show that the horizontal force P, applied at 
the centre, which is necessary to draw the wheel over an obstacle 
of height h is— 

r " h 
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10. A string fastened at two points, not in tbe same horizontal 
line, supports a body, whose weight is IF, by means of a rin^ 
which slides on the string ; if a be the distance between the 
points, the angle which the line joining them makes with the 
Tertical, I the length of the string, show that the tension of the 
string is determined by the following equations: 

Sr cos a = W; 

/sin a = a sin 0. 

11. If the ring in the last example be fastened to a fixed point 
in the string, show how to find the tensions of the two portions of 
the string. 

12. A beam ig suspended by two strings attached to fixed 
points in the beam, and to a point above the beam, show how to 
find the inclination of the beam to the horizon in the position of 
equilibrium, and the tensions of tbe strings. 

13. A beam is suspended by a string attached to fixed points 
in the beam, the string passing over a smooth peg ; show how to 
find the inclination of the beam to the horizon in the position of 
equilibrium and the tension of the string. 

14. A smooth circular ring is fixed in a horizontal position, 
and a small ring, P^ sliding upon it is in equilibrium when drawn 
by two strings in the directions PA, PB; show that if PC be a 
diameter of the circle the tensions of the strings are in the ratio 
oi BCto AC. 

15. Two forces, P and Q, acting in the diagonals of a paral- 
lelogram, whose weight is TF, keep it at rest in such a position 
that one of its edges is horizontal; if a ai^d /3 be the angles 

between its diagonals and the horizontal side, show that 
P sec a = Q sec /3 =? ^ coseo (o +/3). 

16. A beam, whose length is 2Z, and whose centre of gravity 
is at a distance a from one end, rests entirely within a smooth 
hemispherical bowl of radius r; find the inclination of the beam 
to the horizon. 

Am, tan-^ ; , ^ ' 

17. A uniform rod, whose length is 2a, rests partly within 
and partly without a smooth hemispherical bowl of radius 
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rr if 9 be the inclinntion of the rod to the horizon in the 
position of equilibrium, prove that 

4r* cos' d - a cos - 2r = 

18. Show that no uniform rod can rest partly within and 
Jjartly without a fixed smootli hemispherical bowl at an inclina- 
tion to the horizon greater than siu'Vi- 

19. A uniform circular lamina is placed with its centre O upon 
a prop ; particles, whose weights are P, Q, 22, are placed at points 
Ay B^ C on its circumference, so that the lamina remains hori« 
zontal; show that 

4^A0B^ ^2PQ ^' 
cos BOC = — TT-^r^ — ; 

^0. The lid of a desk, whose width is 15 inches and weight 
6lbs., is held in a horizontal position by a cord, . 30 inches long, 
fastened to the edge of the desk, and to a point vertically over the 
hinge ; required the tension of the cord. 

Ans, av'^fts. 

21. A uniform door, whose width is 2a imd weight TF, is sus- 
pended from two hinges in a vertical line at a distance apart 26, 
and situated symmetrically with respect to the C.G. of the door ; 
show how to find the directions of the strains on the hinges and 
that their magnitudes are given by 

22. A beam is moveable in a vertical plane about a hinge at 
one end, and the other end is supported by a string fastened to 
a fixed point in the vertical plane through the beam ; show how 
io find the direction and magnitude of the strain on the hinge 
and the tension of the string. 

23. A lever (whose weight is neglected) in the form of an arc 
of a X2ircle subtending an angle 2a at the centre, and having two 
bodies, whose weights are P and Q, suspended from its extremities 
rests with its convexity downwards upon a horizontal plan 



r 
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if 6 be the inclination of the line joining the ends of the leyer 
to the horizon, prove that 

P-Q 

tan 0= p.Q tan a. 

24. Two small rings, whose weights maj be neglected, slide 
on the arc of a smooth vertical circle ; a string passes through both 
rinss and has three equal heavy particles attached to it, one at 
each end, and one between the rings ; show that in the position of 
eauilibrium the distance between the rings is equal to the radius 
or the circle. 

25. An inextensible strino^ binds tightly together two smooth 
cylinders of radii r and r^; find the ratio of the mutual pressure 
R between the cylinders to the tension T by which it is produced. 

26. Two equal balls are placed within a hollow vertical cylin- 
der, open at both ends, which rests upon a horizontal plane ; the 
weight of each ball is ^and radius r, \he radius of the cylinder 
being r^; find the least value W* of the weight of the cylinder 
in order that it may not be upset by the balls. 

Am. IF'=2FF(1--.). 

a 

27. One end of a string is fixed to the extremity of a smooth 
uniform rod, and the other to a ring without weight, which 
passes over the rod, and the string is hung over a smooth rail ; 
prove that if a be the inclination of the r^ to the horizon in the 
position of equilibrium, 21 the length of the string and 2a the 
length of the rod. 

I (tan^a+tana) = a. 

28. In the last problem show that the inclination of the rod to 
the vertical cannot be less than 45% and find the least length of 
the string for which equilibrium is passible. 

Ans. 21 s= a. 

29. The funicular polfngon.—^hQ ends of a string are fastened, 
to two fixed points, and from knots in the string bodies of given, 
weight are suspended ; show that the horizontal component of 
the tension is the same for all portions of the string. Prove also 
that, when the weights of the bodies are all equal, the tangents of 
the angles which the successive portions of the string m&e with 
the horizon are in Arithmetical rrogressioa. 
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Friction. 

1. A body, wbose weight is lOibs., rests on a rough plane 
inclined to the horizon at an angle of 30° ; find the normal pres- 
sure, B, on the plane and the force, Fy of friction exerted. 

Ans, F =»_51b8. 

/J = 5 v'S tbs. 

2. If the roughness of a plane, which is inclined to the horizon 
at an angle a be such that 'a body, whose weight is TF, will just 
rest supported on it ; find the least force along the plane required 

to drag the body up. 

Ans. 2TF8in a,« 

3. A pair of carriage wheels, which can turn without 
friction round a common axle, are placed on a rough inclined 
plane with the axle parallel to the line of intersection of the 
plane with the horizon; determine the force, applied at the 
centre of the axle parallel to the plane, which will support the 
system, the weight of the system being W and a the inclination 
of the plane. 

Ans, W sin a, 

4. P is the lowest point on the convex circumference of a 
rough cylinder at which a particle can rest, friction being equal 
to the pressure ; find the inclination of the radius through P to 
the horizon. 

Ans, 45°. 

5. A ladder, 10 feet long, rests with one end against a smooth 
vertical wall and the other on the ground, the coefficient of 
friction being ^ ; find to what height from the ground a man,, 
whose weight is four times that of the ladder, may ascend before 
it begins to slip, the foot of the ladder being 6 feet from the 
wall. 

Ans, 5f feet. 

6. A heavy body, whose weight is TT, is to be conveyed to the 
top of a rough inclined plane, whose inclination is a and 
coefficient of friction fi \. show that it will be easier to lift the 
body vertically or to drag it along the plane according as 



,* < or > tan (^ - I) 



7. A rough plane 'is inclined to the horizon at an angle of 
60° ; find the magnitude and direction of the least force which 



122 EESIflTINa FORCES AND PROBLEMS. [OHAP. VI. 

will prevent a body weighing 100 lbs. from sliding down the 
plane, the coefficient of friction being i^^ 

Ans, 60Vt>a, 

8. A square board ABCD^ the plane of which is vertical, 
rests with its side ilD in contact with a rough vertical wall, 
which is perpendicular to the plane of the board ; the side AB 
rests at a point indefinitely near to J9, upon a rough peg ; 
find the least value of the angle of friction, supposing it to be the 
same for the wall and for the peg. 

Ana. 27^ SC. 

9. A beam rests between the ground and a vertical wall ; find 
the angle which the beam makes with ground when in a state 
bordering on motion. 

Let a, b be the segments qf the beam made by its C. G. ; u 
and ^* the coefficients of friction with the ground and the wall. 

Ans. tan 0» '-^ — • 

fx (a+b) 

10. A uniform and straight plank, length 2a, rests with its 
middle point on a rough horizontal cylinder, radius r, their 
directions being perpendicular to each other ; find the weight P 
of the greatest mass which can be suspended from the other end 
of the plank without its sliding off the cylinder, the weight of 
the plank being W^ and the coefficient of friction tan 0. 

Ans. ^ = — ^-—' 

11. A uniform rod rests within a rough circle the plane of 
which is vertical ; if 180°-2a be the angle subtended by the rod 
at the centre of the circle, ^ the angle of friction, and be inclina* 

tion of the rod to the horizon when the friction can only just 
mfilQtain equilibrium, show that — 

2 tan =» cot (a -^ ^) - cot (a + 0). 



CHAPTER VII. 

MACHINES. 

152. Machines. — A machine may be defined as an 
instnunent, or a system of bodies, by means of which force 
may be transmitted from one point to another, and altered 
both in magnitude and direction. 

There are certain Simple Machines or, as they are called, 
Mechanical Powers^ by the combinations of which all 
machines, however complex, are constructed. These are 
usually considered to be six in number ; the Lever, the Wheel 
and Axle, the Pulley, the Inclined Plane, the Wedge, and 
the Screw. 

In discussing these machines we shall suppose them to be 
at rest. When two forces acting on a machine balance each 
other, one of them is called, for convenience, the power, we 
shall denote it by P ; the other is the external resistance (or 
the weight), we shall denote it in general by W, 

The general problem to be considered is to investigate 
the magnitude of the power which balances, by means of the 
system of bodies which compose the machine, a given 
external resistance. The fixtures of the machine counteract 
the resultant of the power and resistance. To simplify the 
investigation we suppose the bodies which compose the 
machine to be perfectly smooth, and their weights will be 
neglected except when the contrary is stated. 

Def. — The ratio W: P is sometimes called the Modulus 
of the machine. When the modulus is greater than unity, 
the machine is said to work at a mechanical advantage^ 
otherwise not. 

Obs, — The meaning of this advantage and the functions of 
a machine will be more fully considered in the next chapter. 

153. The Leyeb. — A lever is a rigid body, or a rigid 
rod, which is capable of turning freely in one plane round a 
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fixed point, or fixed axis, called the fulcrum. The parts 
into whicli the fulcrum divides the lever are called the arms. 
When the arms are in the same straight line, the lever is 
called a straight lever, otherwise a bent lever. 

154. To determine the condition of equilibrium in the lever 
and the pressure on the fulcrum. 

Let Ihe power applied at the extremities of one arm be P, 
and the resistaiice at the extremity of the other arm W,. 
These forces are supposed to lie in the same plane perpendi- 
cular to the axis of the lever. Let the position of the 
fulcrum' be denoted by F, 

First, let the weight of the lever itself be neglected. The 
lever is kept in equilibrium by three forces P, Wj and the 
reaction M of the fulcrum. The resultant of P and Wy 
which is the pressure on the fulcrum, must be equal and 
opposite to B, and its line of action must therefore pass 
through the fulcrum. Hence the condition of equilibrium 
is — the moments of P and W round the fulcrum must he 
equal and opposite. See also Art. 87. 

The pressure on the fulcrum is equal and opposite to i?, 
and its direction may be found by joining the intersection of 
P and Wy when they are not parallel, to F, Let d be the 
angle between P and TF", then 

^ =x P 2 + TP + 2PTrcos a 

When P and W are parallel, -R is a parallel force passing 
through the fulcrum and is equal in magnitude to their sum 
or difference. 

When the weight w of the lever is taken into account, 
the condition of equilibrium is — the algebraic sum of the 
jnoments of P, W and w round the fulcrum must be equal to 
zero. The pressure on the fulcrum may be determined in 
magnitude and direction by the method of Art. 99. 

155. Thbeb kinds op Levbrs. — Levers are divided into 
three classes according to the relative positions of the 
points at which the lines of action of P and W intersect the 
lever, and the fulcrum F* 
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Li the first kind F is intermediate. 
In the second kind W is intermediate. 
In the third kind P is intermediate. 

The diagrams exhibit 
straight levers of the three 
kinds, when the forces are 5 
parallel, and show the 
direction and magnitude 
of the reaction of the ful- 
crum, which is equal and ^ R = W - P 
opposite to the pressure 
upon it, in each case. 

The arms of the lever 
^re in each case FA and 
FB, and the condition of 
(equilibrium is 

P. FA = W.FB. 



1R=W-P PA 
r 1 

I ^ 



Vf^sp-w 




A 



This condition may be 
expressed in words.-r^T^a 
power is to the resistance inversely cts the arms of the lever. 

Considering the three forces P, W, JR, which keep the lever 
at rest, the condition of equilibrium may be expressed by 
taking moments round any point in the plane of the lever. 
One of the points A, F, B will generally be the most 
convenient. 

It is evident that in a lever of the first kind there may 
or may not be mechanical advantage ; in the second kind 
there is always mechanical advantage; ai^d in the third 
^ind there cannot be mechanical advantage. 

Ohs, — 'The relative positions of F, W and P in the three 
kinds of levers n^ay be easily rei^embered by the following 
f* jingle/' 

F, W, P, 

Of levers three, 
. Must each in turn 
The centre be. 
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156. Examples op Levers. — A crowbar employed to 
move a heavy stone is a lever of the first kind, the fulcrum 
used being generally a smaller stone. Scissors, nippers and 
pincers are double levers of this kind. 

The oar of a boat is an example of a lever of the second 
kind, the water acts as a fulcrum ; the power is applied at 
the handle of the oar, and the resistance to be overcome 
is at the rowlock of the boat. A pair of nutcrackers is a 
double lever of this kind. 

The human forearm is an example of a lever of the 
third class; the fulcrum is at the elbow; the power is 
exerted by a muscle connecting the upper part of the arm 
with the forearm near the elbow; the resistance is the 
weight of the object raised in the hand. A pair of tongs 
used to hold a coal of fire is a double lever of this class. 

157. The Common Balance. — The common balance is 
a lever of the first kind with equal arms. Its use is to 
determine the quantity of matter or mass of a body, the 
masses of two bodies being assumed to be equal when they 
gravitate towards the Earth with equal forces at the same 
place, and the process is called weighing. 

It consists of a beam with a scale-pan suspended from 
each extremity ; the beam can turn round a fulcrum which is 
vertically above the common centre of gravity of the beam 
and the scales when the beam is horizontal. Hence, when 
the scales are empty, the position of equilibrium of the 
beam is horizontal. 

The substance whose mass is to be detenuined is placed 
in one scale-pan. Known standards of mass are placed in 
the other scale-pan, sufficient in amount to make the beam 
rest in a horizontal position. In this position the vertical 
through the centre of gravity of the beam and scales passes 
through the fulcrum. Let W be the gravitating force of the 
substance and P that of the standards in the other scale. 
The moment of Ground the fulcrum is equal to the moment 
of P ; hence, since the arms of the lever are equal, W^ P, 
Therefore the mass of the substance is equal to the known 
mass of the standards. 
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Ohs, 1. — The British standard of mass is the mass of 
an imperial pound avoirdupois, and a balance with a set of 
standards of mass, which are multiples or sub-multiples 
of this imit, will serve to determine the mass of a body in 
any locality whatsoever. If we wish to determiue further 
the force with which the body gravitates in a given locality 
(or, the weight of the body) we must determine the force 
with which the unit of mass gravitates at the place. The 
method of making this determination will be explained 
hereafter. It has bpen already stated (see Art. 10) that 
if ^ be the force with which one pound of matter gravitates 
at the place, the gravitating force W oi & body whose mass 
is m pounds is 

W=mg, 

Obs, 2. — If a balance be a true one, the beam should 
remain horizontal when the sqales are empty. The centre 
of gravity of the beam and scales must then be vertically 
below the fulcrum. The arms of the beam must also be of 
equal length. If these two conditions be satisfied, and not 
otherwise, the beam will remain horizontah when equal 
masses are placed in each scale-pan. When the above 
conditions are not satisfied, the balance is said to be false. 
A false balance may be detected by interchanging the 
contents of the scale-pans : for, if the balance be false, the 
beam cannot remain horizontal when the substances placed 
in the pans are iuterchanged. 

158. The requisites for a good balance are the following : 

(1.) When equal masses are placed in the scales the 
beam should be horizontal ; that is, the balance should be true. 

(2.)' When the contents of the scale-pans differ in mass, 
by even a small quantity, the beam should make a consider- 
able angle with the horizon, so that the difference of mass 
may be easily detected : that is, the balance should be 
sensible, 

(3.) When the balance is disturbed, it should tend to 
return to its position of equilibrium with considerable force ; 
that iS; the balance should be stable. 
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159. To show how the requisites of a good balance may he 

It is assumed that the line joining the points of attach- 
ment of the scale-pans to the arms is at right angles to 
the line joinmg the centre of gravity of the beam with 

the fulcrum. 

Let the weights of the 
mass of the beam and 
the masses in the pans 
be W, P, Q respectively. 
Let G be the centre of . i 
gravity of the beam; ' 
F the fulcrum; AC = 
BC^a; FG^k; FC 
= ^ = distance of F from 
AB. 

Suppose P to be greater 
than Q, and the inclinar- 
tion of beam to horizon 6 

Taking moments about the fulcrum F we have for equili-» 
brium the equation • 

P (a cos 6- h sin 0)= © (a cos 6 + ^ sin 0) + Wk sin 6 

{P--Q)a 
.\ taiie=^p^ Q)h + Wk' 

The first requisite is satisfied, because when P = Q, 
=5 ; therefore the beam will be horizontal when equal 
masses are placed in the pans. 

For a given difference of P and Q, the angle 6 should 
be as large as possible, to satisfy the second requisite; 

h k 

hence (P + 0) --+ W- must be as small as possible, 
^ ^ a a 

h k 

therefore - and ~ must be small. 
a a 

When P and Q are equal, and when the beam is displaced 
from its position of equilibrium, the moment of the couple 
which tends to restore the equilibrium is 

' Q (a cos -f A sin 6) -f TH; sin - P (a cos - A sin 6) 
or (2 Ph + Wk) sin 0. 
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Hence, to satisfy the third requisite, this moment should 
be as large as possible for a given value of 6, therefore h and 
k should be large. 

Thus the conditions of sensibility and stability are, in 

part, at variance with each other. They may both, however, 

be satisfied by making h and h considerable, but a much 

h k 
larger than either, so that the ratios — and — shall still be 

. a a 
small ; that is, the distances of the fulcrum from the beam and 
from the centre of gravity of the beam should be considerable^ 
but the length of the arms much greater than either distance. 

160. The Common Steelyard. — The common steel- 
yard is a balance in which^the arms of the lever are unequal, 
and the same mass is used to weigh different bodies 'by 
changing its distance from the fulcrum. 

AH is a heavy beam ^ 

moveable about a ful- Abe H H 



Iw^ 




crum F, From a point 

A on the shorter arm 

the substance to be ^W 

weighed is suspended. m 

In practice a hook, or a 

scale-pan, attached at A, serves to hold the substance. A 

ring B carrying a mass of weight P can be made to slide 

along the arm FH until the lever is horizontal, the forces 

then balancing round the fulcrum. 

Let W be the weight of the substance, W the weight of 
the beam and scale-pan acting at their common centre of 
gravity G. For equilibrium, taking moments about F^ 

W.AF= W'.FG + P.FB. 

This formula may be put into a more convenient shape for 
graduating the arm of the steelyard. 

Take a point D between A and F, such that P'DF=^ 
WFQ. Thus B is the point where the weight P should 
act so as to balance the weight of the beam and the scale- 
pan when the scale-pan is empty. Substituting, we get 
W'AF=.P (BF + FB)r^P'BB 

BB 
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The steelyard may be graduated from this formcQa by 
taking distances from D successirely equal to AFj 2AF, 

ZAF , and these distances may be subdivided so as 

to suit circumstances. 

When the ring is placed at any of these divisions or 
subdivisions, so that the weight of the known mass sus- 
pended from the ring balances the weight of the substance 
in the scale-pan, the mass of the substance, in terms of the 
given mass, is determined by reading off the number of 
divisions and subdivisions on the arm. 

Oh8» — ^This balance is sometimes called the Roman steelyard, 
Kum&n is an Arabic word for a pomegranate, and the shape 
of the counterpoise seems to have given rise to the name. 

161. To describe the Dardsh Steelyard and to shew how 
it is graduated. 

In this balance the ful- 
crum is a moveable ring 
which slides along the 
arm. The beam termi- 
nates in a heavy bulb 
which, by means of the 
moveable fulcrum,counter- 



1 



'^W 



n 



O 



>rp 



poises the weight of the substance whose mass is to be 
determined. 

Suppose the beam to be horizontal when a substance 
whose weight is W is suspended by means of a scale-pan, 
or hook, from A, 

Let JP be the weight of the beam and scale-pan and G the 
common centre of gravity. Taking moments about F we have 



therefore 



WAF=F'FG = P(AG-'AF). 

AF_ P 

AG" P+ W 



By taking W successively equal to P, 2P, 3P we 

can, mark on the beam the corresponding positions of the 
fulcrum. The subdivisions must be similarly marked by 
giving to W intermediate values. The mas^ of any body 
suspended at A can then be determined in terms of the 
known mass, whose weight is P, by reading off^ on the arm 
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from A^ the number of divisions and subdivisions to the point 
at which the fulcrum is placed when the beam is horizontal. 
Cor, — If the successive values of W form an arithmetical 
progression, the distances of the corresponding graduations 
from A will form an harmonical progression. This easily 
follows from the formula for graduation. 

162. Thb Whebl and Axle. — This machine is a 
modification of the . 
lever. It consists 
of two cylinders, 
rigidly united, A' 
having a common 
horizontal axis, 
AB^ terminating 
in pivots which 
rest in fixed 
sockets( not shown 
in the diagram) at A and B, The larger cylinder is called 
the wheel and the smaller the axle. 

The resistance W^ which is supposed to be the weight of a 
body to be lifted, acts by a string which is fastened to the 
axle and coiled round it. The power P acts by a string 
which is fastened to the wheel and coiled round it in a 
direction opposite to that in which the other string is coiled 
round the axle. Thus the forces tend to turn the machine 
in opposite directions round the axis AB, 

All the forces which act on the machine, except F and W^ 
pass through the axis. Hence we have for equilibrium, 
taking moments of all the forces round the line AB^ Art. 93, 

Px radius of wheel =5 TFx radius of axle ; 

W rad. of wheel 

therefore -^sr = — 3 — f — r" • 

P rad. of axle 

163. The Pulley. — ^A pulley consists of a small cir- 
cular plate with a groove cut round its edge so as to prevent 
a string from slipping off when put round the wheel. The 
wheel is capable of turning freely rx)und an axis passing 
through the centre of the plate, the extremities of the axis 
being supported by a frame-work which is called the block. 
The principle upon which the theory of pulleys depends has 

K— 2 
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been demonstrated in Art. 133., It is there shown that the 
tensiona of the portions of the same stringy which are separated 
hy a smooth circular groove, are equal. 

If the groove were perfectly smooth it would not be 
necessary for the circular plate to turn freely romid its axis; 
practically it is impossible to have the groove smooth, but 
it is found that when the plate can turn freely round its 
axis the tensions of the string are almost exactly the same 
on both sides of the pulley. We shall always suppose this 
to be the case. The weights of the strings will be neglected, 
and, except the contrary be stated, the weights of the 
pulleys. 

164. To find the ratio between the power and resistance 
in the single moveable pulley. 

In the figure C re- j- 
presents the moveable ^ 
pulley. The string is ^ 
attached to a fixed 
point at A and after 
passing imder the 
groove of the moveable 
pulley C passes again 
over the groove of a 
fixed pulley B. To 
the end of the string 
is attached a mass 
whose weight, P, is 
the power. The re- 
sistance is the weight, TF, of a body which is attached to 
the block of the moveable pulley. 

The pulley is kept in equilibrium by the tensions of the 
portions of the string, which are each equal to P, and by 
the force W acting vertically downwards. Hence the line 
of action of TFmust pass through the intersection of the 
lines of action of the equal forces P, and bisect the angle, 
2a, between these lines. Therefore (Art. 41) 

TT sin 2a ^ 

=s 2 cos a 




sm a 



which is the ratio required. 
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Otherwise . — Let the angles which the portions of the 
string make with the vertical be a and a'. Besolving forcers 
vertically and horizontally we have 

Pcoso -f Pcosa'-^=0 (1) 

P sin a-P sin a' = (2) 

By (2) we have a = a'; substituting in (1) we get the 
same relation as before. 

Cor, — When the portions of the string are parallel we 
have a = 0, hence TF= 2P. This is also evident, since 
W is equal and opposite to the resultant of the equal parallel 
forces P. 

165, To find the ratio of the power and resistance in a 
system of pulleys, in which each pulley is supported hy a 
separate string one end being fastened to the block of the 
pulley above it and the other end to a fixed beam, and all the , 
strings being parallel. 

Let the weights of the pulleys 
be neglected. 

The system is represented 
in the figure in which there 
are three moveable pulleys, 
and one fixed pulley. 

Suppose in general there 
are n moveable pulleys and 
therefore n strings. Let the 
tensions of the strings be t^, t^i 

t^f tif reckoning from 

the lowest. 

The equal parallel forces t^ 
support the resistance TF, 
hence, 2t^ = W, The tension 
of the highest string is equal 
to the power F: hence, we 
have 






W 

22 
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^2— ' 



2» 



W 
and so on: finally «, = ^, and<i=sP; therefore 

=sOn 

0^5. — This is generally called First System of Pulleys. 

166. To find the relation between the power and resistance 
in the first system of pulleys when the weights of the 
pulleys are taken into account. 

Let the weights of the pulleys be w^, w^, W3,...w„; these 
forces and the resistance W are balanced by the power P. 
Let Pi be the part of P which supports W\ Pi the part 

which supports w^ ; p^^Q part which supports Wt^ ; 

p„ the part which supports w^. 

Then by the last case we have 

Pi ~2"» 1^2— "22"' -P« = 2^"' ''^i "" 2*"' 

and P=;>i +j»2+;>3 +;>n+Pi 

Therefore P « ^{tT + w^ + 2w^^ + 2'^^w^ } 

This is the relation between P and W. 
Cor. — When w^ =sz W2^ s=w^=w 

^^^Iw-i-w (1 + 2 +2« + +2«-i} 

(2»-l)} 



=4- f^ 

2» i 



+ w 



or W'-w=.2'' {P^w). 

167. To find the ratio of the power to the weight in the 
first system of pulleys, when the strings are not parallel, the 
weights of the pulleys being neglected. 

Let 2ai, 2a2, itt^ 2a^ be the angles between 

the portions of the strings separated by the first, second, 
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third n^ pulleys, TespectiTcly. Then by Art. 



And so on : finally (i = P, and 

_— ^ 2" COS Oj COS as .... 



168. To find the ratio of the power and rettetance i« a 
tgetem of puiUt/s inhere the same string passes round all the 
pulleys. 

The system will be easily nndefatood irom the figure. 
There are two blocks ; the lower one moveable and the 
upper one fixed ; each block contains the same nnmber of 
pulleys. The axes of the pulleys in each block may be 
arranged as in the figure, or they may be coincident. The 
same string passes round all the pulleys. 

To find the relation between the power 
and resistance, it is only necessary to 
connt the number of the parallel portions . 
of the sbing which support the resistance, 
since the tension of the string is the 
same thronghont. 

Thns if the nnmber of strings at the 
lower block be n, we have 

W^nP 

If the weight B of the lower block be 
taken into account 



Obe. — This is genially called the 

Second System of Pulleys. 



136 



HAOHIKBS* 



[chap. VII. 



169. To find the relation between the power and resistance 
in a system of pulleys in which there are n strings y all the strings 
being attached to a beam which supports the resistancSi 

In the system 'there are n strings 
and 71-1 moveable pulleys. 

First, let the weights of the move- 
able pulleys be neglected. 

Let the tensions of the strings be 
^1) hy h 

Then t^ = P; t^ « 2ii = 2P; 

ts = 2tz = 2»P ; t^ = 2"-» P. 

And since all the parallel strings 
support Wy we have 

Tr=P(l+2+2»+ +2'»-») 

= P(2*-1) 

W 

— = 2«-.l 
P 

Obs, 1. — This is generally called the 
Third System of Pulleys. It may b© 
regarded as the first system reversed. 

Obs. 2. — In order that the beam, which supports the 
resistance, may be horizontal, the line of action of W 
must pass through the centre of the parallel forces t^y ^j ... 
acting on the beam. 

170. To find the relation between the power and resistance 
in the third system of pulleys when the weights of the moveable 
pulleys are taken into account. 

It is evident that the weights of the pulleys will help 
the power. Let them be Wi, w^y w^y ... m; ^i reckoning 
from the -lowest. 
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Each of these forces supports a portion of W. Let the 
portion of W which P supports be W, and let the portions 
supported by the weights of the pulleys be q^^ qz, qs •••(?*-!)• 
Then 

W=W'+qi+q2^q^^ + 5?n-i- 

also by the first case (Art. 169), 

Tr' = (2--l)P; 
q^ «(2--i-1)m;i; 



Substituting these values 

Tr=(2«-l)P + (2*-l)M;i + + (2-l)w?„.i. 

Cor. — K the weights of the pulleys be all equal, let 

Tr=(2*-l)P +m;.{2»-i + 2*-2 + , +2-(»-l)} 

= (2"-l)P + w |2(2'-i-l)-(7i-l)| 
«(2«-l)P + (2*-n-l)M^. 
or TT + w w = (P + «?) (2*- 1). 

171. The Inclined Plane. — A body is suppojrted on a 
smooth inclined plane by a given force ; to determine the 
conditions of equilibrium and the pressure on the plane. 

The diagram represents a sec- 
tion of the inclined plane by a 
v«i;ical plane perpendicular to it ; 
the power is represented as applied 
by means of a string passing over 
a pulley and supporting a body, 
D, whose weight is P, hanging 
freely. A 

Let d be the angle which the string makes with the 
plane ; W the weight of the body on the plane } a the 
inclination of the plane to the horizon. 
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The body is kept in equilibrium by three forces P, W 
and the normal reaction B, of the plane. Hence, for equili- 
brium, these forces must lie in the same plane, and meet 
at a point. The direction of the string must then lie in 
a vertical plane through the centre of gravity of the body, 
O, perpendicular to the inclined plane, as represented in 
the diagram. 

We have for equilibrium (Art. 41) 

P W E 



or 



sin {RW) sin {RP) - sin(PTr) 

P W ^ B 

sin a "~cosO cos(a + 0) 



These equations determine the ratio of P to TF" and the 
pressure on the plane, which is equal and opposite to B, 

Otherwise, — Kesolve the forces acting on the body 0, 
parallel and perpendicular to the inclined plane (Art. 57) 

Pcosa= TTsina (1) 

^ + P sin 6 r= TTcos a ... (2) 

Substituting the value of P, from (1), in (2) and solving 
for By we get the same value as above. Equation ( 1 ) is 
the condition for equilibrium, (2) gives the pressure on the 
plane. 

Obs. — Considering the inclined plane as a machine, P is 
the power and W the resistance. The hypotenuse of tne 
right-angled triangle ACB is called the length of tine 
plane, AB is called its base and BC its height. 

172. Special Cases. — When the power acts parallel to 
the inclined plane = 0, and hence from the formula of 
the last article 

P = TF sin o 

or, the power is to the resistance as the height of the plane is 
to its length. 

When the power acts parallel to the horizon 6 = - a ; 
hence 

P=fF tan a 
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or, the power is to the resistance cls the height of the platu is 
to its base, 

Ohs. — ^The student should work out these special cases 
directly, by the method of Art. 41 and by resolving forces. 

173. The Wedge.— The wedge is a solid triaiigular 
prism, and is used to separate obstacles by introducing its 
edge between them, and then forcing' the wedge forward. 

The diagram represents a sec- 
tion of the wedge, which is sup- 
posed to be isosceles, perpendi- 
cular to its axis. 

Let P denote the force act- 
ing perpendicularly to face AB; 
R and i?' the perpendicular 
reactions of the obstacle on the 
faces AC and BC; let the angle 
ACB = 2a. 

For equilibrium these three 
forces must lie in one plane and 
meet at a point. Hence (Art. 41) 




R 



R 



and 



sin 2a cos a cos a 
/, R s= R\ 
P^2R sin a. 



Ohs. — The action of the wedge is essentially kinetical, and 
the statical condition is of little practical importance. 

Hatchets, nails, knives are modifications of the 

wedge. 

173. The Screw. — The screw consists of a right circular 
cylinder AE wiih a uniform, projecting, spiral thread ah c d 

running rotfnd its stu*face so as always to make a 

constant angle with lines parallel to the axis, AE, of the 
cylinder ; the complement of this angle, which is the angle 
which the direction of the thread at any point makes with a 
plane perpendicular to the axis of the cylinder, is called the 
pitch of the screw. 
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The thread on the solid cylinder fits into an exactly 
similar groove in a hollow 
cylinder of equal radius 
cut out of a block CD* 
The block, when small, is 
sometimes called the nut^ 
and the solid and hollow 
screws are called compa- 
nion screws. 

When in work, one of 
them is fixed, and the 
other is turned by means 
of a lever, AB, fixed in the 
cylinder at right angles 
to its axis. The lever is 
c&Wedthe power arm. On 
turning iSie lever one of 
the cylinders must move 
backwards or forwards, by 
turning round its axis, and 
in this manner pressure may be exerted, or a body may be 
raised vertically against the force of gravity. 

Obs, — The geometrical curve which the thread of the 
screw determines on the surface of the cylinder is called a 
helix. It may be generated by wrapping a piece of paper, 
cut in the form of a right-angled triangle, round a right 
cylinder. The base of the triangle being held perpendicular 
to the axis of the cylinder, the hypotenuse will trace a helix 
on its surface, whose pitch is the angle which the hypotenuse 
makes with the base. 

175. To find the ratio of the power to the resistance in 
the screWy when there is equilibrium. 

We shall consider the equilibrium of the solid screw 
supposed to be vertical. Let W be the weight of the solid 
cylinder AE and of the body E; P the power acting in a 
horizontal plane perpendicularly to the arm of the lever AB; 
a the pitch of the thread. 

The equilibrium is maintained by the forces P and W 
and the reactions of the groove in the fixed block DC on the 
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thread of the solid cylinder. Them reactions are indefinite 
in number, but they all act in directions perpendicular to the 
thread, and therefore their lines of action make an angle a 
with lines parallel to the axis of the cylinder. 

Let B be any one of these reactions ; replace H by two 
components ^cosa acting vertically and i^sina acting 
horizontally at right angles to the radius of the cylinder. 
Let the radius of the cylinder be a and tl^e length of the 
power-arm AB equal to L For equilibrium resolve all the 
forces vertically and take moments round the axis AE 
(Art. 93) 

Tr=Si?cosa (1) 

Pft = S (a i? sin a) (2) 

Since a and a are constants, we get from (1) and (2) 

P "" a sin a S.-R 

_ 2irb 

27ratan a 
circumference of circle described by power 

vertical interval between two threads 

Obs* 1. — Let C7 = circumference of circle whose radius is 
AB, I the interval between two successive winds of the 
thread, measured parallel to the axis, the condition of equili- 
brium may be written 

TF/-PC. 

Qffs, 2. — The screw may be considered as a combination 
of a moveable inclined plane and a lever. 

Examples. 

1 . Let the resistance caused by a nail fastened in a board 
be 224 lbs. ; let the lever used to draw it be a hammer, which 
measures 2 in. from the point where the claw grasps the naiPs 
head to the fulcrum ; and let the handle be 13 in. long ; find the 
force to be applied to the extremity of the handle which will 
just balance the resistance. 

Ans, 34'46Ibs. 

2. In a lever of the second order, let the power ^e lOlhs., the 
resistance 121t)s., and the angle between their directions 120® ; 
find the pressure on the fulcrum. 

Ana. llir 
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3. A heavy body is 8uq>ended from the two ends of a Btraigbt 
lever without weight, whose length is 5 feet, by strings whose 
lengths are 3 and 4 feet; find the position of the fulcrum that the 
lever may rest in a horizontal position. 

Arts. At a distance 3^ fk. from the end 
to which the longer string is fastened. 

4. The arms of a balance are equal, but one scale is loaded; 
find the true weight of a body in terms of its apparent weights 
when suspended at each end in succession. 

Am, The A, M. of apparent weights. 

5. If one arm of a common balance be longer than the other, 
shew that the real weight of a body is the geometric mean 
between its apparent weights when suspended at each end in 
succession. 

6. A body weighed in one scale of a false balance, the lengths 
of whose arms are a and b, appears to weigh PTp and weighed 
in the other it appears to weigh W^] find its real weight, fF, and 
the weight, to, of each of the scale-pans, the C.G. of the beam 
being vertically below the fulcrum. 

An*. TF = ^5tt*Ei_; 

7. The arms of a false balance are unequal, and one of the 
scales is loaded ; a body whose true weight is P appears to weigh 
W when placed in the loaded scale, and W when placed in the 
other scale ; find the ratio of the arms and the weight of the 
mass with which the scale is loaded. 



Ans, 



W'P ' W-P 



8. In the Danish steelyard, if a^ be the distance of the 
^Icrum firom the end where the scale- pan is attached, when the 
mass of the substance in the pan is n ibs., prove that 
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9. In a wheel and axle the diameter of the wheel is 1 yard and 
the diameter of axle 6 inches ; the string on the wheel is just 
strong enough to support a tension of 42Ibs. ; find the greatest 
weight whid^ can be supported* 

Ans, 2521!)S. 
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10. An endless string passing over a fixed pulley is just 
strong enough to support another heavy pulley of equal radius 
when the portions of the string between the pulleys ore parallel ; 
show that it will break if the portions of the string cross each other. 

11. In the first system of pulleys, if a power of 3Ib8. support 
a resistance of 48Ib8., how many moveable pulleys are there f 

Ans. 4. 

12. In the first system of pulleys, let there be 3 pulleys, the 
weight of each pulley being 2tb8. ; find the resistance which may 
be supported by a power of lOlbs. 

Ans. 66fts. 

13. In the second system of pulleys a platform is suspended 
from the lower block ; find the force which a man, whose weight 
is Wf standing on the platform must exert on the string in order 
to support hunself, the number of strings at the lower block 
being n, and m W being the weight of platform and the lower 
block together. 

Ans. 51iJ.fr, 
« + l 

14. In the third system of pulleys let there be 3 moveable 
pulleys, the weight of each being lib.; find the resistance which 
will be supported by a power of 91bs. 

Ans. 1461bs. 

15. In the third system of pulleys if the tensions of the 
strings increase in geometrical progression, so must, also, the 
weights of the pulleys. 

16. In the first system of pulleys, if each of the strings, 
instead of being attached to the fixed beam, is made to pass 
over a fixed pulley and then attached to the upper part of the 
block of the pulley which it supports ; find the relation between 
the power and resistance, (1) neglecting the weights of the 
pulleys, (2) when the weight of each pulley is w. 

Ans. W=S*P; 

2Tr- w = 3»(2P-tt7). 

17. In the third 'system of pulleys, if each of the strings, 
instead of being attached to the moveable beam, is made to pass 
under a pulley fixed to the beam, and then attached to the lower 
part of the block of its pulley, find the relation between the 
power and resistance, (1) neglecting the weights of pulleys, 
(2) when the weight of each pulley is w. 

^ Ans. W P; 

2(TF+»w)=»^ 



.J 
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18. In the thirfl system of pulleys let there be it strings ; find 
the distance from the first string at which the resistance must act 
in order that the beam may be horizontal, the radius of each 
pulley being r and their weights being neglected. 

2»-.l 

19. An inclined plane rises 3 feet 6 inches for every 5 feet of 
length ; what force must be exerted parallel to the plane in order 
to prevent a body,. whose weight is 200ibs., from slipping down ? 

Ans. ]401bs. 

20. A body, whose weight is TT, may be supported on a cer- 
tain inclined plane by a power, P, acting horizontally, or by a 
power, Q, acting parallel to the plane ; show that 

J r 1 

qT - pa + ^4 • 

21. If 12 and R' be the pressures on an inclined plane when 
a body of given weight, IF, is supported by a power parallel to 
the base and a power parallel to the plane, respectively, 

22. When a body of given weight is supported on a smooth 
inclined plane by a ^iven power, prove that there are generally 
two directions in which the power may act, and that the sum of 
the pressures on the plane in these cases is double the pressure 
when the power is the least possible. 

23. If there be 5 turns of a screw in one inch, and if the 
power-arm be one foot in length, find what resistance will be 
balanced by a power of lOtbs. 

Ans. 3769-9ib3. 

24. If the tangent of the pitch of a screw be ^^ the radius ^ 
of the cylinder 2 mches and the length of the power-arm 1 yard ; 

find the mechanical advantage. 

Ans. 144. 

25. If a screw make m turns in a cylinder one foot long, and 
the length of the power-arm be n feet, find the mechanical 
advantage. 

Ans. 27r mn. 

26. An endless string hangs at rest over two pegs in the 
same horizontal plane, with a heavy pulley in each festoon of the 
string ; if the weight of one pulley be double that of the other, 
shoMT that the angle between the portions of the upper festoon 
must be greater than 120^. 



CHAPTER VIII. 
WORK AND ENERGY. 

176. In this chapter a short explanation will be given 
of the sense in which the terms Work and Energy are nsed 
in science. The Simple Machines will furnish illustrations 
of certain cases of the transformation of energy, and the 
subject will be further briefly considered in Kinetics. The 
beginner, however, should understand that no adequate 
conception can be formed of the universality of " the 
Principle of the Conservation of Energy " without a tolerably 
wide acquaintance with Physical Science and Chemistry. 
The illustrations given of the principle in this book will, it 
is hoped, assist in giving a clearer idea of the functions of a 
machine, and serve as an 'introduction to further studies on 
the subject of Energy, 

177. Work.— When a body is moved against force of 
any kind work is said to be done against the force. For 
example, when a mass is lifted vertically work is done 
against the force of gravity. 

Let the weight of the mass be W, and h the vertical 
distance through which it is raised. Then the work done 
against TF through the space h is directly proportional to W 
and also to hy thus 

work done = hWh^ 

where h is the constant of variation whose value depends 
on the unit of work chosen. If we choose for the unit of 
work the work done when W=^l and A = 1, we have 

work done = Wh, 

This is the work done agaiiist the force W through a 
vertical space A, whatever be the agency by which the work 
is performed, and whatever be the time of performance. 

For practical measurements of work the unit of force used 
is the gravitation unit. The British unit of work is the 
work done in overcoming a force equal to the weight of a 
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pound through the space of one foot, and is called a Foot- 
Pound. The international unit of work is the Kilogramme- 
Metre or the 8^r-Metre. 

For scientific measurements, when accuracy is required, 
the unit of work is the work required to overcome the 
kinetic unit of force through the unit of space. 

Engineers call the rate at which an agent works when 
overcoming a resistance equal to 33,000 times the weight of a 
pound through a space of one foot in a minute a Horse-Power. 

178. Work done by a Force. — Let A be the point of 
application of a force, P, acting on a body. Suppose A at 
first coincides with a fixed point in space, and let OB be 
the line in which the force acts. 

Suppose now that the body moves so that A moves from 
Of along OBf through any space a, while the force F con- 
tinues to act with uniform intensity, then 

work done by P =s Fa, 

When A moves along BO, in the direction opposite to F^ 
through any space a, 

work done against F = Fa, 

When A moves through a space a, along a line 00 making 
an angle a with OBy while F continues to act at A parallel 
to its original direction, 

work done by P = Pa cos a. 

For, P may be resolved into two components Pcosa 
along 0(7, and P sin a perpendicular to 00; the latter 
component cannot afifeet the motion along 00, and hence 
can do no work. 

The above expression includes the case when work is done 
against a force. If jsuch work be considered as negative work 
done hf the force; for, when work is done against a force 
the angle which the direction of the force makes with ihe 
line of displacement of its point of application is greater 
than a right angle and hence its cosine is negative. 

We have supposed P to continue to act parallel to OB 
during the displacement of its point of application. This 
may always be considered to be the case if the displacement 
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a he ti^keE indefinitely small. T3mg, in general, fAtf ivork 
done, during an indefinitely small displacement of the paint €f 
application of a force, is the prodkict of the resolved pari 
of the force in the direction of the displacement inio the 
displacement, 

Ohs, 1. — Since Pa cos a is tlie work done by P for a 
displacement a of its point of application, Pcosa is the 
work which wonld be done for a unit of displacement. 
Hence the resolved component of a force in any direction 
is equal to the space rate at which the force wonld com- 
mence to work, if its point of application moved in the given 
direction. It should be observed that the wwk done by a 
force does not depend on the time of motion, or, velocity, of 
its paint" of application. 

Ohs, 2. — a C09 a has been called the Virtuosi Velocity^ an^l 
P a cos a the Virtual Moment, oi the force P, when the dis- 
placement is indefinitely small. 

179. Enbrot. — The capacity to perform work in moving 
matter against force is called energy, 

A body possesses energy in virtue of its position with 
respect to forces acting on it, and in virtue of its motion, 
which is change of position. 

A body in vilsible motion possesses kinetic energy; that is, 
it is capable, in virtue of its motion, of performing a 
definite amount of work. It will be shown in Kinetics that 
this form of energy depends only en the mass of the body 
and the rate at which it is moving. 

A body possesses potential energy in virtue of its position 
with respect to forces acting on it ; that is the forces actmg 
on the body have the power -to perform a definite amount of 
work during a change of the body's position. 

For example, when a body whose weight is TF descends, 
in any manner, through a height A, work is done, ;by the 
force of gravity, equal to Wh, In this cajse the body is ^aid 
to have lost an amount of potential energy measured by Wh* 

In general, when the altitude of a body, whose weight i/s 
W, is c)iiit\ge4 by an amoimtA, its potential energy wit^ 
reference to gravity is changed by an amount Wh. 
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180. The Law op Conservation op Energy. — The 
following law is found to hold in all cases in Nature. — The 
total amount of energy of any body, or system of bodies, can 
only be altered by external forces acting on the system, and the 
change of energy is equal to the work done by, or against, the 
external forces. 

The forces acting on a body may, in general, be divided 
into two classes: (1) moving forces which can produce 
as well as resist motion, {%) purely resisting forces which 
can only modify sensible motion, by changing it into 
molecular motion, when sensible motion is stopped or 
retarded. Art, 17. When a body is in motion imder 
the action of such a system of forces work is done 
by any moving force which has a resolved component 
in the direction of the motion of its point of application, and 
work is done against any moving force which has a 
resolved component in the direction opposite to the 
motion of its point of application. The work done against 
the moving forces is equal to the gain of the body's 
potential energy with reference to these forces, the cuv 
cumstances being supposed to be such that these forces 
would act equally and in the same directions if the motion 
of the body were reversed. Of work done against purely 
resisting forces we shall only have to mention work done 
against friction, and what becomes of the energy so spent 
will be stated further on. The law of energy in dynamics 
may be thus expressed.--wTAe work done in any time on a body 
by a system of fm-ces is equal to the whole effect in the forms 
of potential and kinetic energy together unth the work lost 
against friction. 

In what follows, except when the contrary is expressed, 
we shall suppose the body or system to be capable of 
moving without friction along the surfaces (when there are 
such) by which its motion is guided. 

If we consider the whole potential energy of the 
body with reference to all the moving forces, resisting as 
well as working, the law of energy may be stated that 
the suvi of the potential and kinetic' energies of the body is 

constant. 



CHAP. VIII* ] WORK AND ENERGY. 149 

AlsO) considering the work done against a force as nega- 
tive, the whole work done daring any motion, when positive, 
is equal to the increase of kinetic energy or the decrease of 
potential energy ; and the whole work done during any 
motion, when negative, is equal to the increase of potential 
energy or the decrease of kinetic energy. 

181. When a body under the action of given forces is in 
neutral equilibrium (Art. 110), that is, when it can move so 
that the forces acting on it shall still continue in equilibrium 
daring the motion, the body when once put in motion 
will, according to the first law of motion (to be explained 
hereafter), move at a uniform rate, as long as the forces 
acting on it continue in equilibrium. In this case the 
kinetic energy of the body remains constant, because 
it depends only on the mass of the body and the rate 
of motion. During such a motion some of the forces do 
work on the body while work is done against others. 
Hence, according to the Law of Energy, the work done on 
the body by the one set of forces is equal to the potential 
energy gained by the body with respect to the other set. 
Or, considering work done against a force as negative work 
done by the force, the whole work done by the forces on the 
body is equal to zero. 

Conversely, when during any motion of a body its kinetic 
energy remains constant the whole work done by the forces 
is equal to zero, and provided the only possible motion of 
the body is the one then being executed (or its opposite), 
the forces would be in equilibrium and the body would 
remain at rest in any position which it occupies during the 
motion, if then and there it could be deprived of its kinetic 
energy. 

182. In general) however, when a body is in motion 
under the action of forces not in equilibrium, the whole 
work done on the body is not equal to zero and the body's 
kinetic energy changes, the amount of change during any 
change of position being (by the law of energy) equal to 
the whole work done on the body by the forces in conse- 
<J[uence of the change of position. 
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In any position whick tlie body ocenpies during the 
motion its kinetic energy must in general be changing at 
a definite space rate (depending on the way m which the 
body is moving with reference to the forces acting on it, 
hot on the time of motion, or velocity). But if there are 
any positions at which the rate of change of the bddy's 
kinetic energy is zero (that is, at which the rate of change 
of the whole work done on the body is zero), at such 
a position the forces acting on the body would be in 
equilibrium, supposing the only possible motion of the body, 
from that position, to be the particular motion which the 
body is then executing (or its opposite), and, on this supposi- 
tion, in any of these positions the body would remain at rest, 
if then and there it could be deprived of its kinetic energy. 

In order then to determine whether in any particular 
position the forces which act on a body are in equilibrium^ 
or not, the whole work which would be done by the forces 
during any possible displacement of the body from that 
position, if the forces during the displacement be supposed to 
continue to act with equal intensities parallel to the directions 
which they have at die particular position under considera^ 
tion, must be calculated. The whole work thus computed is 
proportional to the rate of change of the body's kinetio 
energy (no matter what be the magnitude of the hypothetical 
displacement) and if it vanishes for all such displacements 
the forces are in equilibrium, and not otherwise. 

The condition that the forces shall continue to act with 
equal intensities parallel to the directions which they have 
at the position of the body in question may be secured by 
supposing any actual displacement of the body, which may 
be taken, to be indefinitely small. Hence — When the whole 
work done by all the forces tvhich act on a body (or system 
0/ bodies) during every possible indefinitely small displacement 
of the body is equal to zero, the forces are in equilibriumi 
And conversely — fVhen the forces acting on a body are in 
equilibritim, the whole tvork done during any possible indefinitely 
sinall displacement of the body is equal to zero. 

Conditions sufficient for the equilibrium of forces acting 
on any body, or system of bodies, can always be obtained 
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by equating to zero the whole work done by the forces 
during any indefinitely small displacements which can be 
made without breaking the connections of any of the parts 
of the system. 

Obs. — The proposition of this article, which is celebrated 
in the history of Dynamics, has been called the Principle of 
Virtual Velocities and may be thus enunciated — When the 
algebraical sum of the virtual moments of a system of forces 
is zero for every displacement, the forces are in equilibrium. 
And conversely — When a system of forces is in equilibrium, 
the algebraic sum of their virtual moments is zero for any 
displacmient, 

183. In the last chapter we considered machines in 
equilibrium, and a machine was defined as an instrum^t for 
the transmission and alteration of force. A machine may 
be more correctly defined as an instrument, or system of 
bodies, for the purpose of transforming energy from a less 
convenient to a more convenient kind, and the function of a 
machine is to perform work against some external force. 
We shall, as before, suppose the parts of a machine to be 
capable of moving freely on each other without friction, in 
other words that there is no resistance to motion except 
the external resistance. 

When a machine is in uniform motion work is done by 
the power, and this work is transformed into work done 
against the resistance, and the relation between these forces 
may be Calculated from the Law of Energy, which in this 
case may be stated. — The work done by the power is equal to 
the work done against the resistance. This is sometimes 
called the " principle of constancy of work done.'* 

When the power is the weight of a given body, and the 
resistance to be overcome the weight of another body, the 
work done by the power is equal to the potential energy, 
with reference to gravity, lost by the first body; and the 
work done against the resistance is equal to the potential 
energy gained by the second. Thus, the potential energy 
lost by one is gained by the other, and the whole potential 
energy of the system remains constant. 
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When the equilibriam of a machine is not neutral, its 
motion cannot be nnifonu, and there is not equality between 
the work done by the power and the work done against the 
resistance, during any motion of the machine. Part of the 
potential energy is in fact transformed into the kinetic 
energy of motion, which changes because the rate of motion 
changes. 

The relation between the power and resistance, necessary 
and sufficient for equilibrium, may, howeyer, in all cases, be 
determined by equating the work done by the power, during 
an indefinitely small displacement of its point of applicati<Hi, 
(supposed to be made in such a manner as not to break 
the connections of any of the parts of the system) to the 
work done against the resistance, during the corresponding 
necessary displacement of its point of application. 

Oba, — In the case of a machine moring uniformly, we may 
suppose the machine to have been put in motion, at first, by 
some external agency different from the power : the machine 
would continue to move with kinetic energy equal to the 
energy spent in putting it in motion. Or, we may suppose 
the power at first to have been greater than sufficient to 
balance the resistance; thus the excess of work done at 
first by the power, over the work done against the resistance, 
would be transformed into kinetic energy, and if the excess 
of power were removed the moticMi woidd continue uniform 
from that instant. 

184. We now proceed to show how the relation between 
P and Wy in the Mechanical Powers, may be deduced from 
the Law of Energy, when the machine is at rest (or when 
moving uniformly) under the action of these forces; and, 
conversely, how assuming the relation between P and W 
for equilibrium (or uniform motion) the Law of Energy 
may be shown to hold. 

.185. The Lever. — Suppose the lever to turn in the 
plane of the forces, about the fulcrum, through an inde- 
finitely small angle (circular measure 6/) so that the points 
of application of P and PV describe indefinitely small arcs^ 
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whicli may thus be considered as coinciding with their lines 

of action (Figs. Art. 155). 

work done by P = P,FA,e 
work done against W= W.FBS 

therefore P.FAS = W.FBS 

hence P.FA = W.FB 

which is the condition of equilibrium. 

Conversely, assuming the condition of equilibrium, it may 
be shown that the work done by P, during the indefinit^y 
small displacement, is equal to the work done against W, 

186. The Wheel and Axle. — We may suppose the 
machine to be in a state of uniform motion, and it is evident 
that while the point of application of P descends through a 
height equal to the circumference of the wheel, the point of 
application of IV is raised through a height equal to the 
circumference of the axle (Fig. Art. 162). 

Hence work done by P «= P x cir. of wheel ; 

work done against W= Wx cir. of axle; 

therefore Px cir. of wheel = TFx cir. of axle, 

which is the condition of equilibrium (or of uniform motion). 

Conversely, assuming the condition of equilibrium, we 
may show that the work done by P is equal to the work 
done against W, 

Oh8,^-lt will be seen that the loss of potential energy 
with reference to gravity in the mass which descends is 
equal to the potential energy gained by the mass which is 
lifted, and thus the potential energy of the system as a whole 
remains unaltered. If we consider P as an external force 
acting on the system consisting of the machine and the 
mass to be lifted, the work done by P is transformed into 
the gain of potential energy of the mass lifted. 

187, The First System op Pulleys. — Let the weights 
of the moveable pulleys be neglected, Suppose the point of 
application of P to descend thdrough a height k (Fig. Art. 
).65) ; this diminishes the lengths of the parallel portions of the 
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When, however, the power acts parallel to the plane, the 
equilibrium is neutral. This is the most important case in 
practice, and it will be seen that while the body 2> descends 
through a space equal to the length of the plane, the body 
is raised through a vertical distance equal to the height of 
the plane. Thus P is to W as the height of the plane is to 
its length. 

191. The Screw. — It is evident that while the point of 
application of P describes the circumference, (7, of the 
Power circle, the point of application of TF is moved 
through a space equal to the interval, /, between two 
successive threads. Hence 

WI^PG. 

Obs, — The student will have no difficulty in seeing that 
the work done by F during one revolution is PC. For P 
is supposed to act always perpendicularly to the power-arm^ 
and the circumference of the circle may be considered as thj 
perimeter of a regular polygon having an infinite number of, 
sides. 

192. To deduce the condition of uniform motion on a 
rough inclined plane, when the power acts parallel to the 
plane. 

Let /i be the coefficient of kinetic friction. Kesolve W 
into two components W sin a, parallel, and W cos a, per- 
pendicular, to the plane. The force of resistance to motion 
up the plane is TT sin a + /n TFcos a (Art. 144). Hence 
if the body move up the plane through a space 8 

work done by P = P s 

work done against resistance = ( >r sin o + ft W cos a ) 5 
therefore P= PF sin a + /x fFcos a. 

Olfs, — The work done by P is not in this case equal to 
the potential energy gained by the body (Fig. Art. 171). 
Part of the work done is spent in overcoming friction and 
is transformed into heat, a form of molecular energy. The 
quantity of energy so spent during the motion through the 
space 8 is ft W8 cos u. 
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193. It will be now understood that however the appli- 
cation of a force be changed by the intervention of a 
machine, in no case can more work be done against fV than 
is done by P ; and in practice as it is impossible to construct 
any machine so as to move without friction, the work 
performed is always less than the energy applied. The 
ratio of the work done by a machine to the work applied is 
called the efficiency of the machine. 

In Art. 152, the so called "mechanical advantage'* of a 
machine was defined to be the ratio of Wio P, It has 
been shown in this chapter that the advantage gained (when 
there is advantage) consists in the transformation of energy 
from a less convenient to what may be, according to cir- 
cilmstances, a more convenient kind ; so that in the same 
proportion that W is greater than P, the space through 
which P acts is greater than the space through which W is 
overcome. The principle is commonly stated thus ; what is 
gained in power is lost in speed. 

There are, however, many cases in which advantage is 
derived more from speed than power. For example, in the 
muscular mechanism of animals, levers of the third class (in 
which there cannot be mechanical advantage in the sense 
spoken of in Art. 152) are employed by Nature in turning the 
limbs about the joints. In these, and such, cases the loss in 
power is compensated for by a gain in rapidity of action, 

194. Nature op Equilibrium.— The theory of energy 
furnishes a simple test for determining whether the equili- 
brium of a body is stable, unstable, or neutral in any case. 

Suppose a body to be in equilibrium under the action of 
given moving forces, and the reactions of smooth immove« 
able surfaces, only. 

When just as much work would be done by as against the 
moving forces in any possible displacement of the body, 
which does not break the connection of its parts with one 
another, or with the frictionless constraints to which it is 
subject, the equilibrium is neutral. 

For, suppose the body to be displaced from its position of 
equilibrium, by some external agency which imparts to it 
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kinetic energy, whose amount may be as small as we please. 
Since during the displacement the whole work done on 
the body by the moving forces acting on it is zero (the 
reactions of the smooth surfaces of course do no work, 
Art. 178) the kinetic energy remains constant. If we sup- 
pose the kinetic energy of the body to be now taken away by 
some external agency, so that the motion of the body is 
stopped, the body will remain at rest in the new position 
and hence the original position is neutral. Art. 110. 

In a similar manner it may be shown, (since Ihe moving 
forces are supposed to be such that they would act equally 
and in the same directions if the motion of the body were 
reversed) that when in every small displacement (not 
infinitely small, see Art. 182) less work is done by than 
against the moving forces, the equilibrium is stable : and 
that when in any small displacement more work is done by 
than against the moving forces, the equilibrium is unstable. 
For, in the first case, the kinetic energy (supposed to be 
imparted to the body) would decrease and ultimately vanish, 
after which the body would return to, and oscillate about, 
its position of equilibrium ; but in the second case the kinetic 
energy would increase, and the body would move further away 
from its position of equilibrium. 

195. It will be understood from the above that the whole 
potential energy of the body with referenoe to all the moving 
forces must be constant for positions of neutral equilibrium ; 
that it increases when the body is displaced in any way from 
a position of stable equilibrium, and hence at such a 
position is a minimum ; and that it decreases when the 
body is displaced in any way from a position of unstable 
equilibrium, and hence at such a position is a maximum. 

It also follows from the nature of maxima and minima 
values, that, conversely, the body will be in equilibrium when 
placed in positions (without disturbing the connections of the 
parts) for which its whole potential energy is a maximum or 
a minimum. 

For, during an infinitely small displacement from such a 
position the space rate of change of the whole potential 
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enei^ is zesro, and hence the poBitioix is one of eqmlibrium. 
Art. 182. This, however, introduces a conception with 
which the student is at present not supposed to be familiar. 

196. As a particular case of the theory of the last 
article we may consider a body, or system of bodies, acted 
on only by gravity and the reactions of smooth immoveable 
surfaces. 

When the body is placed so that its centre of gravity is 
at the lowest position which it can attain by moving the 
body, consistently with the connection of its parts with one 
another and with the frictionless constraints, it is in stable 
equilibrium. When the centre of gravity is at its highest 
position the body is in unstable equilibrium ; and when the 
altitude of the centre of gravity of the body remains the 
same during any such motion of the body, any position is 
one of neutral equilibrium. 

For example, let us take the case of a uniform beam rest- 
ing between two smooth inclined planes at right angles to 
each other. Fig. Art. 139. Let G be the centre of gravity of 
the beam and C the intersection of the planes. Then it is 
evident, geometrically, that the distance CG is constant, so 
that in all displacements (in a vertical plane perpendicular 
to the line of intersection of the inclined planes) G must 
move on a circle whose centre is C. If the beam be so 
placed that G shall coincide with the highest point of this 
circle, the beam will be in a position of unstable equilibrium. 

197. Other forms op Energy. — A discussion of the 
different forms of energy is unsuited to the limits of this 
treatise; but it may be mentioned, for information, that 
matter not only possesses energy in virtue of its visible 
position with respect to force, and its visible motion, but 
also in virtue of its molecular condition and molecular 
invisible motion. 

All forms of energy may be divided into two classes-* 
visible energy and molecular energy. Matter in virtue of its 
molecular state possesses energy which may be kinetic or 
potential ; that is, it is capable of performing ^ definite 
amount of work, which can be calculated, and in many cases 
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has been expressed in foot-pounds. Heat, light, electricity, 
magnetism and chemical action are fonns of the molecular 
energy of matter. For example, the work done by a steam 
engine is derived from heat, which is a form of molecular 
kinetic energy ; this energy, again, is derived from the 
molecular potential energy of the carbon and hydrogen of the 
fuel with respect to the force of chemical affinity of the oxygen 
of the atmosphere ; and the potential energy of the fuel is 
the result of transformation in vegetables of the molecular 
kinetic energy of solar radiation. 

In speaking of machines we have supposed the whole of 
the energy applied to be transformed into work, or work and 
visible kinetic energy. This is never practically the case on 
account of friction and other resisting forces. Part of the 
applied energy is always transformed into molecular energy. 
For example, the energy required to overcome friction is 
transformed into heat, which always accompanies friction. 

It was formerly supposed that energy was absolutely lost 
against friction and other purely resisting forces. Modern 
experimental enquiries, however, have demonstrated that 
energy is as indestructible as matter ; it can neither be created 
nor destroyed, but only transformed from one form to another. 
This grand generalization of modern science is enunciated in 
the law of the conservation of energy. — The whole amount 
of energy in the universe, or in any limited system which does 
not receive energy from without, or part with it to external 
matter, is invariable. 

Examples. 

1. Calculate in foot-pounds the work done in raising a body 
whose mass is 351bs. through 6 feet vertici|lly. 

Ans. 210. 

2. What is the work done in the same case, in kinetic units 
of work, at a place where g, = 32-15? 

Ana. 6751-5. 

3. Calculate, in kinetic units of work, the work done in rais- 
ing a body whose mass is 14lbs. through a vertical height of 10 
feet, at Calcutta (g, = 30- 11 2.) 

Ans, 4495-7. 
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4. In the last example, what would be the work done in lift- 
ing the same bodj at Edinburgh (jg, ss 32-2) ? 

Ana, 4508. 

5. Show that the work done in raising a bodj whose mass is 
14lbs. through a height of 40 feet is the same as the work done 
in lifting a mass of 20Ibs. through a height of 28 feet. 

6. When bodies are raised vertically through various heights, 
show that the whole work done against gravity is equal to the 
work which would be done in lifting a mass equal to the sum of 
the masses of the bodies, from the first position of the centre of 
gravity of the system to the last. 

7. In the wheel and axle, supposing the power to be the 
weight of a body which descends, and the resistance the weight of 
a body which ascends, show that when there is uniform motion 
the altitude of the common centre of gravity remains invariable. 

8. On the same supposition, as in the last question, show that 
a similar proposition is true for the different systems of pulleys, 
and for the inclined plaice, when the power acts parallel to the 
plane. 

9. Show that the work done in dragging a body along a smooth 
inclined plane is equal to the work done in raising the body 
through the height of the plane. 

10. Prove, that the work done in dragging a body along a 
rough inclined plane is equal to the work done in dragging the 
same body along the base of the plane (supposed rough) together 
with the work done in lifting the body through the height of the 
plane. 

11. If the force required to draw a load along a level road be 
the one-fortieth part of the weight, what is the work done in 
drawing a load of 1 ton up a hill 50 feet long, which rises 3 feet 
in every 5 ? 

An8, 69440 foot-pounds. 

12. A beam, whose centre of gravity is at a given distance 
from its middle point, rests inside a smooth hemi-spherical bowl ; 
show that its .centre of gravity is vertically below the centre of 
the sphere and that the equilibrium is stable. 

13. Two unequal particles, connected by a string, support 
each other on the convex arc of a smooth vertical circle ; snow 
that the common centre of gravity is in the vertical through the 
centre of the circle, and that the equilibrium is unstable. 

M 



KINEMATICS. 



CHAPTER i: 

VELOCITY. 

1. Kinematics is the science which treats of the 
motion of geometrical figures — ^points, lines, curves, surfaces 
and solids. It inyolves the idea of time as well as space, and 
in this it differs from Geometry which is concerned with space 
notions only. 

We propose to consider only such questions in Kinematics 
as will afterwards be useful in the Kinetics of a particle, 
( and of a rigid body, when its motion may be represented 
by that of a particle) and it will be only necessary to 
investigate some simple cases of the Kinematics of a point 
and a right line. 

The motion of a point will be supposed to be regulated 
by certain given conditions, or laws, in accordance with 
which it traces out, continuously, a certain straight line (or 
lines), or a curve which is called its path or locus, and only 
caises in which the point moves in one plane will be 
considered. 

In the Kinematics of a point we have to investigate the 
rate of motion, the direction of motion and the position of 
the point at any instant ; the time occupied in passing from 
one position to another, and the geometrical nature of the 
path or locus which the point traces out. 

Oba, — In what follows the word space is used as an 
abbreviation for length of path, 

2. Velocity. — The rate at which a point is moving at 
any instant is called its velocity at that instant. When a 
point passes over equal spaces (lengths of path) in equal 
intervals of time, however large or small the intervals be taken, 

M— 2 
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its Telocity is said to be uniform, and is tlie same at every 
instant ; when this is not the case the velocity is variable. 

ThB most convenient unit of velocity, and that which is 
generally nsed, is the velocity of a point which passes over 
the unit of space uniformly in the unit of time. 

Uniform velocity is measured by the number of units of 
space passed over in the unit of time. The unit of length 
is usually taken to be a foot, and the unit of time a second, 
and velocity is thus expressed in feet per second. For 
example, with these units of length and time, the velocity 
of a point which passes over one foot uniformly in one 
second is the unit of velocity, and the velocity of a point 
which passes over 10 feet uniformly in one second is 10 
units of velocity, or a velocity of 10 feet per second. 

3. A point moves ivith a uniform velocity v over any path ; 
required to find the space s passed over in a given time t. 

By the method of measuring velocity, the number of 
units of space passed over in the unit of time is v. Hence, 
since the point moves uniformly, vt is the number of units 
of space passed over in the time t, thus— 

Cor, — Let a be the distance (measured along tK'e path) 
of the moving point, at any instant, from a fiied point on 
the path, and s the distance at the end of a time t, ihen 

« = a + vt 

where v is to be taken positive or negative according as t^ 
distance s increases or decreases with the time. 

4. In order to explain more clearly the method of measur- 
ing uniform velocity, and the reason for adopting the particular 
unit of velocity which has been chosen, we give another 
method of investigating the relation between time, space 
and velocity. 

We may define uniform velocity as a quantity which i» 
directly proportional to the space passed over in a given 
time, and inversely proportional to the time of passing over 
a given space. For, if one point, in a given time, passes 
over twice as great a space as a second point, it is said that 
the velocity of the first ia twxc« as great as that of the 
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second; and so on. Again, if the first point only takes 
half the time which the second takes to pass oyer a given 
space, we say that the Velocity of the first is also twice as 
great as that of the second ; and so on. Thus — 

V cc s when t is constant, 

and V a - when s is constant: 

t ' 

therefore, when both 8 and t vary 

V = k - 

t 

k being the constant of variation, the numerical value of 
which depends on the unit of velocity chosen, the units of 
time and space being supposed known. 

If we take for unit of velocity the velocity of a point 
which passes over the unit of space uniformly in the unit of 
time, we have v = 1 when s = 1 and t= 1, Thus ^ = 1, 
and we get the convenient equation, connecting velocity, 
referred to the above unit, with space and time, 

8 

If we make < = 1 we get i? = s; that is, v units of velocity 
are numerically equal to 8 units of space. Hence, the space 
passed over in the unit of time is a measure of the velocity 
of a point moving uniformly, and this is found to be the 
most convenient measure. 

Velocity might also be measured by the reciprocal of the 
time occupied by a point in passing over the unit of space. 

For, if we make s = 1 we get t? = - . 

5. When a point moves uniformly its velocity is con- 
stant ; that is, it is the same at every instant of the motion* 
Its numerical value may be derived from the formula 

8 

t 

where 8 is the space actually passed OTer in any given time t. 
Thus we shall obtain th« lame result whether we derir« v 
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from the space described in a million seconds, or from the 
space described in the one-millionth part of a second. The 
fraction, space passed over divided by the time of motion, 
expresses the space which would he described in a unit of 
time at the same rate, no matter how small the time be 
taken. 

6. Variable Velocity. — When a point does not move 
imiformly, its velocity is different at different instants of 
time, but it is evident, however, that at any given instant the 
point must have a definite velocity, or rate of motion, and it 
is now to be explained how this velocity is estimated. 

The velocity of a point when variable is measured at any 
instant by the velocity of a second point moving uniformly 
at the same rate which the first has at the instant under 
consideration. 

Or thus — The velocity at any instant is measured by the 
space which would be passed over in a unit of time, 
supposing the rate of motion to continue uniform and the 
same as at the instant under consideration. 

This statement is in fact nothing more than what the 
equation for uniform velocity 

8 

expresses when the velocity is derived from the space 
described in an indefinitely short time. Art. 5, during which 
time the motion may be considered uniform. 

The velocity of a point may then always be derived 
from the above equation, but when the velocity ia variable 
we must derive the velocity at any instant from the space 
passed over in an indefinitely small time reckoned from the 
instant. 

, Def. — The average velocity of a point during any time 
is the space described in that time divided by the time. 

7. iLLuaTRATioNS. — The idea of a variable rate of motion 
is more or less familiar to every one, and the scientific method 
of. measuring it, at any instant, is not different from that 
used in every day life. Suppose, for example, that we 



CHAP. I.] VELOCITY. 167 

travel in a railway carriage 30 miles between two places in 
an tour. We cannot say that the velocity of the train was 
30 miles an hour at every instant during the journey 
(although this would be the average velocity for the hour) 
since at the commencement and end of the journey the 
velocity of the train was rery much less, and at some 
intermediate periods must have been much greater, than 30 
miles an hour, or the whole 30 miles could not have been 
passed over in the hour. We estimate the velocity of the 
train at any instant by saying that it is moving at a certain 
rate just then, although before it may have been moving, 
and afterwards may move, quicker or slower. Thus when 
we say at any time that the train is moving at a rate of 
40 miles an hour, or has a velocity equal to 40, taking a 
mile and an hour as the units of space and time, we mean 
that if the train went on for an hour from that time at the 
same rate it would pass over 40 miles. Thus the velocity 
at any instant is not to - be measured by the actual space 
which is passed over in the next unit of time, but by the 
space which would be passed over if the velocity did not 
change. 

Again, when we speak of the velocity of a moving point 
being at any instant 32 feet per second, we do not mean that 
it has passed over 32 feet in the last second, nor that it will 
pass over 32 feet in the next second, but that its velocity at 
that particular instant is equal to that of a point which 
would move uniformly over 32 feet in one second. 

8. Relative Velocity. — When two points move along 
the same path the rate at which the space between them 
increases or decreases is called the relative velocity of one 
with regard to the other, estimated along their common 
path. 

When each of the points moves uniformly the relative 
velocity is evidently uniform and is measured by the increase 
or decrease of the length of path between them in the 
unit of time. Hence, obviously, the relative velocity is 
equal to the sum or difference of the absolute velocities, 
estimated along the path, according as the points move in 
opposite, directions or in the same direction. 



168 VELOCITY. [chap. I. 

Let 8 be the increase or decrease of the space between the 
points in the time t, and u the relatiye velocity ; then, as in 
Art. 3, 

Again, let a be the space between the points at aiiy instant 
and 8 the space between them at a time t. Then, when the 
space decreases 

8 = a- ut. 

The points will meet when « = which gives for the 
time of meeting 

a 
u 

When the space between the points increases 

a = a -f w^ 

The time when the points met is found by making a =* 
to be 

u 

the negative value *for the time indicating that the event 
took place before the instant from which •the time is 
reckoned. 

0h8. 1. — The relative velocity may be taken positive or 
negative according as the space between the points increases 
or decreases. 

Oh8, 2. — It is evident that the relative motion of either 
of the points with respect to the other will remain unaltered 
if we suppose one of the points to be at rest and the 
other to move with a velocity equal to their relative 
velocity. 

Oh8, 8. — The relative velocity when variable is measured 
at any instant by what would be the increment of space 
between the points in a unit of time, if for such a period it 
were to keep its value unchanged. 

9. Akoular Yelooitt. — The rate at which a straight 
line, moving in one plane, is changing its direction at any 
instant, is called its angular velocity at that instant. 
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The change of direction of the moving line may be 
measured by the angles which it makes with any fixed 
line in the plane of its motion, and angular velocity, when 
uniform and when variable, is estimated in exactly a similar 
manner to linear velocity. 

Thus, the unit of angular velocity is the angular velo- 
city of a line which describes the unit of angular space 
uniformly in the unit of time. Angular velocity, when 
uniform, is measured by the angle described in the unit of 
time, and when variable, it is measured at any instant by the 
angle which would be described in a unit of time, if for 
such a period it were to keep its value unchanged. 

Again, let a» be the angular velocity of a line, when 
'uniform^ and B the angle described in the time t Then 

Ohs. — When two straight lines move in one plane the rate at 
which the angle between them is inqreasing or decreasing at 
any instant is called the relative angular velocity of one line 
with respect to the other. Remarks and formulae similar to 
those in the last article apply in this case. It is only neces- 
sary to consider angular space instead of linear space. 

l>ef, — The angular velocity of a point with respect to any 
other point in the plane of its motion is the angular velocity 
of the line joining the points. 

10. To express the linear velocity of a point moving 
uniformly in the circumference of a circle in terms of the angu- 
lar velocity of the point with respect to the centre of the circle. 

Let 0) be the angular velocity of the radius joining the 
moving point to the centre, v the linear velocity of the point 
moving in the circumference, and a the radius of the circle. 

Then the length of the arc described in the unit of time is 
V units of length, and the corresponding angle described by 
the radius is &> units of angular measure. Hence if oi be 
expressed in circular measure 

V 

a 
or . V =<iw. 
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Ohs, — The time of a complete revolution of the point in 
the circumference is called the Periodic Time ; let its value 
be jT. Then, since 2?r is the angle, in circular measure, 
described uniformly in the time T, 

_27r 
*""" T 

Again, ^ira is the length of path described uniformly in the 
time Ty hence 

2ira 

11. If the unit of time be changed in the ratio of 1 to n, 
and the unit of space in the ratio ofl <o m, to find in what 
ratio the numerical expression for any velocity will be changed. 

Let V be the numerical expression for any velocity, and let 
it become v' when the units of time and space are changed. 

Since v of the old units of space are described in the old 
unit of time, nv of the old units of space are described in the 
new unit of time. Hence 

nv 



/^ 



m 

of the new units of space are described in the new unit of 
time. Therefore, by the method of measuring velocity, 

, nv 

m 

Therefore the required ratio is 

v' n ' 

Obs, 1. — The measure of any velocity when the units of 
time and space are changed may be calculated from the 
following proportion — 

new expression ratio of new unit of t ime to old unit 

old expression ^ ratio of new unit of space to old unit. 

Obs, 2. — The proportion of this article follows imme- 
diately from the self-evident proposition that — the numerical 
expression for any quantity is inversely proportional to the 
magnitude of the unit in terms of which the quantity is expressed. 
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For, the fraction space, divided by time is changed in the 
ratio of the unit of time to the unit of space. 

Examples. 

1. A point describes uniformly a path 1200 yards in length in 
an hour ; find its velocity in feet per second. 

Ans, 1 . 

2i. A point passes over one mile unifoimly in one hour ; find 
its Telocity in feet per second. 

Ans. --~. 

. 3. A railway. train travels at the rate of 30 miles per hour ; 
find its velocity in feet per second ? 

* Ans, 44. 

4. A railway train travels over 1 50 miles in 5 hours ; what is 
its average velocity in feet per second. 

Ans, 44. 

5. The velocity of a point at a given instant is 32 feet per 
second ; find its velocity expressed in miles per hour. 

Ans^ 21 rr-. 

6. Supposing a railway train to travel from Howrah to Delhi, 
a distance of 955 miles, in 52 hours ; what is the average velocity 
in feet per second ? 

Ans, 21 8 

7. The rate of propagation of sound in air being 1090 feet per. 
second, find after what interval the report of a cannon fired at 
Calcutta would be heard at Hooghly, the distance being 25 miles? 

Ans, 2 min. 1 sec. 

8. When a peal of thunder is heard 10 seconds after the flash 
of lightning which produced it, what is the distance of the thun- 
der cloud, supposing the passage of li<?ht to be instantaneous and 
that sound travels at the rate of 1090 feet per second ? 

Ans, 2064 miles. 

9. Supposing that light takes eight minutes and twenty 
seconds to travel from the sun to the eartli, a distance of ninety- 
two millions of miles; calculate the velocity of propagation of 
light in miles per second, 

Ans, 184,000. 
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10. Supposing the diameter of the earth at the equator to be 
7,925 miles, and that it revolves once in 23 h. 56 m. ; find the 
linear velocity of a point at the equator in feet per second. 

Ans, 1525-7. 

11. Compare the velocities of the extremities of the hands of 
a clock, the length of the hour hand being two inches, and that 
of the minute hand 3*5 inches. 

An*. 1. 

12. What is the angular velocity of the minute hand of a clock 
(1) expressed in circular measures per second, (2) in degrees per 
second ? 

1800 '10 

13. Two points move uniformly along the same path; when 
they move in the same direction their relative velocity is 5 feet 
per second, and when in opposite directions 25 feet per second • 
find the velocity of each. * 

Ans, 15; 10. 

14. The wind blowing exactly along a line of railway, two 
equally quick trains, moving in opposite directions, have the 
steam track of the one twice as long as that of the other ; com- 
pare the velocities of the trains and of the wind. 

Ans, 3:1. 

15. Two railway trains meeting are observed to be 4 seconds 
in passing each other; had they been moving in the same direc- 
tion they would have required 12 seconds; supposing the lengths 
of the trains to be 110 and 130 feet, find at what rate per hour 

^ each train is moving. 

Ans, 27I.; 13-L. 
11 ' 11 

16. Two points are at a certain instant at the extremities of 
the diameter of a circle and are moving uniformly along the 
circumference with angular velocities lo and J circular measures, 
respectively ; find when the points first meet, (1 ) when they move 
in opposite directions round the circumference, (2) when they 
move in the same direction. 

Ans, _!!_; ![L-. 

o> 0) — at 

17. Explain the second result in the last question, (1) when oi' 
18 gi-eater than w, (2) when they are equal. 
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18. If a yard be the unit of length and one minute the unit of 
time, what is the measure of a velocity of three miles per hour ? 

Ans. 88 

19. If the angular velocity of a line be *7854 circular measures 
per second, what must be the unit of ant^ular measurement in 
order that the same velocity may be represented by 90? 

Ans, a degree. 

20. A man walks with a velocity represented by 2, and he 

finds that he walks 7 miles in 2 hours ; if one foot be the unit of 

length, what is the unit of time ? 

A 30 

Ans. -- sees. 

77 



CHAPTER II. 

ACCELERATED VELOCITY, 

12. The velocity of a moving point estimated along its 
path is, as was explained in the last chapter, at any instant 
measured by the rate of change of the length of path per 
miit of time, the length of path being reckoned from some 
fixed point on the path. When the change of length of 
path in every given time is proportional to the time the 
velocity is uniform in magnitude, and when this is not the 
case the velocity is variable. 

All the circumstances of the motion of a point, along a 
given path, can in general be determined when the position 
and velocity of the point at any given instant are known 
and when either the law of change of velocity or the law 
of change of length of path is given. We shall now 
consider the simplest case of a variable velocity, namely 
when the change of velocity is uniform or constant. 

13. Uniform Accblebation. — When the velocity of a 
point increases it is said to be accelerated ; when it decreases 
retarded. If the increase or decrease of the velocity in 
every given time be proportional to the time the velocity is 
said to be uniformly accelerated or retarded, and the amount 
of increase or decrease of the velocity in the unit of time is 
called the acceleration or retardation. It is convenient to 
consider a retardation as a negative acceleration, and the 
word acceleration will be used in both senses, its quantity 
being considered positive or negative. 

Acceleration, when uniform, is measured by the actual 
increase of the velocity in the unit of time, and the unit of 
acceleration is the acceleration when a unit of velocity is 
added (or subtracted) in the unit of time. 
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Let a be the measure of a uniform acceleration, and v the 
change of velocity in the time t, then, since a is the change 
of the velocity in the nnit of time, 

When the velocity of a point changes uniformly the 
acceleration is constant ; that is, it is the same in amount at 
every instant of the motion, and its numerical value may be 
derived from the formula 

V 

where v is the velocity actually added in ant/ given time t. 
Thus we shall obtain the same result whether we derive a 
from the velocity added in a million seconds, or from the 
velocity added in the one-millionth part of a second. The 
fraction, change of velocity divided by the time of change, 
expresses the velocity which would be added in a unit of 
time at the same rate, no matter how small the time be taken. 

14. Variable Acceleration. — When the change of 
velocity is not proportional to the time of change ; that is, 
when the velocity does not change uniformly, the rate of 
change is different at different successive instants of time. 
It is clear, however, that at any given instant the velocity is 
changing at a definite rate, and this rate of change of velo> 
city is the measure of the acceleration at that instant. 

Acceleration, wh-en variable, is measured at any instant by 
the velocity which would be added in a unit of time suppos- 
ing the rate of change of velocity to continue uniform and 
the same as at the instant under consideration. 

This statement is in fact nothing more than the equation 
for uniform acceleration 

V 

a = — 

t 

expresses when the acceleration is derived from the velocity 
added in an indefinitely short time, during which time the 
rate of change of the velocity may be considered uniform. 

The acceleration may then always be derived from the 
above equation, but when the acceleration is variable we 
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must deriye it, at any instant, from the Telocity added in an 
indefinitely short time reckoned from the instant. 

Oha. 1. — The student will have observed the similarity of 
the methods of measuring velocity and acceleration. The one 
is measured by the rate of change of space per unit of time 
and the other by the rate of change of velocity per unit of time. 

Oha, 2. — Acceleration of angular velocity and acceleration 
of relative velocity (uniform and variable) are measured by 
methods exactly analogous to those which have been 
explained, and it is unnecessary to repeat definitions and 
statements which only require obvious alterations in order 
to make them applicable to the above cases.. 

Def» — The average acceleration during any time is the 
change of velocity in that time divided by the time. 

15. The velocity of a point, estimated along its path, is 
uniformly accelerated ; given the poinds velocity at any instant; 
to find its velocity at any other instant. 

Let V be the velocity of the point at the given instant, 
a the measure of the acceleration, and v the velocity at the 
end of a time t, reckoned from the instant. 

Then a t units of velocity are added in the time t, Art. 13,^ 
hence 

v=V + at. 

Ohs, — When the point's velocity is retarded, a is to be 
taken as negative. Again, if we seek the velocity of the 
point t units of time before the instant when the velocity is 
Vy t must be taken negative. 

16. A poinfs velocity, estimated along its path, is uniformly 
accelerated by an amount a per unit of time ; given the velocity 
V at any instant to find the space s passed over in the time t. 

Since the velocity increases uniformly, the velocity at any 
time before the middle of the interval t must be as much less 
than the velocity at the middle of the interval as the velocity 
at the same time after the middle of the interval is greater 
than the velocity at the middle of the interval. Hence the 
velocity at the middle of the interval t is the average velo- 
city during that interval, and is also equal to the arithmetic 
mean of the initial and final velocities. Thus, Art. 15, 
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average velocity = ^(F+F+a<), 

s 

= 1 



1 . ^ 
but average velocity _ t5 



s 



therefore 7 = F + ^a f , 

or s^Vt-h^a^, 

which equation determines the space required. 

Obs, — When the point's velocity is retarded, a is to be 
taken negative. 

17. The following is another proof of the important 
equation obtained in the last article. 

Suppose the whole time t to be divided into n equal parts. 
Then, since in each unit of time the velocity is increased 
by a, the velocities of the point at the end of the times 

t ^t t 

— > 2^, r... n-9 

from starting are, resipectively, 

F+a-, r+2a-, V-hna-. 

n n n 

Let 81 be the space which the point would describe if it 
moved during each of the equal intervals uniformly with 
the velocity which it has at the beginning of the interval ; 
and let ^2 t>e the space which the point would describe if it 
moved during each of the equal intervals with the velocity 
which it has at the end of the interval. Then, 

>.-rl-^(v^a'-)U(v^2aiy-^.. ....... 

'■ n \ n/n \ n/n 

+ (r4.(«-l)a^X-; 

.*=(r<+a^)^+(r+2«^)^+ *(^+«°D^ 

therefore 5i= Vt + a^ (1 +2 + 3 + +w-l) 

N 



n 
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52=F<+a^ (1+2+3-f- +w) 

^ <« n(n+l) ^^ a^V^ 1\ 

The space 5, actually described by the point in the whole 
time t, must eyidently lie between Si and Sq ; but by making 

n large enough - can be made less than any assigned 

quantity ;. so that 81 and Sg become more nearly equal to 
Vt + ^t^ the greater the value of n. Hence, since s must 
always lie between ^i and % we have 

18. The equations of Articles 15 and 16, 

v=^V + at.. (1) 

«=F<+ia^ (2) 

^ ■ 

are sufficient for the solution of all questions concerning the 
motion of a point whose velocity, estimated along a given 
path, is uniformly accelerated. 

Eliminating t between equations (1) and (2) (which may 
be done by squaring (1), multiplying (2) by 2a and sub- 
tracting) another important equation 

v«=F2 + 2a* (3) 

is obtained, which determines the velocity in terms of the 
initial velocity and space described. 

Obs, — The equations (1), (2) and (3), and the exact 
meanings of the symbols, should be carefully remembered. 
F is, in every case, the velocity of the point at the beginning 
of the time t, or is, in other words, the initial velocity; v is the 
velocity at the end of the time t, or, it is the velocity after 
the point has passed over p, space s; a is the acceleration, and 
may be positive or negative. When the velocity of the 
point is retarded, the negative sign must be used for a in the 
above equations. 
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19. When the point starts from rest at the commence- 
ment of the time t, that is when F« 0, the equations of the 
last article become 

v = at (1) 

s = ia«« ...: (2) 

v2 = 2aa >... (8) 

Since a is a constant quantity, the laws of the motion of a 
point starting from rest, and whose velocity is uniformly 
accelerated along the path of motion, may be expressed in 
words, thus : — 

(1). The velocity acquired in any time is proportional to 
the time* 

(2), The spaces passed over are proportional to the 
squares of the times elapsed since the commencement of the 
motion. 

(3). The spaces passed over from the commencement of 
the motion are proportional to the squares of the velocities 
acquired. 

Conversely, if a point start from rest, and if we observe 
that any of the above conditions are fulfilled, we may con- 
clude that the point's velocity is uniformly accelerated. 

Obs, — The velocity acquired by a point, which starts from 

rest, in passing over a space s, is s/2as, and is called the 
velocity due to the space s. 

20. The equation of Art. 16, and the results derived 
therefrom, might also be investigated in the following 
manner. 

A point starting from rest moves in such a manner that the 
spaces described are proportional to the squares of the times 
elapsed since the commencement of the motion ; to show that the 
poinfs velocity is uniformly accelerated, and tofjid the space 
described in any time. 

Let Si, s and s^ be the spaces described in the times t-h, 
t and t + hj where h is indefinitely small. Then, by hypo- 
thesis. 



1 
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where k ib Sk constant quantity whose value is to be deter- 
mined. From these equations we get 

«£-«! = 4:khi, 

Therefore ^^^ = 2^^. 

Now 82 - 81 is the space described in the time 2h : let v be 
the velocity of the point at the end of the time t ; then 
when h is indefinitely small, we have, Art. 6, 

2h ' 
therefore v^ikt^ 

This equation proves that the velocity is uniformly accele- 
rated, since the velocity acquired in any time is proportional 
to the time (Art. 13). Also, if a be the measure of the 
acceleration ; that is, the velocity added in the unit of time, 
we have 

a = 2k, 
and « = ^^2 J 

therefore s == -^a^, 

which is the second equation of Art. 19. 

Again, when the point does not start from rest, but has a 
velocity V at the commencement of the time t, let r be the 
time from rest up to the commencement of the time t, so that 
F==ar. Then, 

space described from rest in time r + < = ^a(r + ()«; 

99 99 99 » ' 2 ** ' » 

space described in time i = a = ^a{2rt + ««). 
Substituting for ar its value V, we have 

« ^^ F< + i a e«, 

which is the equation of Art. 16. 

Cor, — We have s = kt^ = j^L 

Hence the space described is half the product of the time 
and final velocity. 
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21. To find the space described by a pointi tchose velocity 
13 uniformly accelerated^ in the nth unit of time. 
We have, by the equation of Art. 16, 

space in n units =* » F + -^ a n* ; 

space in n-1 units = (7i-l) F + J a (n-1)^; 
therefore, by subtraction, 

space in the wth unit = F + ^ a (w* - (n - I)*) 

= F + ia(2n-l). 

When the point starts from rest at the commencement of 
the time n 

space in the wth unit =* J a (i n - 1 ). 

Cor.-— The spaces described in successive units of time 
by a point which starts from rest, and whose velocity is 
uniformly accelerated, • are proportional to the series of odd 
numbers 1, 3, 5 2n - 1. 

22. To show that the numerical expression for an acceler- 
ation varies directly as the square of the unit of time, and 
inversely as the unit of space. 

Let a be the numerical value of the acceleration when the 
units of time and space are one second and one foot respec- 
tively, and let the new units be n seconds and m feet 
respectively. 

The acceleration a is a velocity of a feet per second added 
in one second. But a velocity of a feet per second is the 

same as a velocity — (m feet) per » seconds, and this velocity 

is added in one second. Therefore in n seconds a velocity of 

n^a 

— (m feet) per n seconds is added, 

n^a 
Hence — units of velocity are added in the unit of time ; 
m ' " ' 

this is, therefore, the numerical value a' of the same acceler- 
ation when the units. are qhanged. Thus 

a_ __ n^ 
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Ohs, 1.*— We haye taken, for the sake of clearness, the 
original units of time and space to be a second 'and a foot, 
respectively. This however is^ of course, not essential ; and 
in general when the unit of time is changed in the ratio of 
1 to « and the unit of space in the ratio of 1 to m, the new 
measure for the acceleration may be calculated from the 
proportion :— 
new expression ratio squared of new unit of time to old u nit 

old expression "" ratio of new unit of space to old unit 

Ohs, 2. — ^The proposition of this article also follows 
immediately from equation (2) of Art. 18, written thus 

a = 2i 

For, as explained in Art. 11, Oha, 2, the fraction space 
divided by square of time is changed in the ratio of the square 
of the unit of time to the unit of space. See, also, the next 
article. 

23. The following is another method of arriving at iiie 
results of the last article. 

Let a be the measure of an acceleration when the units of 
time and space are, respectively, n seconds and m feet ; and 
let a' be the measure of the same acceleration when the 
units are w' seconds and m' feet. Also let <r feet be the 
space over which the acceleration of velocity would carry the 
point from rest in r seconds. 

The numbers which express the space a and the time t in 

terms of the first units are, respectively, — and—. Hence, 
since s==^ at^, 

Similarly '^'^'i « (j)*- 

Therefore — "^ V ~" / v — . 

a \n y m 

We shall now give a few examples of the application of 

the formulae of this chapter. 
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24. Ex. 1. — A point has its velocity, along its path, 
uniformly retarded ; to find when and where it will come to 
rest. 

We must give a the negative sign in the equation of 
Art. 15, and when the point's velocity is zero, we get 

v^O^V-at. 



Hence 




t = 


V 

a. 




gives the time when the 


point 


** 

comes to rest. 


Again 


v^ 


=-.0 = 


F^- 


2 as. 


Hence 




« = 


Y2 
2a 





determines the place where the point comes to rest, s being 
measured from the position of the point when < = 0. 

Cor. — When the point comes to rest, the retardation of 
velocity becomes an acceleration from rest in the opposite 
direction, and the point will return to its original position 
in a time found from the equation 

2a 



* = 4-=ia«^ 



V 

from which ^ = — . 

a 

Hence, the times of moving to the greatest distance from 
a given point and then returning to the original position are 
equal. In other words, the whole time which elapses until 
the return of the point to its original position is twice the 
time of arriving at the greatest distance. 

Obs. — When the point's velocity is uniformly accelerated 
a is positive and the supposition v = gives 

_ V _ V^ 
t ^; s 2a- 

The first result gives the time, before the instant from which 
the time is reckoned, when the point was at rest; the 
second gives the space passed over from rest up to the 
position of the point at the instant from which we reckon. 
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25. Ex. 2. — A point starts with a given velocity V from 
a point 0, and its velocity is uniformly retarded along it» 
path ; to find the time when the point passes through a given 
point A on its path, and to discuss the different cases which 
may arise. 

Let the distance, measured along the path, from to A 
be a ; then making « = a in the general equation 

we get, to determine the time of arriving at A, the quadratic 

a<«-2F« + 2a = 0. 

As this equation gives in general two values for t, the point 
will twice pass through A, if the roots are real and positive. 

The roots of the above equation will be real when 
V^ > 2aa, and they must then be both positive, since the 
coefficient of the second term is negative and the coefficients 
of the other terms positive. 

When, however, F^ = 2aa, the values of t are equal, and 
the moving point will just arrive at -4. 

When F* < 2aa the roots of the equation are impossible, 
and the point will, hence, never arrive at A, 

In the first case the values of t are 



FiF'/F»-2aa 
a 

The smaller value gives the time when the point first 

arrives at A^ and the greater value gives the time when the 

point again passes through A, when it is returning to the 

origin 0. 

F 
In the second case the value of t is~, and this is the 

a 

time of arriving at the greatest distance. (See also Art. 24. ) 

2F 
The point will return to the origin in the time — 

which may be got by making s » in the general equation. 
( See also Art. 24 Cor, ) 

Ohs, 1.-— We may also deduce in a different manner the 
values of t when the point passes through A. 
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Let B be the point on the path at which the moying 
point comes to rest, Jp.nd let OB == h» . Then, as in Art. 24, 

V , Fa 



time through OB = — ; A « 



a 



2a 



When a<h; that is, when F*>2aa the moving point, 
having passed through A^ will come to rest at B; after this 
the retardation )[)ecomes an acceleration from rest towards 
the origin O. 

The time from J. to JB is, by Art. 24 Cor., equal to the 
time from J5 to J., and may be found by substituting for h 
its value (given above) in th equation 

Adding and substracting the value of t from this equation 
to the time through OB, we get the same results as before. 

Obs. 2. — In the following examples, whenever the units of 
space and time are not expressed, they are to be taken as 
one foot and one second, respectively. 

Examples. 

1. A point*s velocity is uniformly accelerated by an amount 5 ; 
find the time of acquiring a velocity 20, (1) when the point starts 
from rest, (2) when the initial velocity is 5. 

Ans. 4 sees ; 3 sees. 

2. A point starts with a velocity 12 and acquires a velocity 52 
in 4 seconds, find the acceleration supposing it to be uniform. 

Ans. 10. 

3. A point has, at a given instant, a velocity 96, and its velocity 
is retarded by an amount 32 ; find when it will come to rest. 

Ans, 3 sees. 

4. Find the space described, by a point whose velocity is acce- 
lerated by an amount 32*2, in 3 seconds, (1) when the point starts 
from rest, (2) when the initial velocity is 10. 

Ans. 1449 ; 174-9. 

5. A point passes over 18 feet in 2 seconds, the initial velocity 
being 1^; fipd the acceleration, supposing it to be uniform. 

Ans, -6. 
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6. If the initial velocity be 15 and tbe acceleration - 6 ; find 
the time of describing 6 yards, (See Art. 25.) 

Ans, 2 sees. 

7. A point starts with a velocity 10, and having passed over 3 
feet its velocity is 8 ; find the acceleration. 

Ans, - 6. 

8. A point) whose velocity is retarded by an amount 32, has 
at starting a velocity 80 ; find the space it will pass over before it 
comes to rest. 

Ans. 100 ft. 

9. If the acceleration be 300 yards per minute, over what space 
must a point, starting from rest, pass so as to acquire a velocity 
of 30 feet per second? 

Ans. 1,800 ft. 

10. A point whose velocity is uniformly accelerated by an 
amount a has initially a velocity V; if v be the velocity and s the 
space described at the end of the time t, prove that 

v-V _ 2 a _ , 
a V + V 

11. If a velocity of 30 miles an hour be the unit of velocity, 
and a mile be the unit of space; find the number which represents 
an acceleration 32 feet per second. 

Ans. 87-27. 

12. An acceleration is represented by 32*2 when the units of 
time and space are one second and one foot; find what number 
will represent the same acceleration when the units of time and 
space are one minute and one mile. 

* Ans. 21*95. 

13. If one foot be the unit of length, and the acceleration 32-2 
feet per second the imit of acceleration, what is the unit of time ? 

Ans. 01 7 sees. 

14. A point describes 75 feet from rest and, with a uniform 
ncceleration 8, acquires a velocity 20 in 5 seconds ; what are the 

units of time and space P 

Ans. 2 sees ; 3 feet. 

15. A point has its velocity uniformly accelerated by an amount 
a; if u be the arithmetic mean of the first and last velocities, in 
j)assing over any portion h of the path, and if w be the velocity 
gained, prove that uu =. ah* 
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16. A point moving in a line has Telocities Vp v., v, at 

the end of equal intervals of time ; in what case is the acceleration 
uniform, and what then is its measure? 

An$, v„ v^ V, must be in A. P., the accelera- 
tion being the ratio of the common difference to the 
length of interval. 

17. A point moves over 7 feet in the first second of time during 

which it is observed, and over 11 and 17 feet in the third and 

sixth seconds, respectively : prove that the acceleration is con- 

stant, and find its value. 

An9. 2. 

18. A point describes in successive intervals of 4 seconds the 
spaces 24 and 64 feet; determine the acceleration, and the 
velocity at the commencement of the first interval. 

Am, F = 1 ; a = 2-5. 

19. ■ A point moves round a closed curve with uniformly acce- 
lerated velocity; in the mth nth and pih seconds it describes 
ar, y, z circuits, respectively, prove that 

X (n - j>) +y(p-»») +2r(i}i-n)=s0 

20. If a point, whose velocity is uniformly accelerated in a right 
line, start from rest and describe a feet in the mth second 
reckoned from the commencement of the motion ; find the space 

described in the xth second, 

. 2ar - 1 

Ans, -zr r a. 

2m - 1 

21. If a point, whose velocity is uniformly accelerated in a 
right line, describe a feet and b feet in the mth and nth seconds, 
respectively ; find the space described in the orth second, the 
initial velocity being F. 

m — n ^ 

22. A point, whose velocity is uniformly accelerated in a right 
line, starts firora rest and describes a feet in the mth second and 
h feet in the nth second ; show that the space described in the 
(m + n)th second is 

- a-h 

^ + * + 'o-TZ^ — TT* 
2 {m — n) 

23. A point A starts from a given point and moves in a right line 
with uniform acceleration a. If n seconds after A has started a 
second point B starts from the same noint, moving with uniform 
velocity F, and overtakes A^ show that F cannot be less than 
2a n, and prove that if F be greater than this the points will pass 
euch other twice. 



CHAPTER III. 

KIKEMATICAL PEINCIPLES AND METHODS. 

.26. In tlie last two chapters we considered the amount 
of velocity of a moving point, and the rate of change of the 
amount of velocity (acceleration of velocity estimated along 
the path of motion), but nothing was said respecting the 
direction of motion at any instant, which changes continually 
when the point does not move in a straight line. 

When a point moves along any path, the direction of its 
velocity at any instant is the direction in which the point is 
moving at that instant, and is the tangent to the path drawn 
at the position which the point occupies at the instant. 
Hence, when a point moves in a straight line, and not 
otherwise, the direction of its velocity is uniform, or constant; 
and the velocity of a point is to be considered uniform, only, 
when it is uniform in magnitude and constant in direction ; 
that is, when the point describes a right line uniformly. 

27. Geometrical Eepresentations. — When the velocity 
of a point is uniform (in magnitude and direction), it may 
be represented at any instant, geometrically, by the portion 
of the straight line which would actually be described by 
the point in the next unit of time. This portion contains 
as many units of length as the amount of the velocity 
contains units of velocity (Art. 2). 

When the velocity of a point is variable (in magnitude, or 
in direction, or in both), it may be represented at any instant, 
geometrically, by the portion of the straight line which would 
be described by the point in the next unit of time, supposing 
the velocity of the point were to continue uniform (in 
magnitude and direction) during the unit of time and the 
same as at the instant under consideration. 

When a point moves in a straight line, the acceleration of 
its velocity at any instant is measured by the velocity which 
would be added m the next unit of time, supposing the 
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acceleration were to continue unifofm for that unit of time, 
and the same as at the instant under consideration. Hence, 
the acceleration may be represented at any instant by that 
portion of the line of motion, measured from the point's 
position which represents the velocity which woijld be added 
(at the same rate) in the next unit of time. This line will 
contain as many units of length as the acceleration at the 
instant contains units of acceleration. 

When a point moves in a curve, the acceleration of the 
magnitude of its velocity may be similarly represented at 
any instant by a portion of the line of motion, at that 
instant, measured from the point and containing as many 
units of length as the acceleration of the amount of velocity 
contains units of acceleration. It will be explained, however, 
further on, that when a point moves in a curve, the 
acceleration of the amount of velocity is not the whole 
acceleration of velocity, 

Ohs. 1. — The student should be careful not to fall into 
the error of supposing the portion of a line which represents 
an acceleration to be the space which umild be described by 
the point in the unit of time* In no case is this true ; in 
fact, if the point were to start from rest and move in a right 
line with uniformly accelerated velocity, the space described 
in the first unit of time would, by equation (2) of Art. 19, 
be half the length of the line which would represent the 
acceleration at the commencement of the motion. 

Obs. 2. — ^The velocity of a point may be represOTited in 
amount and direction, but not in situation, by a line drawn 
through antf given point parallel to the line of motion, and 
containing as many units of length as the velocity contains 
units of v^ocity. Again, instead of taking the unit of 
length to represent the unit of velocity, we may take any 
convenient multiple or sub-multiple of the unit of length to 
represent the unit of velocity. Similar remarks apply to 
acceleration of velocity. 

Ob$, 3.— ^As there are two opposite directions of motion 
along a line, an arrow-head on the line whi(^ represents a 
velocity, or acceleration, may be conveniently used to indicate 
which direction is intended to be represented. 
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28. _ Component Velocities. — Let i> be a point moving 
in any man- 
ner along 
any path in 
one plane, 
and let xx 
and yy' be 
any two 
fixed lines 
in the plane 
intersecting 
at 0. 

From D 
let lines DiV 
and DM be 

drawn parallel to Ox and Oy, respectively, and as D moves, 
let these lines be snpposed to move so as always to continue 
parallel to Ox and Oy, Then as D moves, M moves along 
Ox^ and N along Oy, and, instead of studying the motion of 
D directly, it is often more convenient to study the motions 
of M and iST, and from their motions and positions at any 
time, to infer the actual motion of D and its position. See 
also StaticSj Art. 80. 

The rate at which M is moving along Ox at any instant ; 
that is, the rate at which the co-ordinate OM is changing, is 
called the component of the velocity of the point parallel to 
Ox; SO the rate at which iV is moving at the instant is called 
the component velocity parallel to Oy, The component 
velocities (when uniform and when variable) are to be 
measured in the usual manner. 

The rates at which the component velocities are changing 
at any instant are called the components of the acceleration 
of the point's velocity. These component accelerations 
of velocity (when uniform and when variable) are to be 
measured in the usual manner. 

Ohs, 1 . — We may otherwise consider the circumstanc es of the 
motion of the moving point to be determined by the motion 
of an indefinite line DM, which moves parallel to Oy, and the 
motion of a point Z> which moves along the moving line MD. 
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Ohs. 2. — When a point moves in any manner, not 
necessarily in one plane, its position is to be referred to 
three planes which determine by their intersections three 
lines meeting in a point, Statics y Art. 80. Thus in the 
diagram. Statics, Art. 61, the rates at which the co-ordinates 
a?, y, z oi D change are the components of the velocity of 
D parallel to Ox, Oy and Oz, and the rates at which the 
componet velocities change are the components of the 
acceleration of velocity, 

29. Rectangular Resolutions. — When the angle 
between the given directions is a right angle, the component 
velocities may be defined indepeTtdently of each other, and 
the same is true for the component accelerations of velocity. 
In this case the angle xOy is a right angle ( Fig. Art. 28 ), 
and DM and DN are perpendiculars on Ox and Oy, 
respectively. Thus--^ 

The resolved velocity of a point parallel to a given 
direction is the velocity of the foot of the perpendicular 
drawn from the point on the given direction. 

The resolved acceleration of a point's velocity parallel to 
a given direction is the acceleration of the velocity of the 
foot of the perpendicular drawn from the point on the given 
direction. 

Ohs, l.-^-The terms resolved velocity and resolved acce^ 
leration will be used only in the sense above ex-» 
plained. 

Ohs. 2.— 'When the co-ordinates of a point are given at 
any instant, the position of the point is known. It is now to 
be explained how, from the direction and magnitude of the 
velocity of a point at any instant, the component velocities 
are to be inferred, and, conversely, how the magnitude 
and direction of a point's velocity can be determined at 
any instant when the point's component velocities are 
known. 

80. When a poinfs velocity is uniform (in magnitude and 
direction) its compon£nt velocities parallel to any two fixed 
directions are uniform. 
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In this case the point moves along a straight line 
nniformly. Let AP be aportion 
of this straight line, A being 
the position of the point at any 
instant, and P its position at 
the end of a time t reckoned 
from that instant. 

Through A and P draw 
parallels to the fixed lines Ox 
and Oy, Then AB = Mm and o 
AG^Nn are the increments ^ 

of the co-ordinates of the point in the time f, and it is 
required to show that these increments are proportional to 
the time t. 

Now as the point P moves along the line AP while the 
line P£m moves so as always to be parallel to Oy, the 
triangle ABP remains equiangular, and therefore sinular to 
itself. Hence, the ratio of AB to AP is constant ; but, if 
V be the constant velocity of P, we have AP = vt. There- 
fore ABj or Mm, is proportional to vt; that is, to t. 
Similarly it may be shown that AC, or iV», is proportional 
to t. Hence, the component velocities of P are uniform. 

(7or. 1. — If we take the time « = 1, AP will represent the 
velocity of the point in magnitude and direction (Art, 27), 
and the sides AB and AG of the parallelogram ABPC will 
represent the component velocities. 

Cor, 2. — When a point's velocity is variable it ia repre- 
sented at any instant by the line AP, drawn from its 
position, which would be described, supposing the velocity 
were to remain unchanged in magnitude and direction for 
the xinit of time. Hence, the sides AB and AG of the 
parallelogram ABPG will represent the component velocities 
of the point at the instant under consideration. 

Qhs, — It might be shown, as in this article, that, con- 
versely, when the component velocities of a point are 
uniform, the point's actual velocity is uniform ; that is, that 
the point describes a right line uniformly. This, however, 
will be shown in the next article under a somewhat different 
statement. 
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81. Parallelogram op Velocities. — If the components 
of the velocity of a point parallel to two given directions he 
represented by straight Unes drawn from the position of the 
point at any instant, the actiial velocity of the point will be 
represented in magnitude and direction by that diagonal of 
the parallelogram constructed upon these lines, which passes 
through the point. 

First/ suppose the compo- 
nent velocities to be,uniform. 

Let be the position of 
the point at the instant under 
consideration. Draw OA and 
OB parallel to the given 
directions and representing 
the component velocities of 
the point. Complete the parallelogram OACB, 

Let P be the position of the point at any other instant. 
Draw PN and PM parallel to the given directions, and 
therefore parallel to OA and OB, respectively. Then, as 
P moves the rates at which OM and ON increase are equal 
to the component velocities of P parallel to the given 
directions. Hence, by hypothesis, OM and ON increase 
uniformly with the time, and at the end of a unit of time 
are equal to OA and OB, respectively. 

Hence during the motion, always, 

OM OA 

ON^ ob; 

Therefore, 'by Eucli4> VI, 26, the parallelograms OMPN and 
OAOB are about the same diagonal 00, 

Again, as P moves, OP has to OM the constant ratio of 
OG to OA ; but OM increases in proportion to the time ; 
therefore OP increases in proportion to the time, and at the 
end of the unit of time is equal to OG. 

Therefore P describes the line OG uniformly in the unit 
of time ; hence, OG represents in magnitude and direction 
the actual velocity of P. 

When the component velocities are variable, OA represents 
the space which would be described by M in the unit of 
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time if the velocity of M wore to remain micKaiiged for 
that unit of time, and the same as at the instant i^hen M 
coincided with 0. So OB represents the space which would 
be described by N ; and hence, as before, 0(7 represents the 
space which would be described by P in the unit of time if 
its velocity were to remain unchanged, and the same as when 
P coincided with ; which proves the proposition. 

Obs, 1. — We have supposed the lines which represent the 
components of the point's velocity to.be drawn from the 
position of the point. They may, however, be drawn from 
any given point, and then the diagonal of the parallelogram 
will represent the actual velocity of the point in magnitude 
and direction, but not in situation. Again, it is not necessary 
to take OA and OB equal to the increments (or what would 
be the increments) of the co-ordinates of P in the nnit 
of time. It will be sufficient if OA and OB be taken 
proportional to those increments, and then OC will be 
proportional to the actual velocity; that is, will represent 
it on the same scale that OA and OB re{n*esent the 
component velocities. 

Oha. 2.— The actual velocity of a point is called th^ 
resulixint velocity, with reference to its component velocities. 

Oh9. 3.— Similarly it may be shown, when the velocity 
of a point is referred to three directions meeting at a point, 
but not lying in the same plane, that the diagonal of the 
parallelepiped constructed on liie lines representing the 
component velocities represents the resultant velocity in 
magnitude and direction. See also Statics , Art. 61. 

32. Chahge op Velocity. — ^From any point 0, let OA 
be drawn, representing the 
velocity of a moving point 
in magnitude and direction 
(not in situation), and let 
00 he drawn to represent 
the velocity of the same 
point after the end of an 
interval of time U Join 
AC, and complete the 
parallelogram OACB* 
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Then the Telocity of the point at the end of the interval 
is equiyalent to component velocities represented by OA and 
OB. But if the velocity of the point had not changed in the 
interval, it would have been represented by OA at the end of 
the interval. Hence OB, or AC, represents in magnitude 
and direction the change of velocity in the interval t 

Instead of representing the velocities at the commence- 
ment and end of the interval by OA and 0(7, we may 
represent them by their component velocities parallel to 
Ox and Oy, and it immediately appears from the diagram 
that ^C is the diagonal of the parallelogram constructed on 
lines drawn through A representing the changes of the 
component velocities. So OB is the diagonal of the 
parallelogram constructed on lines drawn through O repre- 
senting the changes of the component velocities. 

When a point moves in a right line, the change of velocity 
is in the direction of motion, and is simply the increase or 
decrease of the amount of velocity in the given interval of 
time. This simple case is also included in the construction 
given above, 00 being then measured along the same line 
as OA, and A C will represent the change of velocity. 

Obs, — Change of velocity, whether arising from change 
in the amount of velocity, or from change in the direction 
of velocity, or from both, is to be understood in the sense 
here explained. 

33. Accelerated Yelocity. — It follows from Arts. 30 
and 31, that the component velocities of a point parallel to 
any -two fixed directions are uniform when the point's 
velocity is uniform in magnitude and direction (that is 
when the point describes a straight line uniformly), and not 
otherwise. It also follows from the construction of the last 
article that the velocity of a point changes except in the 
case when the point moves uniformly in a right line. 

Acceleration of velocity at any instant is defined in 
general as the rate of change of velocity at that instant, 
whether arising from a change in the amount of velocity, or 
from a change in the direction of velocity, or from both ; 
and the direction of acceleration at any instant is the 
direction in which the velocity ii changing at that r ^ 
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Hence, the acceleration of velocity at any instant may be 
represented in magnitude and direction by the line which 
represents the change of Telocity which would take place in 
the next unit of time, if the rate of change were to continue 
uniform in amount and constant in direction for that unit of 
time, and the same as at the instant imder consideration. 

34. Parallelogram op Accelerations. — If the ac- 
celerations of the component velocities of a point parallel 
to any two given directions he represented at any instant by 
straight lines dratvn from any point, the actual, or resultant, 
acceleration of the poinfs velocity will be represented by 
the diagonal of the parallelogram constructed on these lines 
which passes through the point. 

For, the component accelerations of velocity are measured 
by what would be the changes of the component velocities in 
the next unit of time, supposing that the rates of change 
were to continue uniform for that unit of time and the same 
as at the instant under consideration. 

Hence, the diagonal of the parallelogram represents in 
magnitude and direction (not in situation) what would be 
the resultant change of velocity in the next unit of time, if 
the change were to continue uniform in rate and constant in 
direction for that unit of time ; that is, it represents the 
resultant acceleration. 

Obs. — The resultant acceleration of velocity is thus to be 
found from the component accelerations in the same manner 
that the resultant velocity is found from its components, and 
the formulae which we shall now give for determining the 
resultant velocity from its components and vice versa may 
be made applicable to the case of accelerations by merely, 
changing the symbols which stand for velocities into 
symbols for accelerations. 

85. , Given the component velocities Vj and y^ of a point 
at any instant, parallel to any two given directions inclined 
at an angle 6 ; required to determine the resultant velocity 
T ar^ the angles which it makes with the given directions. 

Draw OA and OB (Fig. Art. 31) parallel to the given 
directions and representing the component velocities Vi 
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and t?2, respectiyely, at any instant. Complete the paral- 
lelogram OACB ; then OC represents v in magnitude and 
direction. 

We have, angle AOB =» d ; let angle AOG = a; angle 
BOC^P. Then 

OA ^AC ^ OC 

t?l "" Vs "~ V * 



Therefore . ^ — . — -, — -. 

sm /3 sin a sm $ 

Also OC^^ OA^ -^ AC^ + 20A'AG cos 0. 

Therefore r* = v^^ + v^^ + 2i?i r^ cos 0, 

These equations are sufficient to determine the resultant 
velocity and the angle which it makes with a given direction 
at any instant. 

Obs. — The sides of the triangle OAC (or OBC) represent 
the resultant velocity and its components ; two of the angles 
are equal to the angles which the direction of the velocity 
makes with the given directions, and the third angle is 
the angle between the given directions. Hence, when any 
three of the six quantities (except the three angles) are 
given, the remaining quantities can be found by the rules 
of Trigonometry. 

36. Kbsolved Components. — The case when the angle 
between the given directions is a right angle, deserved special 
notice (Art. 29). We may deduce the formula in this case 
from those in the last article by making d =?= 90® and 
sin/3 = coso. Or, they may be deduced directly from the 
diagram. Art. 31, when the angle AOB is taken as a right 
angle. Thus 

Vi = v cos a ; Vg = v sin a. 

Therefore tan a ^ — ; 

and v^ = Vi* + v^^. 

These equations determine the resultant velocity and the 
angle which its direction makes with a given direction at 
any instant. 
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Cor. 1,— The resolyed velocity (or Acceleration of velocity) 
of a point parallel to a given direction is found by mnltiply^ 
ing the velocity (or acceleration of velocity) by the cosine 
of the angle whidi its direction mltkes with the given 
direction. 

Cor, 2. — When the velocity (or acceleration of velocity) 
is represented by a line, the resolved velocity (or accelera- 
tion of velocity) is represented by iihQ projection of the line 
on the given direction. 

Cor, 3. — Hence, it may be immediately shown geometri- 
cally, by projecting the sides and diagonal of a parallelo- 
gram on any given direction, that the resolved part of a 
velocity (or of an acceleration of velocity) in any direction, 
is equal to the sum of the resolved parts of its components 
in the same direction. This is otherwise evident, since the 
velocity (or acceleration of velocity) of a point is com- 
pletely represented by its components. 

d7. A point moves in a circle with umform velocity; to 
determine the amount and direction of its acceleration of 
velocity at any instant. 

Let P be the position of the 
point in the circle at any instant, 
and let Q be its position at the 
end of a time t. 

From the centre of the 
circle draw OA and OC repre- 
senting in magnitude and direc- 
tion the point's velocity when at 
F and at Q, respectively. Then 
OA is parallel to the tangent 
at P, and OC is parallel to the 
tangent at Q ; also, since the velocity is constant in 
magnitude, OA is equal to. OC. 

Now, by Art. 32, A C represents the change of the point's 
velocity, in magnitude . and direction, in the time ^, and, as 
the triangles AOC and POQ, are evidently similar, we have 

AC_PQ 
AO FO 
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Therefore V=i?> "T' 

But when the time t is taken indefinitely small, — ^that is, 
when Q is indefinitely near to P, — the chord PQ becomes an 
indefinitely small arc of the circle, and AC represents the 
change of velocity in an indefinitely small time t Hence, 
if V be the amount of velocity in the circle, and a the 
amount of acceleration of "velocity at P, we have, by Arts. 6 
and 14, 

AC PQ 

Making these substitutions and writing for AG and PO 
their values v and r, respectively, we have 

_v v^ 

""" r r ' 

To determine the direction of the acceleration of velocity 
at P, it is to be observed that AC is always perpendicular 
to the direction of the chord PQ, Now when Q is inde- 
finitely near to P, the direction of the chord PQ coincides 
with that of the tangent PT. Hence, ultimately AC 
becomes parallel to the radius PO. Therefore the direction 
of the acceleration of velocity, at any instant, is along the 
radius and towards the centre of the circle. 

Hence, when the amount of velocity of a point moving 
in a circle is constant, the acceleration of velocity is, at any 
instant, directed towards the centre of the circle ; it is 
constant in amount ; directly proportional to the square of the 
velocity, and inversely proportional to the radius of the circle. 

Cor. — When the angular velocity is given, we have 
(Art. 10) 

When the periodic time is given, 

4ir»r 

,« ma * 

These equivalent expressions for the amount of aoceleration 
are often useful. 



^ 
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Obs. — If from any point a line OA be drawn representing 
in magnitude and direction the velocity of a moving point 
P at every instant, the curve traced out by the extremity A 
of the line is called the hodograph of the path which P 
describes. It may be easily shown, as in this article, that, 
in general, the velocity of the point A in the hodograph 
represents in magnitude and direction at any instant the 
acceleration of the velocity of F at the same instant in the 
original path. 

The hodograph was so named by its inventor, the Tate Sir 
W. R. Hamilton, Professor of Astronomy in the University 
of Dublin. 

38. Curvature. — When a point moves in a curve, the 
direction of motion, which is the direction of the tangent 
drawn to the path at the point, continually changes. The 
rate of change of the direction of the tangent at any point 
per unit of length of the curve is called the curvature at 
that point. 

When the tangent turns through equal angles, while the 
moving point describes equal arcs along the path, the 
curvature is said to be uniform. This is the case when a 
point moves in a circle. For, the angle between the 
tangents drawn at P and Q (diagram, Art. 87) is equal to 
the angle POQ at the centre, and equal angles at the centre 
subtend equal arcs. 

In the case when the curvature is uniform, — that is, when 
the path is a circle, — ^let 6 be the angle, in circular measure, 
through which the tangent turns while the point describes 
any arc 8, however large or small. Then (diagram, Art. 37) 
angle POQ = 0, atd arc PQ = s. Thus ' ' 

Curvature = — = — . 
s r 

The uniform curvature of a circle is thus measured by the 
reciprocal of its radius. 

When the path is not a circle, the curvature is variable, 
but it may be measured, on similar principles to those 
explained in Arts. 6 and 14, by the above equation, when 
is the angle described by the tangent while the point 
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describes an indefinitely small arc s, throngh which the 
curvature may be considered nniform. 

The curvature at any point of a curve is thus measured 
by the curvature of the circle an indefinitely small arc of 
which coincides with an indefinitely small arc of the curve 
at the point. This circle is called the circle of curvature y 
at the point, and its radius is called the radius of curvature. 

89. When a point moves in any manner along any 
curve we may consider, independently , the resolved com- 
ponents of its acceleration of velocity at any instant along 
the tangent, Mid perpendicular to the tangent ; that is, in 
the direction of the normal at the point. The acceleration 
of velocity along the tangent is the acceleration of the 
amoimt of velocity, and may be calculated, when the 
circumstances are given, by the methods already explained. 
The acceleration along the normal, which is due to the 
change of direction of velocity only, is equal to the accelera- 
tion of a point moving in the circle of curvature at the 
point with a uniform velocity equal to the velocity of the 
point at the instant under consideration. 

The resultant of these resolved components, which is the 
actual acceleration of the point's velocity, can be found by 
the methods already described. 

40. The following analytical proof of the important 
results of Art. 37 will be useful to the student as an example 
of general principles and methods. 

We shall estimate the 
component Velocities of 
the point parallel to 
rectangular directions 
Ox and Oy through the 
centre of the circle. 

Let F be the position. ^ 
of the moving point at 
the end of any time 
t, reckoned from the 
instant when P was. 
on Ox; Vi and Vg its' 
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refiolred relocittes parallel to Ox and Oy respectively, and 
let i»f be the angular velocity of the point round the centre 
of the circle, so that v^r w ( Art, 10). Also, let angle 
POA=^e, so that (? = « t (Art. 9). 

Now the resolved components of the velocity of P are 
found by multiplying v by the cosines of the angles, which 
the tangent at F makes with lines through P parallel to 
Ox and O2/. Thus 

Vi ?= - © sin 5 ~ - V sin «^ ; 

Vg == v cos 6 « p cos uty 

t>i being negative, because as the time increases OM 
decreases. From these equations we have to find the rates 
at which the resolved velocities change with the time. 

Suppose that t increases to i + A, where h is indefinitely 
small, and that Vi is thus changed into u^. Then 

Ui — "V 8m kt(t + h) 

= - r (sin (at + huf cos «<), 

because h is indefinitely small, and therefore we may take 
cosijjh =s 1 and sina>A = tah, ta being in circular measure. 
By subtraction we get 

^x " ^1 = "• ^<^v cos ut. 

Therefore — 7 — =-6it;coswi== cos Q, 

h r 

But Ui - Vi is the change of the resolved velocity parallel 
to Ox in the time h, and therefore ^ , — is the resolved 

acceleration, when the time h is indefinitely small. Hence, 
if a be the resolved acceleration of velocity parallel to Ox, 
we have 

ai =« - — COS d, 

T 

Similarly it may be shown, if a 3 be the resolved acceleration 
parallel to Oy, that 

ttjj = - r- sm ^, 

T 
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Let a be the resoltaiit acceleration and ^ the angle which 
its direction makes with Ox, Then (Art. 36), 

« =* — J tan ^ «= tan 6. 

The second of these equations shows that the acceleration 
of the poiht's velocity is at any instant directed towards 
the centre of the circle, 

41. Harmonic Motion.— When a point P moyes uni- 
formly round a circle (Fig., Art. 40), the foot M of the 
perpendicular drawn from P on a fixed diameter AC oi the 
circle is said to execute a simple harmonic motion. 

As P moves from A round the circle, in the direction 
ABGj M passes from A through O to C and then back 
from C through to A. The time which elapses from 
any instant until M moves again in the same direction 
through the same position is called the time of a complete 
oscillation, or the period of the harmonic motion, and is 
evidently the same as the periodic time of the point P in 
the circle. The range 0-4, or OC, on either side of the 
middle point of the course is called the amplitude. 

By definition, Art. 29, the velocity and acceleration of 
velocity of M are the same at any instant as the resolved 
velocity and resolved acceleration of velocity of the point P 
in the auxiliary circle. Thus at A and at G the velocity of 
M is zero, and at O its velocity is the same as the velocity 
of the point P on the auxiliary circle. 

The acceleration of the velocity of Jf is always directed 
towards ; let a^ be its value, at any instant, when OM^ x. 
Thus 

»» t;3 X 

ai =«= - -cos 6 « ^ • 

r r r 

The negative sign indicating that the acceleration of velocity 
is towards O, and is therefore a retardation of velocity in 
the positive direction. 

Let the constant quantity — = fi 
Then oi«» — ua 
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Hence, when a point executes a simple harmonic motion, 
the acceleration of its velocity is directly proportional to 
the distance from the middle point of the path. 

fjL is the acceleration of velocity at the unit of distance, 
and is also called the absolute acceleration. 

Conversely, when a point moves in a right line in such a 
manner that its acceleration is always directed to a fixed 
point on the line, and proportional to the distance from the 
fixed point, the moving point executes a simple harmonic 
motion. 

To find the period of the harmonic motion, since it is the 
same as the period T in the auxiliary circle, we have 

v^ _^ 

^~' j,2 ~" 2^2' 

Therefore T = ^. 

The period of a simple harmonic motion thus depends on 
the acceleration of velocity at the unit of distance, but is 
independent of the amplitude. 

Obs. — The name " simple harmonic motion" is given from 
the fact that the simple vibrations of sounding bodies are 
of the nature here described. The reader who wishes for 
further information on this subject (and on all such subjects) 
is recommended to consult Sir W. Thomson and Professor 
Tait's treatise on Natural Philosophy. 

42. Eel ATI VB Motion. — Let ^ be a point moving in 
any manner in a plane (Fig.j Art. 30), and suppose a second 
point F also to move in any manner in the same plane. 
Then as A and F move M, and m also move along Oxy and 
the distance Mm will in general change with the time; 
likewise Nn will change with the time; 

If we supposed A to be at rest and Mm and Nn to 
change as they actually do change with the time, the curve 
which would thus be described by P is called the relative 
path of F with respect to A, Or, we may define the 
relative path of F about A to be the curve which would be 
described by P if ^ were at rest ^d if AF were to change 
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in magnitude and direction as it actnia.lly does change when 
both points are in motion, the change of direction of AP 
being measured hj the angles which it makes with some 
fixed direction. For example, if the length AP remained 
constant while A and P moved, but while the direction 
of the line AP varied, the relative path of P about A 
would be a circle (or a portion of a circle) and this circle 
would be described by P round -4, if ^ were to remain 
at rest and Mm and Nn to change with the time, as they 
actually do change, so as to preserve the distance AP 
constant. 

The velocity of a point moving in the relative path, as P 
would move under the supposed circumstances, is the relative 
velocity of P with respect to A, and the acceleration of the 
velocity of such a point is the relative acceleration of the 
velocity of P with respect to A, 

The rates, at any instant, at which Mm and Nn are 
changing, are, respectively, the components of the relative 
velocity parallel to Ox and Oy, 

It is evident that the rate at which Mm is changing at 
any instant will be unaltered if we suppose the velocities of 
M and m to be each increased, or decreased, by the same 
amount of velocity in the same direction along Ox; and 
similarly for Nn. 

Now if we suppose the velocities of M and m to be each 
changed by an amount equal in magnitude and opposite in 
direction to the velocity of M at the instant; and, likewise, 
the velocities of N and » to be each changed by an amount 
equal in magnitude and opposite in direction to that of N 
at the instant ; which is equivalent to supposing the actual 
velocities of A and P to be each changed by an amount 
equal in magnitude, but opposite in direction, to the velocity 
of A, the point A will be reduced to rest, while the rates at 
which Mm and Nn change remain unaltered. 

Hence the relative velocity of any point P with respect 
to another point A is at any instant a velocity one of whose 
components is the actual velocity of P, and the other a 
velocity equal in magnitude, but opposite in direction, to 
the actual velocity of A, 
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Thus if from any point (Fig., Art. 31) OA be drawn to 
represent the velocity of a point, and if OB be drawn to 
represent a velocity equal in magnitude and opposite in 
direction to that of a second point at the same instant, then, 
c(Mnpleting the parallelogram OACB, OCwill represent in 
magnitude and direction the relative velocity of the first 
point with respect to the second point. 

Conversely, when the absolute velocity of the second 
point is given, and the relative velocity of the first point 
witii respect to the second, the absolute velocity of the first 
can be found. * 

Thus if OC represent the relative velocity of the first 
point with respect to the second point, and OB a velocity 
equal and opposite to that of the second, then BG, or OA, 
will represent the actual velocity of the first. 

In general when any number of points move in one plane 
the circumstances of the relative motions, with respect to 
one, of all the rest may be found by changing the velocity 
and the acceleration of velocity of every point by amounts 
equal in magnitude and opposite in direction to the velocity 
and acceleration of velocity, respectively of that one. Also, 
if the circumstances of the relative motions with respect to 
one, of all the rest be given and the absolute motion of that 
one, the absolute motions of all can be determined. 

0^5.-^The ordinary method of representing the motion of 
a point with reference to fixed axis is a simple example of 
relative motion. Thus, the motion of D (Fig., Art. 2^) 
is represented by the absolute motion of M along Ox and 
the relative motion of D with respect to M, The student 
will have no difficulty in verifying that the construction of 
this article for the absolute velocity ( and for the absolute 
acceleration of velocity) of JD leads to the same result as 
the ordinary construction by the Parallelogram of velocities. 

We shall now give solutions of two problems illustrating 
the principles and methods which have been explained. 

43. Ex.<— J. point moves in such a momner that its velocity 
parallel to a given direction is uniformly/ accelerated ; given 
tks magnitude and direction of its velocity at any instant to 
determine the circumstances of its motion. 
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Let be the position of the 
point at the giren instant; draw 
Ox in the direction of its Velocity 
at that instant, then Ox is a tan- 
gent to the path at 0, Through 
draw Oy parallel to the direction 
in which the point's Telocity is 
accelerated. 



To determine the poi^ition of the 
point at any time t reckoned from 
the given instant^ let V be the 
velocity of the point at the com- ^ 
mencement of the time, and let a 
be the amonnt of acceleration of f^ 
velocity parallel to Oy, 

Now, if we estimate the velocity of the point by its 
component velocities parallel to Ox and Oy^ the component 
velocity parallel to Oy will be uniformly accelerated and the 
component velocity parallel to Ox will be constant. Hence, 
if we determine M on Ox and N on Oy from the equations 

OM^^Vt, ON = ^at», 

and draw parallels to Oy and Ox, respectively meeting in P 
(or, what is the same thing, measure MP from M parallel 
to Oy and equal to ON), the position of the point at the 
end of the time t is determined. 

To find the magnitude and direction of velocity at the 
end of the time t ; take OA along Ox to represent F, and 
OB along Oy to represent the change of velocity, at, 
parallel to Oy in the time t ; complete the parallelogram 
OACB, Then the velocity at P is parallel to OC, and is 
represented in magnitude by OC, Thus the circumstances 
« of the motion of the point are completely determined. 
Cor. — By eliminating t from the above equations we get 

OM^ = PIP = -^ ON. 



A relation which most be true for all vidnes of t and 
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therefore for all points on the curve. The curve which 
possesses this property — ^that the square of the ordinate is 
proportional to the abscissa — ^is a* parabola. The axis of the 
parabola is parallel to Oy, The directrix is perpendicular 

to yO produced, at a distance ^- from ; the focus is at 

an equal distance from 0, on a line making with Ox an 
angle equal to the supplement of the angle yOx, These 
results follow from the geometrical properties of the para- 
bola, and the curve can be geometrically constructed when ihe 
velocity at any point is given, in magnitude and direction, 
and also the amount of acceleration of velocity parallel to 
the given direction. 

44. Ex. — A circle rolls along a straight line^ its centre 
moving with uniform velocity ; to determine the motion of a 
point on the circumference of the circle 




Let C be the position of the centre of the circle at 
any instant, Ox the fixed line on which the circle rolls, 
F the position of the point in the circumference (fixed with 
reference to the circle) whose motion is to be determined. 
Let the time be reckoned from the instant when P coincides 
with the point on Oa;, and let Ox and Oy, perpendicular to 
Ox, he taken for lines of reference. 

Through C draw CM and ON perpendicular to Ox and 
by; let u be the velocity of the centre C, which moves 
along the fixed line GN; the angle POJf described by the 
radius PC in the time t, measured from the line CM which 
is always parallel to Oy; and r the radius of the circle. 



OHAF. III.] KINEHATIGAL PBIN0IPLE8 AND METHODS. 209 

As the circle rolls every point along the arc PM comes 
successively in contact witii the line Ox. Hence, 

ArcPif=OJf=w<. 
Therefore rd'^ut, 

u 

or d = -t, 

r 

Hence the angular velocity of F ahout C is uniform, and 
if (It be its value, we have 

u 
r ' 

But rut is the velocity of P round 0. Hence the velocity 
of P in its relative circular path is the same as the velocity 
of the centre C along NC. Thus we are given the absolute 
motion of C and the relative motion of P with respect to C 
and it is required to determine the absolute motion of P. 

Let Vi and Vq be the resolved components of the absolute 
velocity of P parallel to Ox and Oy respectively ; and let us 
suppose the velocities of P and C to be each changed by an 
amount equal and opposite to that of C, Thus C will be 
reduced to rest and the relative velocity of C unaltered 
(Art. 42). Thus the resolved components of the relative 
velocity of P must be equal to Vi— m and Vj. Equating 
these values to the resolved components of the relative 
velocity u of P along the tangent at P, we get 

ri-t*=at* sin (^--g) =s-ttcosd 

TT 

v^^u cos (6 - -^) = w sin Q 

Let V be the absolute velocity of P and the angle 
which its direction makes with Ox. Then, by Art. 36,* 

^ t;« = t;i« +t;2^=w« |(l-cos0)» +sin*0|; 

Vg sin d 

tan^ = -= i.^^a^. 



^.-^^ 
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Therefore v = 2u sin \ B, 

and tan = cot \ d, 

u 

where 6 = — ^. 

r 

These equations determine the direction and magnitude 
of the absolute velocity of P at any instant. 

To determine the position of P at any instant, let its 
co-ordinates be x and y. Then 

x^NC-PC cos PCJ^^ut-asin $ 

y = CM-¥PC sin PCN=-a (1 - cos 6) 

where 6 has the value given above. 

Cor.-^The velocity of P when at the greatest distance 
from Ox is found, by putting d = 7r, to be 2w, and its 
direction is parallel to Ox, Also the velocity of P when on 
Ox is found, by putting 6 equal to zero (or any multiple of 
two right angles) to be zero. 

Ohs- — The curve which P describes is called a cycloid. 
The rolling circle is called the generatiTig circle, and the line 
on which it rolls, the directrix. 

From the equation which determines the direction of the 
velocity in the cycloid at any point we get the following 
construction for drawing a tangent to a cycloid at any point 
P, Describe the generating circle through P, and bisect 
the angle PCM-; the tangent at P is parallel to the bisecting 
line. This construction also follows from the fact proved 
above that the point M of the circle in contact with Ox is 
instantaneously at rest, and the direction of the motion of P 
at any instant is therefore perpendicular to the line MP, 

Examples. 

1. Two points start from the same point and move uniformly 
along straight lines inclined at an angle S ; if the velocity of one 
be u, and tbe velocity of the other », show that their distance 
apart at the end of n seconds is i 

n (a« + c* - 2uv cos dr. 

2. A man can pull a boat with twice the velocity of the 
stream ; at what angle to the stream must the boat be rowed in 
order that he may land at a point directly opposite to his starting 
point ? 

Ans. 60«. 



J 
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3. A man sets out to swim directly across a river whose 
breadth is h; when he arrives at the other side, he is at a distance 
a below the point from which he started ; show that he will 
regain this point if he incline his course back again at an angle A 



such that 



^4 2^ t 



4. A person, travelling eastward at the rate of 4 miles an 
liour, observes that the wind seems to blow directly from the 
north; on doubling his speed the wind appears to blow from the 
north-east; determine the direction of the wind and its velocity. 

Am. N. W.; 4 v' 2 miles. 

5. Give a construction for representing the velocity of a point 
B relatively to another A, the velocities of A and B relatively 
to a third point C being given. 

6. Two points are moving with uniform velocities in two 
straight lines in the same plane ; show that the relative path of 
either point with respect to the other is a straight line described 
with unifoim velocity. 

7. A point -4 moves along a right line with uniform velocity ; 
a point B (which at no time is coincident with A) moves with 
uniform velocity along another line in the same plane mthj^ 
former ; show that any point which divides the line A^mto 
parts in a constant ratio, moves along a right line. /- 

8. If a be the distance at any time between *^o points which 
are moving uniformly in straight lines in <»ne plane, V their 
relative velocity, u and v the resolved components of F, at the 
instant, along and perpendicular to the line joining the points ; 

show that their distance when nearest to each other is -^, and 

ciu 
that the time of arriving at this nearest distance is -^. 

9. The components of the velocity of a point, parallel to two 
given directions, are uniformly accelerated ; show that the path 
which the point describes is, in general, a parabola. If at any 
instant the component velocities be proportional to the component 
accelerations of velocity, show that the path is rectilinear. 

10. If two points move in two straight lines, in the same 
plane, with uniformly accelerated velocites, the path of either 
relative to the other will be rectilinear, if at any instant their 
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velooities be to one another, retpectirely, as their accelerations 
y of velocity. If this condition is not satisfied what will the 
4^ relative path be ? 

11. What are the velocities, in feet per second, of the highest 
and lowest points of a carriage wheel of radius two feet, as it 
rolls along at the rate of six miles an hour, (1) relatively to the 
centre of the wheel, (2) relatively to the ground ? 

Ana. (1) 8-8; 8-8. 
(2) 17'6; 0. 

12. The highest point of the wheel of a carriage, rolling on 
a horizontal road, movestwice as fast as each of two points in 
the rim» whose distance from the ground is half the radius of 
wheel 

13. If the velocity of a point be uniform in amount, and if 
the direction of motion revolve with uniform angular velocity, 
show that the path is a circle. 

14. If the velocity of a point movins in a plane curve vary 
as the radius of curvature, show that the direction of motion 
revolves with uniform angular velocity. 

15. A line of ^ven length moves with its extremities in two 
given lines which mtersect ; show how tp draw a tangent to the 
i»ath described by any point on the line. 

Ib.^ A straight line moves in any manner in a plane ; prove 
that, in general, at any instant, the directions of motion of all its 
points are tangvits to a parabola. 



KINETICS. 



CHAPTER L 
DYNAMICAL LAWS AND PRINCIPLES. 

1. In the preceding chapters on Kinematics, we have 
considered the circumstances of the motion of a moving 
point, and explained the general methods by which, from the 
laws which regulate the change of velocity (supposed to be 
given), the position and velocity of the point can be deter- 
mined, at any time, when its position and velocity at any 
other time are given. Since a material particle, as far as 
its position is concerned, may be regarded as a point, these 
investigations will also apply to the motion of a material 
particle, when the laws which regulate the change of the 
Velocity of the particle are given. The motion of a rigid 
body may also be fully represented by the motion of a point, 
when, during the motion, Ihe parts of the rigid body 
preserve the same relative positions amongst each other ; 
that is, when the body does not rotate. In general, however, 
in the motion of a rigid body, diflferent parts move differently, 
and the motion cannot be determined from the motion of a 
single point. 

The kinematical results which have been arrived at are 
altogether independent of the ideas of force and matter^ 
However, in the material world, any case of motion must be 
the motion of a body of definite size and mass, and as wd 
can only distinguish the state of rest or motion of a body by 
Comparing it with other bodies, all motions which can come 
under our observation Aust be relative. We have now to 
consider the actual causes which do produce motion from 
relative rest, or which produce a change of relative motion. 

Force has been defined as that which produces (or which 
would ''produce, if uncounteracted) a change in a body's 
state whether of relative rest or o£ relative motion, and 
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what is meant by a change of motion, in the case of a body 
of definite mass, will be explained further on. We have 
already explained {Kinematics j Art. 32) what is meant by 
the change of velocity of a moving point, and how it is to 
be measured. 

The object of the science of Kinetics is to investigate the 
circumstances of the motion which' result from the action of 
given forces on a given body, and,, conversely, to investigate 
the nature of the forces which would maintain given circum- 
stances of motion in a given body. 

Our investigations will be confined to simple cases of th^ 
motion of a material particle ( or cases when the motion of 
a rigid body may be represented by that of a particle) ; that 
is, to the Kinetics of apariicle, the Kinetics of a rigid body 
fiot being sufficiently simple to allow of its introduction 
into a treatise so elementary as the present,, and moreover 
requiring for its development a more extensive knowledge 
of mathematics than that which the student is assumed to 
have acquired. 

Ohs, — Kinetics includes, as a particular and much simpler 
case, the science of Statics — ^when the forces are such as t0 
counteract each other's effects so that no change of motioQ. 
is produced in the body on which they act { Statics , Art. 6), 
and it will be seen that the definitions and principles given 
in the Introduction to Statics, Chapter I (which should be 
again read and considered in connection with the present 
subject), are included under the fundamental principles of 
Kinetics now to be explained. 

2. Momentum. — The quantity of motion, or th.e momenturn 
of a body, which is moving without rotation, is defined 
to be, at any instant, conjointly proportional to the mass 
(quantity of matter) of the body, and the common velocity 
with which all its paits are moving. 

Hence, the momentum of a body, whose mass is m, moving 
with a velocity v, is proportional to mv ; and if we take as 
unit of momentum the momentum of the unit of masft 
moving with the unit of velocity, we have, in general, 

i momentum "^mv. 
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The change of the quantity of motion, or the change of 
momentum, of a body is equal to the product of the mass 
moving and the change of velocity in any time. Thus, when 
the change of momentum takes place in the direction of 
motion, — ^that is, when the direction of motion does not 
alter, — the change of momentum is the product of the mass 
moving and the increase or decrease of the amount of velocity. 
But when the direction of motion alters, — ^that is, when the 
motion is not rectilinear, — ^the change of momentum is the 
product of the mass of the body and the change of velocity 
estimated as explained in Kinematics ^ Art. 32. Thus if from 
any point 0,0 A and OC be drawn, representing, respec- 
tively, the momentum of a body at the commencement and 
end of any interval of time, then ACy or OB, represents in 
magnitude and direction the change of momentum in the 
interval. 

The rate of change of momentum or the acceleration of 
momentum is the product of the mass of the body moving 
and the acceleration of its velocity at the instant, and the 
direction of acceleration of momentum is the same as the 
direction of the acceleration of velocity. 

Obs, 1. — When a body moves without rotation all its 
points describe paths identical in form, but not in situation, 
and are moving at any instant with equal velocities in 
parallel directions. Thus we speak of the velocity of a body, 
whose motion consists of a motion of translation only, as the 
common velocity with which all its points are moving, and 
the motion of any one point determines those of the others. 
This is the kind of motion for which momentum and change 
of momentum have been defined above. 

Ohs, 2. — We have assum^ed that the momentum of a body 
may be represented by a straight line; this is evident, since 
the momentum is measm*ed by the product of the mass 
of the body and its velocity, and as long as we confine 
our attention to the same body, the lines which represent 
momenta will be proportional to the lines whict represent 
the corresponding velocities. 

^ 3. When a body has a motion of rotation as well as a 
motion of translation, the momentum of the body resolved 
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in any direction is the sum of the resolved parts of the 
momenta of the particles, which compose the body, in the 
same direction. So, the change of momentum resolved in 
any direction is the sum of the resolved parts of the changes 
of momentum of the particles. 

If we adopt the same notation as in Statics, Art. 113, and 
suppose the body to be composed of particles, we have for 
one of the co-ordinates of the centre of inertia (centre of 
gravity) 

Suppose oB changes into d5 + a in an indefinitely small time t, 
while X (the co-ordinate of any one of the particles whose 
mass is m) changes into x -^ a. Then 

(flc + a) Sm = 2w (^x -^ a)=: ^mx + Sma 

subtracting from this the equation given above and dividing 
by t, we get 

— Sw=2Iw— . 
t t 

Hence, if v be the resolved velocity of the centre of inertia, 
and V the resolved velocity of the particle whose mass is w, 

V Sm^^mv (1) 

Thus the momentum of a body resolved in any direction is 
equal to the momentum resolved in the same direction of a 
mass equal to the mass of the body moving with a velocity 
equal to the velocity of the centre of inertia. 

By exactly similar reasoning from equation ( 1 ) it may be 
shown, if "a be the resolved acceleration of velocity of the 
centre of inertia, and a the resolved acceleration of velocity 
of the particle whose mass is m, that 

a2msz2ma (2) 

Thus the acceleration of momentum of a body resolved in 
any direction is equal to the acceleration of momentum 
resolved in the same direction, of a mass equal to the mass of 
the body, and moving with an acceleration of velocity equal 
to the acceleration of velocity of the centre of inertia. 

(7or.— When the velocities and the accelerations of 
velocity of any number of particles of given masses (whether 
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connected with one another or detached) are giren, the 
velocity and acceleration of velocity of the centre of inertia 
can be found. Let the velocities and accelerations of velocity 
be estimated by their resolved components parallel to three 
directions in space Ox^ Oy, Ozy mutually at right angles. 
The equation (1) of this article gives the velocity of the 
centre of inertia parallel to Ox^ and two similar equations 
give its resolved velocities parallel to Oy and Oz, Also 
equation (2) gives the acceleration of velocity of the centre 
of inertia parallel to Ox^ and two similar equations give the 
accelerations of its velocity parallel to the other axes. 

4. The three following laws, which are given as they 
were enunciated by Newton in his Principia nearly two cen- 
turies ago, form a complete foundation for the Static, as well 
as the Kinetic, branch of Dynamics. They are usually called 
Newton^s Laws of Motion, The first two were given by 
Galileo, who was the first to lay down accurate notions on 
the subject, and the third was also known before the publi- 
cation of the Principia, 

These laws are not to be regarded as in any sonse self- 
evident, nor are they even readily admissible when first 
enunciated. They are the results of the accumulated 
experience and observation of many minds, and the history 
of Dynamical science bears evidence to the great difficulties 
which lay in the way of forming correct notions concerning 
the action of force in producing motion in matter. Even 
the Greeks, who excelled in Geometry and also made some 
progress in Statics, completely failed in their attempts to 
solve problems of motion; and the honor of establishing 
the fundamental principles of Kinetics was reserved for 
Galileo. 

The difficulty of forming correct notions regarding kine- 
tical laws arises from, the complicated nature of the forces 
which are brought into action in all cases of motion which 
come under our observation. The fact that all bodies which 
we observe on the earth are ultimately reduced to rest by 
the action of such resisting forces as friction and the resist- 
ance of the air, and that heavy bodies fall (in adr, not in a 
vacuum) more rapidly than light bodies, would at first sight 
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(the effect of the resisting forces not being taken into con- 
sideration) suggest erroneous conceptions on the subject. 

The same difficulty is encountered in making kinetical 
laws the object of direct experiment. We cannot study the 
motion produced by a given force in a given body, because 
such disturbing forces as friction and the resistance of the 
air, which always come into action when motion takes place, 
can never be wholly eliminated, and the amount of change 
of motion produced by such forces is not easily estimated. 

Furthe 3 on experiments will be described which, when 
disturbing causes are, as far as possible, eliminated or account- 
ed for, verify the laws now to be given. But the most con- 
vincing argument in their favour is the complete agreement 
of calculations founded on them with observed cases of 
motion, especially the agreement of the positions of the 
bodies of the Solar System, calculated on the assumption of 
the truth of these laws, and the law of gravitation, with 
their positions as actually observed. 

5. Law I. — Every body continues in its state of rest or of 
uniform rjectilinear motion, except in so far as it may he com- 
pelled by impressed forces to change that state. 

This law asserts that matter has no power in itself to move 
itself, or to change in any way its own motion, either in 
amount or direction, when once it is in motion. But matter 
possesses an innate power of resistance so that some exter- 
nal influence is requisite to change its natural state whether 
of rest or of uniform motion in a straight line, and force is 
thus defined as that which produces or which tends to pro- 
duce such a change (Statics, Art. 4). 

The property in virtue of which matter resists change of 
motion is called the inertia of matter, and the force of resist- 
ance is called the force of inertia. 

It will be explained further on that every body in the 
universe is acted on by external force, so that it is impossible 
to observe any case of motion in which a body is not acted 
on* by force. When, however, the forces acting on a body 
^.^y are in equilibrium, its condition is the same as if it were 
acted on by no force whatsoever, and the body will either 
remain at rest, or, if once in motion, its motion will be 
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uniform (in ^lagnitude ftnd direction) as long as all ibe 
forces acting on it continue in equilibrium. 

Obs, — The motion here contemplated is a ^Lotion of trans- 
lation. In order to exclude the idea of rotation, the laws of 
fiQotion are often enunciated for a particle, 

6. Willi regard to the arguments in favour of the truth 
of this law, we may remark that the more nearly the condi<- 
tion of the forces actiag on a body being in equilibrium is 
satisfied, the more nearly is the body's motion found to be 
uniform. Thus a stone thrown along a horizontal plane is 
retarded by friction and the resistance of the ^ir, and it is 
soon deprived of its motion by these resisting and unbar 
ianced forces. The smoother however is the plane horizontal 
surface, along which the stone is projected, the further wijft 
it move. For example, a stone thrown along the (compara-r 
tively) smooth surface of a sheet of ice, moves further, and 
hence more nearly uniformly, than when the same stone 
is thrown along a level road, because the friction against tho 
ice is less than that against the road. Direct experiments 
will be noticed further on, in which the condition of the 
forces. acting. on the body being in equilibrium is as nearly 
as possible satisfied ; and in such cases motion is observed to 
be practically uniform. However, as before stated, the com- 
plete agreement of calculation with observation renders the 
•truth of this and the other laws of motion, as certain as 
any inductive knowledge can be. 

Obs, — ^Abflolute rest, and he^oe absolute velocity, are 
nowhere discoverable in nature. The n^otions , of bodies on 
.the earth can be estimated relatively -to it, but the earth has 
;not only a diurnal motion of rotation, but au annual raotion 
In its orbit round the sun, and the sun moves relatively to 
the so-called fixed stars, which may also be in motion rela- 
itively to other bodies in the universe. jSence, a body's 
•fitate of rest or motion is to be regarded as relative to the 
common motion of surroiinding bodies which are relatively 
,at rest amongst themselves. We Jiave now to consider the 
measure of the force which produces a change of a body's 
/State of relative rest or relative uniform motion. This leads 
to the.ei^unciation of the second law. 
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7. Law II. — Tht change in the quantity of motion is pro* 
portional to the inipreBsed force, and takes pla4:e in the direc" 
Hon of the straight line in which the force acts. 

By the change of the quantity of motion is here to be 
understood the change of momentum (Arts. 2 and 3), and 
the law asserts that the amount of change of momentum is 
proportional to the force which produces it, and that the 
direction of the change of momentum is the direction iu 
which the force acts, whether the body be originally at rest, 
or moving with any velocity, or be acted on simultaneously 
by any forces. Hence Newton's second law is equivalent to 
the following statements :— 

(a). If any number of forces act on a body, whether 
Originally at rest, or moving in any manner, each force prO" 
duces the exact change of motion which it would have produced 
if it had acted singly on the body at rest, 

{b). Forces are proportional to the changes of momenta 
which they would generate in a given time, 

Obs, — It has been the custom with many writers on Dyna- 
mics to enunciate as the second law of motion the statement 
(a) giv^en above, which is contained in Newton's second law ; 
and their third law, which is the same as the statement (5), 
is deduced from Newton's first law and the law (a), by the 
help of particular definitions of the equality of masses and 
the quality of forces, which definitions also follow as 
immediate consequences from Newton's second law. The 
tendency, however, in the present day is to return to the 
method of Newton. 

8. Measure of Force. — When a force, which conti- 
nues uniform in amount and direction, acts on a free body, it 
generates, by the second law of motion, equal changes of 
momentum, and hence equal changes of velocity, in equal 
intervals of time. Hence, by the action of the force, the 
Velocity of the body is uniformly accelerated in the direction 
of the force. It is convenient to measure force by the 
momentum generated in the unit of time, which is equal to 
the acceleration of momentum when the force is constant. 

Let F be the magnitude of a constant force acting on a 
body whose mass is m, and generating a change of velocity 
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a in the nnit of time, a being thns the measure of the acce- 
leration of velocity produced by the force. Then, by the 
second law of motion, 

k being the constant of variation whose nmnerical valne 
depends on the units of force and mass which are chosen. 

If we take for unit of force the force which generates the 
unit of velocity in the unit of time in the unit of mass, we 
have P = 1 when w = 1 and a = 1, and hence ^ = 1, "nius, 
on this supposition, • 

P^ma. 

Hence force, when uniform, is measured by the change of 
momentum which it generates (or which it would generate if 
uncounteracted, in the case of a body which is not free to 
move) in the unit of time ; that is, by the acceleration of 
momentum which it produces. 

A force is variable in amount or in direction, or in both, 
when it does not generate equal changes of momentum 
parallel to a given direction in equal times, but it is to be 
measured at any instant by the change of momentum which 
would be generated in the next unit of time if the magni- 
tude and direction of the force were to continue uniform for 
that unit of time and the same as at the instant under con- 
sideration ; that is, force is to be measured at any instant 
by the rate of change, or acceleration, of momentum which 
it produces in the body at the instant. 

Cor, — If t? be the change of velocity generated by a uniform 
force in a time i( in a body of mass m, we have, since v = at, 

The magnitude of the force is thus directly proportional to the 
mass moved and to the change of velocity, but inversely pro- 
portional to the time in which a given change is produced. 

9. From the equation P = ma we have the following 
consequences : — 

(1). If differ ent forces act on the same body, the forces 
are proportional to the accelerations of velocity which cure 
(or woidd be) produced by them« 
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Hence, as long as we confine our inyestigations to the 
same body, forces may be measured by the accelerations of 
velocity which they produce, and if the mass of the body be 
the unit of mass, this measure of force will be the same as 
that given in Art. 8. 

Again, two forces are equal when they would produce 
equal accelerations of velocity in the same body, or in the 
same particle, and this definition of the equality of forces 
evidently includes the definition given in Statics^ Art. 7. 

(2). If different forces act on bodies of dLBferent masses, 
and produce the same acceleration of velocity in all, the 
forces are proportional to the masses of the bodies. 

It will be explained further on that the force of the 
earth's attraction, or gravity, always produces (or would 
produce) the same acceleration of velocity in all bodies at 
its surface, in the same locality, and hence the force with 
which a body gravitates, or the weight of the body, is pro- 
portional to its mass ( Statics, Art. 9). 

Again, the masses of two bodies are equal when equal 
forces would produce in the bodies equal accelerations of 
velocity, and this definition of equality of masses, thus 
includes the definition given in Statics, Art. 9. 

(3). When the same force acts on diff'erent bodies, the 
accelerations produced are inversely proportional to the 
masses of the bodies. 

(4). If any number of bodies be in motion, their relative 
motions will not be changed if they are all acted on by forces 
in parallel directions proportional to the masses of the bodies. 
Since the forces will produce equal accelerations of velocities 
in parallel directions. 

Obs. — When a force acts on a body of the unit of mass, 
the force is measured numerically by the acceleration of 
-velocity which it produces. It was the custom for this reason 
to call the acceleration of velocity "accelerating force." 
The term, however, is very objectionable, and has been the 
cause of much confusion. It is now, very generally, being 
abandoned. 

.10. Units op Mass and Force. — The units of time and 
velocity, and hence the unit of acceleration of velocity, being 
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supposed to be given, the nnit of mass and the nnit of force 
are connected by the equation P = ma, so that if one of the 
imits be given the other is determined. Thus : — 

The unit of force is that force which produces the unit of 
acceleTation of velocity in the unit of mass. 

The unit of mass is the mass of that body in which the 
tmit of force produces the unit of acceleration of velocity. 

The most convenient method, both for practical and 
scientific purposes, is to adopt some convenient national or 
international standard of mass and to derive from it the 
unit of force. Thus we might take for unit of mass the 
British imperial avoirdupois pound, the French gramme or 
kilogranmie, or the Indian s^r, or any convenient multiple 
or sub-multiple of any of these units. The unit of force is 
then defined to be : — 

That force which, acting on the standard unit of matter 
during the unit of time, generates the unit of velocity. 

This method of measuring force, which thus follows from 
Newton's second law, but which was first practically intro- 
duced by Gauss, furnishes a standard of force independent 
of the varying amounts of gravity in different localities. 
The standard of mass adopted in this book is the pound 
avoirdupois. (See also Statics, Art. 10.) 

It is to be observed that the unit of force depends on the 
unit of mass, the unit of time, and the unit of velocity. 
There is thus a single reference to mass and space, but a 
double refearence to time (^Kinematics, Art. 11). 

Ohs, — The methods of measuring mass and force here 
given are not those which have been in common use in 
treatises on Dynamics, and, as far as the author is aware, 
they were first brought to public notice in Great Britain by 
the publication in 1867 of Sir William Thomson and Pro- 
fressor Tait's magnificent treatise on Natural Philosophy, 
to which work the student is referred for further information 
on the subject of this chapter. We shall again return to 
this subject in the next chapter, and the practical methods of 
measuring mass and force will be noticed. 

11. Parallelogram op Forces. — Suppose two forces 
P and Q to act simultaneously on a particle of given mass. 
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Then, by the second law of motion, each force will produce 
the same change of motion in its own direction that it would 
produce if it acted on the particle singly at rest. 

Take OA in the direction of the force P to represent the 
rate of change of momentum, or the acceleration of momen- 
tum, which would be produced by the force P acting alone ; 
then OA also represents the magnitude and direction of the 
force P, Take also OB to represent similarly the accelera- 
tion of momentum which would be produced by Q acting 
alone, OB also represents the force Q. Complete the 
parallelogram OACB, 

Then the diagonal 00 represents the acceleration of 
momentum which is equivalent to component accelerations of 
momentum represented by OA and OB {Kinematics^ Art. 34), 
and is the actual acceleration of momentum when the particle 
is acted on by the forces P and Q simultaneously. 

Hence the forces P and Q, represented by OA and OB^ are 
equivalent to a single force R, represented by the diagonal 
X)G of the parallelogram, described on OA and OB as adjacent 
sides. 

Oha, — Thus the parallelogram of forces, which was taken as 
the fundamental proposition of Statics, follows as a parj^icular 
case of Newton's second law. 

12. Kinetics op a Particle. — When a force acts on 
a free particle it generates change of motion, and the acce- 
leration of momentum at any instant is in the direction in 
which the force acts, and is numerically measured by the 
amount of the force at the instant. Hence, to determine the 
circumstances of the motion of a particle of given mass 
acted on by a given resultant force, or by a force which 
changes according to known laws, is the same as ihe Kine- 
matical problem to determine the motion of a point whose 
velocity changes according to known laws. 

Again, every case of the motion of a point in Kinematics, 
in which there is acceleration of velocity, corresponds to a 
similar case of the motion of a particle in Kinetics, the 
particle being acted on by a force at every instant in the 
direction in which its velocity is accelerated, and which is 
numerically measured by the product of the acceleration of 
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velocity and tlie mass of the particle. The following are 
some examples : — 

( 1 ). When a constant force P acts on a free particle 
from, rest, or, when in motion, in the direction of motion, the 
velocity of the particle is uniformly accelerated in a right 
line, the acceleration of velocity being given by the equation 
jp = wa, and the motion may, hence, be completely deter- 
mined by the equations given in Kinematica, Art. 18. 

(2). A free particle acted on by a constant force always 
parallel to a given direction in general describes a parabola, 
and the motion can be completely determined as in Kinema- 
ticsy Art. 48, but when the motion is at any instant in the 
direction of the force, it describes a right line, (1). 

(3). A particle moving in a circle with uniform velocity 

is acted on by a constant force — directed at every instant 

towards the centre of the circle, Kinematics^ Art. 87. 

(4). When a particle moves in a plane curve the result- 
ant force acting on it may be resolved into two components, 
at any instant ; one along the tangent, which changes the 
amount of velocity ; the other along the normal, which 
changes the direction of velocity only. The resolved com- 

ponent along the normal is at any instajit — ^ where m is 

the mass of the particle v the amount of its velocity and r 
the radius of curvature of the path at the position which the 
particle occupies at the instant, Kinematics, Art. 89. 

(5). The motion of a particle acted on by a force pro- 
portional to its distance from a fixed point in the line of 

2ir 

motion is a simple harmonic motion, whose period is —7--, u 

being the amount of the force on a particle of the unit of 
mass at the unit of distance. Kinematics , Art. 41. 

Obs, — The principles which have been already explained 
are sufficient for the determination of the motion of a single 
particle (or of a rigid body moving without rotation, in which 
case, as far as its motion is concerned, its whole mass may 

Q 
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be regarded as condensed into one particle) snbject to the 
action of given forces. Bnt in more complicated cases, and 
when we hare to take into account the mntnal actions 
between two or more particles (or bodies), the third law of 
motion, which will now be given, is required. 

18. Law III. — To every action there is always an equal 
and contrary reaction : or, the mutual actions of any two 
bodies af'e always equal and oppositely directed. 

The following are some of the consequences of this 
law : — 

(1). When one body presses or draws another (whether 
the bodies be relatively at rest or in motion) the other also 
presses or draws the first with an equal force in the oppo- 
site direction. 

This axiom has been freely used in Statics and includes, 
as pointed out in Statics, Art. 21, the principle of the trans- 
missihility of force by a rigid body and by a flexible inexten- 
sible string. 

(2). When one body attracts another from a distance 
(whether the bodies be relatively at rest or in motion) the 
other attracts the first with an equal force in the opposite 
direction. 

(3 ). When the motion of one body is changed by impact 
on another the motion of the second is also changed by an 
equal amount in the opposite direction. 

For, while the bodies are in contact the forces between 
them are equal and oppositely directed, and hence generate 
changes of momentum in the bodies equal in amount and 
opposite in direction, the bodies being supposed to have no 
motion of rotation either before or after the impact. 

(4). The force of inertia of a body or its resistance to 
Change of velocity is, at every instant, equal and opposite 
to the resultant force which is producing the change of 
velocity. 

From this it follows, by the second law, that the force of 
inertia is directly proportional to the mass of the body. 

Again, the forces acting on a particle in motion (which 
must be equivalent to a single resultant) are at every 
instant in equilibrium Vrith the force of inertia of the particle, 
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measured by ma, and acting in a direction opposite to 
the direction of tie acceleration of the particle's velocity. 

For example, when a particle moves rniiformly in a circle 
the forces acting on the particle — ^which must be equivalent 
to a single resultant directed towards the centre of the 
circle, Art. 12, (3 ) — are at each instant in equilibrium with the 

force of inertia — acting in the direction of the radius 

r 

and from the centre of the circle* 

Oha. — The force of inertia of a particle moving uniformly 
in a circle, or, more generally, the resolved component of 
the force of inertia along the normal to the path, is usually 
called the centrifugal force. It should be carefully remem- 
bered that the force of inertia is a purely resisting force, and 
has no existence exc^t simultaneously with acceleration of 
velocity. 

14. D'Alembert'b Principle. — Every rigid body may 
be supposed to be made up of indefinitely small particles, 
each particle being held in its position relatively to the 
others by the forces exerted upon it by the surrounding 
particles. Hence, Art. 13 (4), the force of inertia of each 
particle (its reaction against acceleration of velocity) must 
be equal and opposite to the resultant of all the forces which 
act on it, arising both from the actions of other particles of 
the body and from external forces. Thus the force of 
inertia of each particle is in equilibrium with all the forces 
acting on that particle. This is true for all the particles of 
which the rigid body is composed. Hence, by the principle 
of superposition of forces in equilibrium, all the forces, 
internal and external, which act on the particles of a 
body are in equilibrium at every instant with the forces 
of inertia (arising from acceleration of velocity) of all the 
particles. 

. Now the forces which surrounding particles exert on any 
one particle are, by the third law, equal and opposite to the 
forces which that particle exerts on those surrounding parti- 
cles ; and this being true for all the particles of which the 
body is composed, the internal forces must in the aggregate 
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form a system of forces in equilibrium amongst tliemselyes. 
Hence : — 

The forces of inertia of all the particles of a body {ike 
reactions against accelerations of velocity^ are at every instant 
in equilibrium with the external forces acting on the body, 

Obs. 1. — ^Tliis is the celebrated principle first explicitly 
stated by D'Alembert and known by his name, lliat it is 
implied in Newton's interpretation of his third law was first 
pointed out (as far as the author is aware) in Sir W. 
Thomson and Professor Tait's Natural Philosophy. 

Obs, 2. — Hie Kinetics of a rigid body is usually foundied 
en D'Alembert's principle. We shall now use it to 
establish the yery important proposition of the next article^ 
by which the motion of translation of a rigid body may be 
represented by the motion of a particle. 

i^ VSft' The motion of the centre of inertia of a rigid body is 
the same as the motion of a particle having a mass equal to 
the whole mass of the body and acted on by forces equal and 
parallel to those which act on the bqdy. 

We shall estimate the forces which act on the different 
particles of the body and the accelerations of the velocities 
of the particles by their resolved components parallel to 
three fixed directions in space Oa?, Oy, Oz, mutually at right 
angles. 

Let m be the mass of any particle, X the resolved com- 
ponent of the external resultant force acting on it, and a the 
resolved component of its acceleration of velocity, parallel to 
Ox, 

Then, by D'Alembert's principle, the group of parallel 
forces denoted by SX and - Swa must be in equilibrium. 
Hence 

SX - Sma = 0. 

But, Art, 3, 2ma» a 2m. 

Therefore 2X = a Sm. 

Thus the acceleration of the velocity of the centre of inertia, 
resolved parallel to Oxy is the acceleration of velocity which 
would be produced in a mass Sw by a force SX parallel to the 
direction Ox. The same thing may Similarly' be shown to 
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be the case for the resolved accelerations of velocity of the 
centre of inertia parallel to Oy and Oz ; which proves the 
proposition. 

Cor. 1. — Hence it follows, from the first law of motion, 
that the centre of inertia of a rigid body, free from the 
SiOtion of external forces, is either relatively at rest or moves 
tftiiformly in a right line. 

Cor, 2. — If a system of bodies be subject only to their 
mntnal actions and reactions, their centre of inertia is either 
at rest or moves nniformly in a right line. 

For example, the centre of inertia of the solar system is 
either at rest or moves nniformly in a right line, if we sup- 
pose the, so-called, fixed stars to be so far away as not to 
exert any apprepiable attraction, 

Ohs, — The proposition of this article is usually called "the 
principle of the conservation of the motion of the centre of 
inertia," We shall return to some important consequences of 
the third law In the Qhapter on Energy. 



CHAPTER n. 

THE FORCE OP GRAVITY. 

1 6, Falling Bodies. — The following are the laws whidi 
bare been observed to regulate the motion of bodies which 
are allowed to fall freely to the surface of the earth (in the 
same locality) from heights above it which are inconsiderable 
compared to the earth's radius. 

( 1 ). Bodies always fall in vertical directions. 

(2). The velocity of a falling body is uniformly accel- 
erated. 

(3). The amount of acceleration of velocity is the same 
for all bodies, whatever be their masses. 

These laws are only approximately true for bodies falling 
in air, because the resistance of the air disturbs and changes 
their motion, but if experiments be conducted in a vacuum :— 

The first may be shown to be true by allowing a series of 
bodies to fall. They will be found always to fall vertically. 

The second may be verified by allowing the same body to 
fall from different heights. It will be found that the heights 
are proportional to the squares of the times of falling, and 
hence. Kinematics , Art. 19, the acceleration of velocity is 
constant or uniform. 

The third may be verified by allowing any number of bodies 
of different masses and composed of different materials to 
fall from the same height at the Bame instant. They will be 
found all to reach the ground at the same time, and hence 
the acceleration of velocity must be the same for all. Thus 
a feather and a piece of lead when let fall from the same 
height, at the same instant, in a vacuum, will reach the 
ground in the same time. The feather, however, would fall 
slower in air than the lead, because the resistance of the air 
on the feather is greater in proportion to its weight than the 
resistance of the air on the lead. 

17. The Force op Gravity. — The force which causes a 
free body to fall with accelerated velocity towards the earth 
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is called the force of gravity on the body, or the weight 
of the body, and when a body rests on a horizontal plane it 
is equal to the resultant pressure of the body on the plane. 
From the observed laws of falling bodies, given in the last 
article, and Newton's second law of motion, we have the 
following consequences : — 

From (1) : the direction of the force of gravity is always 
vertical, and, hence, the gravitating forces of different bodies, 
at the same place, may be considered as parallel forces. 

From (2) : the force with which any given body gravi* 
tates is a uniform or constant force. 

From (3) : the gravitating force of a body, or the weight 
of a body, is proportional to its mass, Art. 9. (See also 
Statics, Art. 9.) 

Let W be the weight of a body whose mass is m, and let 
g be the imiform acceleration of velocity which would be 
produced in the body, if allowed to fall freely, by its weight. 
Then, Art. 8, 

W=mg, 

^ is a constant quantity for all bodies in the same locality, 
near the earth's surface. The numerical value for g is also 
the numerical value of the weight of the unit of mass 
expressed in Kinetic units of force. ( See also Statics, Art. 10.) 
Obs, — When g is called the force of gravity it should be 
remembered that what is meant is that g is the numerical 
value in Kinetic units of the force of gravity on the unit of 
mass. Methods for determining its v^ue experimentally at 
any place will be given further on. 

18. Practical Measurements of -Mass astd Force.— 
The masses of bodies are practically determined by comparing 
their weights in any locality with the weight of some 
given standard body whose mass is taken for the unit of 
mass, since we have seen that the mass of a body is pro- 
portional to its weight at a given place ; and a balance with 
a set of standards of mass, which are multiples and sub« 
multiples of this unit, will serve to determine the mass of a 
body in any locality whatsoever. (See also Statics, Art. 
167.) 
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According to tbe gravitation method of measuring forces, 
the weight of a body is expressed numerically by the same 
nmnber which expresses its mass, and a spring balance 
correctly graduated for any locality also serves to determine 
masses of bodies in that locality. But a spring balance is 
a measure of force, not of mass, and will only determine 
masses correctly in the latitude for which it is graduated. 
For example, if a spring balance indicated masses in pounds 
in London, it would indicate too large a mass at the equator^ 
because the force of gravity is less at the equator, and, 
hence, a greater mass would be required to produce by 
its weight a given extension of the spring. A perfect 
«pring balance would however determine correctly the force 
with which a given mass gravitates in any locality. 

It is evident that a perfect spring balance graduated in 
Kinetic units might be used to measure such forces as 
steam pressure, muscular power, &c. Practically forces are 
measured in gravitation units by the weights ijf the stand- 
ards of mass which they are capable of counterpoising, 
when properly applied ; but when these measurements are 
required to be strictly accurate the gravitation units must be 
reduced to Kinetic units, by multiplying by the values of g 
for the different localities where the measurements are made. 

Ohs, 1. — ^The British unit of mass — ^the pound avoirdu- 
pois — is the mass of a certain piece of platinum kept, at the 
Exchequer Office in London. Standard pounds which have 
been accurately compared with this primary standard are 
kept at different places for reference and in case the original 
pound should at any time be destroyed. Tlie standard 
•pound could however be at any time reconstructed from 
the numerical relations which connect it with other units, 
artificial and natural. 

Obs, 2. — It is not, of course, always necessary in order 
to ascertain and express numerically the masses of bodies 
to place them in a balance and subject them to direct 
■comparison with standards. For example, when a body is 
homogeneous it is obviously sufficient, in order to determine 
.its mass, to know its volume and the mass of the unit of 
volume. 
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19. Density. — When a body is sacli that any, the same, 
Yolume of it however small, and wherever taken within 
the body, always contains the same quantity of matter, 
the body is said to be homogeneous, or of uniform density, 
otherwise, it is said to be heterogeneous, or of variable density. 

The density of a homogeneous body is measured by the 
mass contained in a unit of volume. Hence,* if m be the 
mass of a volume F'of a homogeneous body whose density is 
p, ye have 

When the density of a body is uniform it is the same at 
every point in the body and its numerical value is derivable 
from the above equation, when m is the mass contained in i^ 
volume V of the body, however large or small the volume 
be taken. 

In heterogeneous bodies the density is different at different 
points, but the density at any given point is measured by 
what would be the mass of a unit of volume of a homogeneous 
body, having a density the same as the density of the body 
at the point under consideration. This is, in fact, expressed 
by the above formula when the density is derived from the 
mass of an indefinitely small volume round the point, 
throughout which the density may be considered uniform. 

Def — The average or mean density of a body is measured 
by the mass of the body divided by its volume^ 

20. Relative Density. — The densities of homogeneous 
bodies are proportional to the masses of equal volumes of the 
bodies, and any convenient substance may be taken as a 
standard, and the relative densities of other bodies may be 
estimated with reference to its density. Thus the relative 
density of a body with reference to the density of a certain 
standard, substance is measured by the ratio of the mass 
of a given volume of the body to the mass of an equal 
.volume of the standard substance. 

Relative densities may be converted into absolute densities 
by multiplying the relative densities by the absolute density 
of the standard substance ; that is, by the mass of its unit 
of volume. 
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Ohs. 1. — Practical methods for determining relative den- 
sities with reference to convenient standard substances (and, 
hence, absolute densities when the absolute density of the 
standard is known), are explained in books on Hydrostatics 
and Physics. The specific gravity of a body (which is com- 
monly defined as the ratio of the weights of equal volumes) 
is equivalenfto its relative density. 

Ohs, 2. — When the volume and density of a homogene- 
ous body are given its mass is known. Also in the case^ of 
a heterogeneous body, when the average density is known, or 
the law which regulates the change of density from point to 
point in the body, its mass can be inferred. 

The weight of a body in terms of its volume and density 
(average density when the body is heterogeneous) is given 
by the formula 

W^g(^7. 

21. Kkotilinbar Motion. — A free particle moving ver- 
tically downwards or vertically upwards is, if we neglect the 
resistance of the air, acted on only by its weight, which is a 
uniform force and produces a uniform acceleration of velocity 
g in the line of motion. The velocity of the centre of inertia 
of a rigid body is also uniformly accelerated in a vertical 
direction. Art. 15. Hence the circumstances of the motion 
of a particle, or of the motion of the centre of inertia of a 
rigid body, moving vertically downwards or upwards, may be 
determined by the equations of Kinematics, Art. 18, which 
become, writing g for a, 

V =7+ gt (1) 

8 ^rt-^yt^ (2) 

^2= ya + 2gs (3) 

In these equations g is to be taken positive or negative 
according as the particle is moving downwards or upwards. 
For when the particle ascends its velocity is retarded by 
gravity. 

When the particle falls from rest at the commencement of 
the time t we have, as in Kinematics, Art. 19, r=r 0, Hence 
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V ~fft (4) 

« ^yt" (5) 

«e=2sra (6) 

Also, as in Kinematics, Art. 21, the space described in the 
nth unit of time is 

and when the particle falls from rest the space in the nth 
unit is 

The numerical yalue of g when a foot and a second, are the 
units of space and time is roughly speaking 32 ; that is, 
the velocity acquired by a falling body in one second is 32 
feet per second. By equation (5) the space passed over in 
the first second is 16 feet. 

Obs, — The application of the formulfie of this article to 
the solution of many interesting problems about bodies mov- 
ing vertically presents no difficulty whatsoever, if the mean- 
ings attached to the symbols are carefully remembered. ( See 
Kinematics, Art. 18.) The student will find sufficient 
examples, for practice in the use of the formulae, given at 
the end of this chapter. 

22. Motion on an Inclined Plank. — When a particle 
slides down a smooth inclined plane, or when its velocity at 
any instant is along the line of intersection of the inclined 
plane with a vertical plane perpendicular to it, its velocity 
will be uniformly accelerated along the line of motion. 

For, let $ be the inclination of the plane to the horizon 
and m the mass of the particle (or the mass of a body 
when we seek the motion of its centre of inertia). Then, 
the weight of the particle mg may be resolved into two 
components mg sin 6 along the plane and mg cos 6 perpendi- 
cular to the plane. The latter is counteracted by the normal 
reaction of the plane and does not change the motion along 
the plane. The component mg sin $ along the plane is con- 
stant and produces a uniform acceleration of velocity equal 
to g sin 0. Hence the circumstances of the motion may be 
determined from the equations of the last article by writing 
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g sin B for g, and taking g positiye or negative according as 
the particle moves downwards or upwards. 

Ohs^ — When the plane is rough we must take into considera- 
tion the retarding force of Kinetic friction ^mg cos 6 and the 
acceleration of velocity a will bis (see also iStatics, Art. 192) 

a=g (sin 0-/i cos 6) 

when the particle moves down the plane 

and a= -g (sin 6 + /x cos Q) 

when the particle moves up the plane. 

23. The velocity acquired hy a particle in eliding from rest 
down a smooth inclined plane is the same as would be acquired 
in falling through a vertical space equal to the height of the plane. 

Let I be the length of an inclined plane whose inclination 
is 6, and height h; v the velocity acquired in sliding dowi> 
it from rest. Then by equation (6) of Art. 21, v^^ 2gl sin 0, 
But h = I sm$; thus i^ = 2gh, But 2gh is equal to the 
square of the velocity which would be acquired in falling 
tlu*ough a vertical space h ; which proves the proposition. 

Obs, — When a particle slides down any smooth curve the 
velocity acquired from rest is the same as that which would 
be acquired in falling freely through a space equal to th^ 
vertical distance through which the particle moves. This may 
be proved by considering.the curve as made up of an indefinite 
number of inclined planes. We shall, however, show, in 
another chapter, that it is a consequence of the Law of Energy. 

24. The time of descent of a particle from rest down any 
chord of a sphere drawn from the highest point is constanU 

Let AB be the vertical diameter 
of the sphere, AG any chord drawn 
through A ; the angle CAB 
which is the complement of the 
inclination of AG to the horizon. 
The diagram represents the vertical 
circle which is the intersection of 
the sphere and the plane BAG, 
Join BG; the angle BCA in a 
gemicircle is a right angle. 
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Let t be the time of sliding down the chord AC; thea 
\)j Art. 22 

A C == i t^gcos e. 

But AC-=-AB cos a. 

Therefore <2=,M^. 

But this value is independent of the inclination of the 
chord to the vertical, and, moreover, gives the time of fall- 
ing through a vertical distance equal to the diameter of the 
sphere ; which proves the proposition. 

Cor, 1. — Similarly it may be shown that the time of 
descent, from rest, down any chord CB drawh through the 
lowest point of the sphere is constant and equal to the time 
of falling down the vertical diameter. 

Cor. 2. — As particular cases we have : — ^the time of 
descent from rest down any chord of a vertical circle from the 
highest point is constant ; the time of descent down any 
chord of a vertical circle to the lowest point is constant. 

Obs. — The results of this article lead to the solutions of 
many curious problems of lines of quickest descent. An 
efxample will now be given. The student will have no 
difficulty in constructing a diagram as indicated. 

25. To find the line of quickest descent from a given point 
to a given line. 

Let A be the given point which is supposed to lie in a 
vertical plane passing through the given line. Through A 
draw a horizontal line to meet the given line in -ff, and 
describe a circle having A for its highest point and touching 
AB at Ay and also touching the given line. (The centre of 
this circle is evidently the point of intersection of the verti- 
cal line through A and the line bisecting the angle between 
AB and the given line, hence the circle may be described. ) 
Let C be the point of contact of the circle and the given 
line ; then AG is the line of quickest descent. 

For, draw any other chord AD of the circle, through A, 
and produce it to meet the given line in JF. 

Then, the time down AD is equal to the time down AC ; 
but the time down AD is less than the time down AE, 
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Therefore the time down AC is less than the tune down any 
other line AS which can be drawn from the given point to 
the given line. 

Cor, — Similarly we may find the line of quickest descent 
from a given line to a given point. The construction is 
almost the same, but the circle must, in this case, be 
described so as to have the given point for its lowest point. 
In both cases the distance of the required point C from JS is 
equal to BA, but in the first case G is below B, and in the 
second case above B, on the given line. 

26. A hodi/f whose weight is W, placed on a smooth 
inclined plane is connected hy a string passing over a smooth 
rail at the top of the plane with another body, whose weight is 
P, hanging freely ^ to determine the circumstances of motion. 

In this case we may evidently 
consider the bodies as particles, as far T^^^^vkx 

as their motion is concerned. The 
string between the rail and the 
body on the plane is supposed to be ^^^^W 
parallel to the plane, and the weight 
of the string is neglected. Let us suppose that the body on 
the inclined plane is ascending while the other body descends. 
Since the string is supposed to be stretched during the 
motion, and also to be inextensible, the amount of accelera- 
tion of velocity of each body is the same. Also, by the 
third law of motion, the tension of the string is the same 
throughout its length. 

Let a be the amount of acceleration of velocity and T ^ 

• the tension of the string at any instant ; also let d be the T 

inclination of the plane to the horizon. 

The force which produces the acceleration of velocity a in 

W 

the body whose mass is — is the force T-^Wbui parallel 

9 
to the plane. Hence, Art. 8, 

:Z^-rsin0=— a. 

9 

Similarly P - T = :? a, 

9 
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Solving for the nnknown quantities T and a from these 
equations we get 

P - TT sin d 

9- 



P + r 

The first of these equations gives the tension of the string 
and shows that it is constant duriilg the motion. The 
second equation gives the amount of acceleration of velocity 
and shows that it is uniform. The velocity acquired and the 
space passed over in any given time may be found, when the 
initial velocity is given, from the equations, Kinematics^ 
Art. 18. . 

Cor. 1. — ^The condition of uniform motion (or of equili- 
brium) is found by putting a = to be jP« TT sin 0. (See 
also Statics, Arts. 172 and 190.) 

Cor, 2. — When P - TT sin 6 is negative the acceleration 
of velocity a is negative and the motion which we have sup- 
posed (when the body on the plane moves up) would be 
retarded. 

27. Two bodies, whose masses^ are m and m', are 
connected by a string passing over a smooth fixed pulley ; to 
determine the circumstances of motion. 

Let us suppose that the body whose mass is /"'""^ 
m descends, while the other body ascends. I 

The weights of the bodies are mg and m'g \^^^ 
and the weight of the string is neglected. Let T/ ^ 
jTbe the tension of the string, which by the i. 
third law of motion is the same throughout its j 
length ; and a the amount of acceleration of v 
velocity, which is the same for both bodies, /»ig^ 
since the string continues stretched and is It 

inextensible. 

The vertical force mg - T produces an 
acceleration of velocity a in a body whose 
mass is m. Hence, Art. 8, 

mg-T=^ma. ^ 

Similarly T''m'g = m'a. 



J 
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Solring between these equations for the unknown quantities 
T and a, we get 

m + m^ 

m — m' 
m -k-m' 

The first equation gives the tension of the string. The 
second equation gives the acceleration of velocity and 
shows that it is uniform. The velocity acquired in a 
given time or in passing over a given space, and the space 
passed over in a given time, may now be found, when the 
initial velocity is given, by the equations. Kinematics^ 
Art. 18. 

Cor. 1. — The condition of uniform motion (or of equili- 
brium) is found by putting a = to be w = w'. 

Cor, 2. — When m - w' is negative the motion which we 
have supposed to take place would be retarded. 

Ohs, 1. — Nothing has been said as to the motion of the 
pulley, and thus the results obtained are only approximately 
true. When the mass of the pulley is small the error thus 
introduced is slight. Theoretically we might suppose the 
string to pass round a smooth rail instead of a pulley, but 
practically, owing to friction, a pulley is a better arrange- 
ment. (See Statics, Art. 163.) 

Ohs, 2. — The system of two bodies whose motion is here 
described forms the essential part of a machine invented by 
Atwood for testing experimentally results derived from the 
laws of motion and of falling bodies, and for determining 
the numerical value of g. The velocity produced in a body, 
falling freely, by its weight is too great to be convenient for 
direct observation. By Atwood's machine the motion with- 
out being altered in kind is rendered slow enough to be 
observed directly. In fact by diminishing the difference 
between m and m' we may make the acceleration of velocity 
as small as we please. 
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28. Atwood's Machine. — A 
imd B are bodies of equal masses jp. 
connected by a string passuig over 
a pulley (7, which is supported by a 
vertical frame FK, The pulley is 
supposed to move without friction 
and its inertia (resistance to motion ), 
and the weight of the string will be 
neglected. 

A body a can be placed over A, 
and by this means motion can be 
communicated to the system. I) is 
a moveable platform containing a 
hole, which allows the body A to 
pass, but which intercepts the body 
a. When the body a is intercepted 
by the platform I), the forces acting 
on the body A equilibrate, and it will 
move on with the velocity which it gj" " 
has acquired until the motion is ^ 
stopped by a second moveable plat- 
form K There is a scale on FH 
by which the spaces passed over 
csm be measured. The times of H 
moving over these spaces are also [ 
to be observed by means of a clock 
in connection with the machine. 

Let M be the mass of A^ which is equal to that of B 
and m the mass of a. Then, assuming the laws of motion 
and the laws of falling bodies, a force mg produces an acceler- 
atioa a, suppose, in a mass 2M + m. Hence, Art. 26, 

f»^ = (2if + m) o; 




a = 



or 



m 
2M +m^* 



Thus the acceleration of velocity produced is less than 
the acceleration of velocity of a falling body in the ratio of 
m : 2M + m, and the motion may be made as slow as we 
please. 
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To detennine a by experiment, the time t of accelerated 
motion from rest, at any point O, to D, and the time t of 
uniform motion from I) to H, when the body a has been 
removed, are observed. Let v be the velocity generated 
and let DH= a. Then s = vt^ and v = a< ; from which a is 
found. 

Hence, assuming the value of g, we may compare results 
derived from calculation, from the above equation, with 
results of observation. Or, if we assume the truth of the 
equation, the numerical value of g may be calculated from 
the observed value of a. 

Obs. — In practice certain contrivances called ^hc^ton wkeela 
are used for diminishing the friction of the pulley on its 
axis, and when friction has been diminished as m^uch as 
possible, the retardation remaining from this cause can be 
allowed for. The inertia of rotation of the pulley can also 
be allowed for, in making experiments. Our limits do not 
however allow us to dwell on these refinements. A more 
satisfactory method for determining the value of ^ will 
presently be described. 

29. Experiments with Atwood's Machine.— Various 
experiments may be made with Atwood's machine with the 
object of verifying particular cases of the laws of motion 
and the laws of falling bodies. Some of these will now be 
shortly noticed. 

( 1 ). To verify the first law of motion, assuming that the 
weight of a body is a constant force. 

By making experiments with the platform J^ in different 
positions we can find different corresponding values for f 
Bud 8 (Art. 27), and it will be always found that s is propor- 
tional to f, which shows that the velocity continues uni- 
form, when the body a is removed. It is assumed that the 
weights of the bodies A and B continue constant during the 
motion, and in equilibrium with each other by means of the 
connecting string. 

(2). To verify that the acceleration of velocity produced 
is directly proportional to the moving force and inversely 
proportional to the mass moved, assuming that the weight 
of a body is proportional to its mass. (Without tiLis 
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assumption there would be no means of estimating the 
masses of the bodies, which we experiment upon, numeri- 
cally.) 

By using different masses M and m, the sum of the masses 
2 Jf + m may be kept constantly the same, while the mass 
m varies. It will be found that a is always directly propor- 
tional to m. 

Again, keep m constant and vary if, and hence 2 if + m. 
It will be found that « is always inversely proportional to 
2if + w. 

Hence, when the mass moved is constant, the acceleration 
of velocity produced is directly proportional to the moving 
force (the weight of the body a, which is proportional to its 
mass m), and when the force is constant, the acceleration is 
inversely proportional to the mass moved. Therefore, when 
both vary, the acceleration of velocity is directly proportional 
to the moving force and inversely proportional to the mass 
moved, which is equivalent to a portion of Newton's second 
law. 

(3). Assuming the laws of motion, to verify that the 
weight of a body is proportional to its mass. 

fi experiments be made with the platform D in different 

positions, it will be found that the acceleration of velocity 

is uniform. But this acceleration of velocity is produced 

I in a given mass by the weight of the body a. Hence the 

weight of a body is a uniform or constant force. 

Again, let^ be the weight of a, and P the weight of A^ 
L or of B. The force p produces an acceleration a in a given 

mass ; let g be the acceleration which would be produced in 
the same mass by the force 2P + p ; that is, the accelera- 
tion which would be produced in the mass by its own weight. 
Then by the second law of motion. 

a "p 

In All cases a can be determined by Atwood's machine, and 
whatever bodies be experimented upon the same value will 

j* be found for g. This verifies (Art. 9) that the weight of a 

j body is proportional to its mass. 
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80. The Simple Pendulum. — When 
a heavy particle M is suspended by a 
light inextensible thread from a fixed 
point Cy its position of equilibrium is 
at O, vertically below C If the particle 
be drawn aside from this position and 
then allowed to fall, it will oscillate 
about 0. 

Let 6 be the angle ilf CO which the 
string makes with the vertical, in any f^^ 
position of the particle. The weight mg 
of the particle may be resolved into two 
forces ; one mg cos % along CM, is counteracted by the tension 
of the string; the other mg sin 0, along the tangent at Jif, 
produces the motion. 

When the displacement is small (not more than about S* 
or 4° from the vertical) the arc OA may be considered to 
coincide with its chord, and sin d « d (in circular measure). 
Hence the force which produces motion is mgQ and the 
acceleration of velocity is ^0, directed to the fixed point 0. 

Let I be the length of the 'string, a the acceleration of 
velocity, and let OM^x. Then x^ld. Hence, since the 
acceleration of velocity is towards 0, 

a = - 5^6 = - 1' 07. 

The acceleration of velocity is thus proportional to the dis- 
tance of the particle from a fixed point on its path, and is 
always directed towards the fixed point. The motion is 
therefore a simple harmonic motion (Kinematics p Art. 41) 
whose period is 



27r 



^/9 



The time t of an oscillation of the pendulum from side to 
side is 



< = 7r ;- 



y/ g 

The time of oscillation of a pendulum is thus independent 
of the length of the arc of vibration when the arc is small. 
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The Binall yibrations of a pendulum are, hence, said to be 
isochronous. 

Cor, l.**If L be the length of a seconds pendulum, that 
is, of a pendulum beating seconds, we have « = 1 and g = n^L. 
Tliis furnishes the most accurate method of determining the 
values of g at dififerent parts of the earth's surface. For 
example, the length of the seconds pendulum in London is 
89-14 inches, from which, g = 32-1908. 

Cor, 2. — The time of oscillation of a pendulum is directly 
proportional to the square root of its length and inversely 
proportional to the square root of the apparent force of 
gravity on the unit of mass. It was shown by Newton that 
in the santie place pendulums of the same length vibrate in 
equal times whatever be the material of which they are 
formed. Hence, g is constant for all bodies, and thus the 
weight of a body is proportional to its mass. 

Obs, — In the simple pendulum the string is supposed to 
have no weight, and the bob is supposed to be a particle. 
In making experiments to verify the laws of a simple pendu- 
lum these conditions should be as nearly as possible satisfied. 
Thus the bob should be formed of a smaU sphere of some 
dense material, and the thread should be as fine and light as 
possible. Such a pendulum oscillates almost like a simple 
pendulum, whose length is equal to the distance of the 
centre of the sphere from the point of suspension. A 
compound pendulum is a rigid mass oscillating roimd a 
horizontal axis. It is shown in treatises on the Kinetics 
of a rigid body that the time of a small oscillation of such 
a body is the same as the time of oscillation of a simple 
pendulum whose length is the distance between the axis 
of suspension and a certain line in the body, which is called 
the axis of oscillation, 

31. Projectiles. — A particle projected in any manner 
from the surface of the earth is, if we neglect the disturbing 
influence of the air, acted on only by its weight, which is a 
constant vertical force, and produces a uniform acceleration 
of velocity ^ in a vertical direction downwards. When a 
particle is projected, in any manner, in any direction, which 
is not vertical, the circumstances of its motion may be deter- 
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min^d as in Kinematics, Art. 43. It is there shown how the 
position and velocity of the particle can be determined at 
any instant when the initial Telocity is given in magnitude 
and direction ; and that the path described, which is called 
the trajectoryy is a parabola. The same is true of the 
motion of the centre of inertia of a rigid body similarly 
projected (Art. 15), Some additional solutions of problems 
about projectiles will now be given. 

32. A particle is projected in a given direction, not vertical, 
with a given velocity ; to determine its motion. 

Let be the point from which the particle is projected. 
Through draw Oy a vertical line, and Ox a horizontal 
line in a vertical plane, passing through the direction of pro- 
jection. Let F be the velocity of projection and B the angle 
which it makes with Ox, We shall estimate the velocity 
and acceleration of velocity of the particle by their resolved 
components parallel to Ox and Oy, Let a? and y be the 
co-ordinates of the particle, v the resultant velocity, and ^ the 
angle which its direction makes with Ox, at the end of a tiiiie t. 

Then, since the velocity parallel to Ox is constant, and the 
velocity parallel to Oy uniformly retarded by an amount ^, 
we haye 

rcos0=FcosO -.... (1) 

V sin <^=V mi 6-gt (2) 

x=YtcosO (3) 

y^Vt sin e-^gt^ (4) 

The magnitude of the velocity may be found at any 
given time by squaring the equations (1) and (2) and 
adding ; its direction by dividing equation (2) by equation (1). 
The position of the particle at any time is determined by 
equations (3) and (4). Thus the circumstances of the motion 
are completely determined. 

Cor, 1. — The time of flight on a horizontal plane is the 
interval between the particle's projection and its return to 
the horizontal plane. It is found from equation (4), by 
putting ^ = 0, to be 

2Fsin e 
t • , 

9 



s 

I 
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Cor, 2. — The range on a horizontal plane is the distance 
from the point of projection to the point where the particle 
meets the horizontal plane. It is found, by substituting in 
equation (3) the value of the time of flight, to be 

2F* . F^ . 

X = sm 6 cos d = — sm 29. 

9 9 

Hence for a given velocity the range is greatest when the 
angle of projection is 45*^. 

Cor, 3.—- By eliminating t from equations (3) and (4) we 
get 



y=^x tan d - 



gx 



3 



2 V^ COS26 • 



This relation between the co-ordinates x and y of the par- 
ticle must be true for every point on the path. It is the 
equation of a parabola passing through the origin and 
having its axis vertical. (See also Kinematics, Art. 43.) 

S3. To find the time of fiight and range of a projectile 
on an inclined plans passing through the point of projection 
and at right angles to the plane of motion. 

Let OB be the intersection of the 
inclined plane, and OA the inter- 
section of the horizontal plane, with 
the plane of motion ; let 00 be the 
direction of projection; angle CO A 
= Q ; angle BOA = /I. 

Let B be the point where the 
projectile meets the inclined plane, 
and t the time of flight. Through 
B draw the vertical line ABC, We 
shall estimate the velocity and 
acceleration of velocity by their 
components parallel to 00 and a 
vertical line. Thus 

OC=Ff; CB = yt^, 

R„t ^^ ~ sin (9-/3) 

^^* CO " . cos/3 • 
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Therefore 



Again 



g cos p 
OB cos 



0(7 cos/?' 

Therefore ^^ ^ 2 F^ sin (a ^^^) <^os 0^ 

^ cos2/3 

Otherwise. — Let the velocity and acceleration of velocity 
be estimated by their resolved parts parallel and perpendi- 
cular to the plane OBj and let of and p be the coordinates 
of the projectile parallel and perpendicular, respectively, to 
the plane. Then 

y=Vtsin (^-/3)-^<2^cos/3. 

The jM^ojectile reaches the plane when y«0. Thus the time 
of flight is 

._2i rsin(e-/3) 

g cos p 

Again, substituting this value of t in the value of a?, the 
range is found to be 

x==Vt cos {Q-P)-'\t^ g sin /3 
^ 2 rg sin (0-/3) cos 
g cos2/3 

Cor. — When the particle is projected down the |)lane, 
instead of up, it will be found that the range and time 
of flight may be got from the results here obtained by 
changing the sign of /3, The range and time of flight on a 
horizontal plane may also be found as in this article. It will 
be also seen that the results may be got by putting /3 =* 0. 

Ohs, — The theory of projectiles here given is of no prac- 
tical value as we have neglected the force of resistance of 
the air, which is found, experimentally, to vary approxi- 
mately as the square of the velocity, and thus exercises a 
very considerable influence on the motion* Thus the path 
of a cannon ball is not a parabola, and its range is very much 
less than what would be given by the results we have 
arrived at. The motion of a projectile^ in air is too difficult 
a problem to be discussed here. 
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84. Law of Gravitatiok. — Every particle of matter in 
tk4 universe attracts every other particle with a force, in the 
direction of the line joining the two, whose magnitude is directly 
proportional to the product of the masses of the particles and 
inversely proportional to the square of the distance between 
them. 

This is Newton's celebrated law of tmirersal attraction. 
We sliall now explain how the laws of falling bodies follow 
as consequences of this law, and that the weight of a body, 
which is the force of the earth's attraction on the body, is 
proportional to the mass of the body. 

We shall suppose the earth's figure to be, as is nearly 
thiB case, spherical. It is proved in mathematical treatises 
.that, according to the law of gravitation, the attraction of a 
spherical body on an external particle is the same as if the 
entire mass of the sphere were condensed into one particle 
at its centre. 

Let M be the mass of the whole earth, r its radius ; m 
the mass of a body, and h its height above the surface. The 
mutual force of attraction between the earth and the body 
is, by the law of gravitation, 

p_. Mm 

(r + hy 

where A is the constant of variation, and whose value it is 
not necessary for our present purpose to specify. 

In the case of a body at the earth's surface, whether at 
rest or falling freely from a small height above it, h is very 
small in comparison with r, and may be neglected. Thus 

Mm 



F=k'^ 



r3 



This shows that the weight F oid, body, or the force of the 
earth's attraction on it, is proportional to its mass m. 

Again, let a be the acceleration of velocity which the force 
F produces in the mass m of a falling body, and a' the 
acceleration of velocity which F produces in the mass M of 
the earth. Then 

F M , F ^m 
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The acceleration of tlie relative Telocity with which the 
body approaches the earth, considered at rest, is therefore 



+ a' = A 



r2 



Now the mass m of the body is very small in comparison 
to the mass M of the whole earth, and may be neglected. 
Thus the acceleration of velocity of a falling bc^y ^^ 

and is independent of the mass of the body. 

Obs, — We have assnmed that the earth is spherical ; this 
is not accurately the case, as was first shown by Newton. 
The earth's figure is an oblate spheroid formed by the revo- 
lution of an ellipse round its axis minor. Thus the value of 
r, and hence the value of the force of gravity on the unit of 
mass, varies in different latitudes. "We have also neglected 
the rotation of the earth on its axis ; it will presently be 
shown how this influences the weight of a body. 

85. Motion op the Moon round the Earth. — It is 
known from astronomical observations that the moon's orbit 
round the earth is approximately a circle described uniformly 
in 27*33 days. We can hence calculate the acceleration of 
the moon's velocity towards the earth. We have. Kinematics , 
Art. 37, 

where H is the radius of the moon's orbit. It is known 
from observations that E = 60r, where r is the earth's radius, 
and which we may take as 4,000 miles. Substituting for E 
and T their values in feet and seconds, and reducing we get 

557r2 1 



34(27-33)2 111-5' 

Now, according to the second law of motion, we conclude that 
the moon is acted on by a force directed to the earth, and 
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according to tlie law of gravitation this force is the force of 
the earth's attraction on the moon. Now if the law of gra- 
vitation be true, the acceleration of the moon's velocity ought 
to be the same as the acceleration which the earth's attrac- 
tion would produce in a body at the distance of the moon. 
Let a be this acceleration of velocity, which is also the 
measure of the force of gravity on the unit of mass at 
th e moon's distance. Then by the law of gravitation 

Substituting for E its value 60r, and taking 82*2 as the 
approximate mean value of g, we have 

= ^ = 1 
" (60)2 111. 8 

This value, thus obtained from theoretical considerations, 
agrees very approximately with the above value calculated 
from the results of observations ; and we have ' thus a 
remarkable verification of the truth of the laws of motion 
and gravitation. 

Obs. — The comparison given in this article is celebrated 
as being that by which Newton first tested his law of gravi- 
tation. In the year 1665 Newton formed the opinion that 
the same force which causes bodies to fall at the earth's 
surface extended to the moon and retained her in her orbit 
round the earth. On first making the caculation Newton 
found that the results did not agree. This was owing to his 
using the, then, commonly received value of the earth's 
radius, which was incorrect. Newton laid aside his calcula- 
tions until 1684. About that time a more correct value 
of the earth's radius had been calculated, which he then 
applied to the same problem and obtained the desired 
agreement. 

S6. To determine the effect produced hy the earth* s rotation 
on the weight of a body, in any latitude^ supposing the earth 
to be a sphere. 

Let be the position of a body, whose mass is'm, on the 
earth's surface ; JV/Sthe earth's axis of rotation. Draw OE 
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perpendictilar to iT^. Let OA 
be the diirection of the pressure 
of the earth on the body, which 

is equal and opposite to the / E I ^ > B 

weight of the body. OA very 
nearly coincides with the radius 
OC ; let ^ be the small angle 
which it makes with it. 

In consequence of the earth's 
diurnal rotation on its axis 
the body moves in a circle 
whose centre is E and radius 
OJS; let w be the angular velocity of rotation of the earth, 
and OE equal to a, . 

The forces which maintain circular motion in the body O 
are the force of the earth's attraction mg' in the direction 
OC, g* being the true force of gravity on the unit of mass, 
and the reaction, equal to mg, of the earth against the body 
in the direction OJ., g being the weight of the unit of mass, 
or the apparent force of gravity on the unit of mass. Hence 
(Art. 12) the resultant of these forces must be in the direction 
OE, and equal to waw^ ; and the forces are at every instant 
in equilibrium with the force of inertia of rotation mau)^ in 
the direction OB, Art. 13^ (4). 

Let Z be latitude of the place, which is the complement 
of the angle OCE, and therefore equal to EOC ; and let r 
be the earth's radius CO. Then a = r cos l. Besolving 
forces along OG we get 

m^' = mg cos ^ + maw^ cos I, 

6ince ^ is a very small angle we may take cos = 1, and 
substituting for a we get 

g^g'-^fo^r cos^Z. 

Thus the weight of the unit of mass is less, in consequence 
of the earth's rotation, than the true force of gravity on the 
unit of mass by a quantity which is proportional to the 
square of the cosine of the latitude. The diminution of 
weight is therefore greatest at the equator, and is zero at 
the poles. 



CHAP. II.] THB FOROB OF GRAVITY. 258 

(7or. — Let a be the force ef inertia caused by rotation 
(centrifugal force) on the unit of mass at the equator where 
;=0, wehaye 

where a = w*r = -^^' 

The numerical value of a may be found by substituting for 
r the number of feet in the earth's radius and for T the 
number of seconds in the sidereal day. It will be suffi- 
ciently approximate, however, for our present purpose, to 
take r = 4,000 miles and ^ = 24 hours. We thus get 
a =» 'llie, and since ff at the equator is 32*088, we get, very 
nearly, 



a = ail6 



= ff 



288 
Hence 288o = ^' - o 

Or a- ^' = ^ 

289 (17)2- 

If the earth were to revolve 17 times as fast as it actually 
does revolve, a would be increased in the ratio of 1 to 17*, 
and would, hence, become about equal to ^. Thus bodies 
would have no weight at the equator. 

Ohs. — We have supposed the earth's figure to be spherical. 
This is not accurately the case, its figure is an oblate 
spheroid, and is such that the direction of the weight of a 
body, which is the resultant of true gravity and the force of 
i inertia caused by rotation, is everywhere perpendicular to 

its surface. We have shown that the loss of weight caused 
by rotation is greatest at the equator and diminishes from 
the equator to the poles. The force of the earth's attraction 
increases from the equator, where it is least, to the poles, 
where it is greatest, because the force is inversely as the 
square of tjie radius of the earth and the radii (tiie figure 
not being spherical) diminish from the equator to the poles. 
Hence, for both reasons, the weight of a body is least at the 
equator and increases to the poles, where it is greatest. (See 
Statics, Art. 10.) 
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Examples. 

1. Find the spaces described by a body falling from rest in 
the first, second and third seconds, respectively, of its descent. 

Ans. 16 ft.; 48 ft.; 80 ft. 

2. Find the space described in nine seconds by a body falling 
from rest. 

Ans. 1,296 fl. 

. 3. Find the space described in the ninth second by a body 
falling from rest. 

Ans. 272 ft. 

4. Prove the following approximate rale: — '*The height of 
any place in feet is equal to the square of the number of quarter 
seconds occupied by a body in falling from the top to the 
bottom." 

5. Find the velocity acquired by a body in falling through 225 
feet vertically from rest. 

Ans. 120. 

6. Find the height to which a body, projected vertically 
upwards with a velocity of 80 feet per second, will ascend, taking 
^ = 32. 

Ans. 100 ft. 

7. A stone is. projected vertically upwards with a velocity of 
150 feet per second ; one second after another stone is projected 
with a velocity of 200 feet per second ; when and where will the 
stones meet ? 

Ans. 2*634 sees. ; 284 ft. 

8. With what velocity must a stone be projected from the top 
of a tower 250 yards above the sea, tnat it may reach the 
water in 6 seconds ? 

• Ans. 28*4. 

9. A stone is projected vertically downwards with a velocity 
of 50 feet per second ; if a second stone be projected after it in 
10 seconds, when will it overtake the first stone, the velocity of 
projection of the second stone being eight times that of the first? 

Ans. 80 sees. 

10. A person drops a stone into a well, and after / seconds hears 
it strike the water ; assuming the velocity of sound to be 34^, 
show that the depth x of the well may be found from the equation 

X + 24y/2gx = S4gt. 
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11. A stone falls from the mouth of the shaft of a mine, and 
3 seconds afler another &tone falls from- a point 600 feet lower 
down. When and where will the first stone overtake the second P 

Ansi 961 ft. ; 7*75 sees. 

12. A body is dropped from a given height, and at the same 
instant anol^her is projected upwards, and they meet half way ; 
find the initial velocity of the latter body. 

Ans. s/gh. 

13. A falling body describes one-third of the entire height in 
the last second ; find the height and the time of descent. 

Ans, 5*449 sees. ; 475 ft. 

14. A falling body describes the vf^ part of the height in the 
last second ; find the time of falling. 

Ans. n ± ,s/n (»- 1). 

15. A stone is dropped from a height of 400 feet, and when 
it has fallen through 50 feet, a second stone is projected after it, 
so that both stones reach the ground together ; find the velocity of 
projection. 

Ans. 72. 

16. A body is projected vertically upwards, and the time, n 
seconds, between its leaving a given point, whose height is A, and 
returning to it again, is observed. Find the velocity of projection. 

Ana. V^^-^-^ 2gh. 

17. With what velocity must a body be projected downwards, 

so as in n seconds to overtake another biody which has already 

fallen through a distance h f 

h , 

^ Ans. V=- + V2ghj 

' 18. It is said^hat at one of the asteroids, a man, who on the 

earth could leap a height of 6 feet, could jump 60 feet high ; 
compare the force of attraction of the asteroid at its surface with 
the force of the earth's attraction at its surface. 

A71S. ^, 

19. Taking the value of g to be 32 when the units of time 
and space are one second and one foot respectively, find the 
measure of g when the unit of space is a metre (39*37 inches). 

Ans. 9*8. 

20. Taking 32 as the measure of the acceleration of velocity 
produced by gravity, when the units of length and time are 
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oae foot and one second, find its measure when the units are 

one yaixl and one minute. 

^ Am, 39,600. 

2 1 . Find the unit of length when the measure of acceleration o f 
velocity produced by gravity is 14, and the unitof time 5 seconds. 

Ans, 55' 5, 

22. If the weight of the unit of mass be taken as the unit 
pf force, and a foot as the unit of space, what would be the unit 
of time ? J 

Ansp ==f sees. 

23. The time occupied by a body in running down a smooth 
inclined plane is n times the time occupied by another body in 
falling down its height ; find the inclination B of the plane to 
the horizon. 

Ans, sin 6=—, 

n 

24. A smooth plane is inclined at an angle of 80* to the 
horizon; a body is projected up the plane with a velocity g; 
find the time it takes to describe a space g, 

Ans, 2aecs. 

25. Divide an inclined plane whose length is Zinto n parts, 
such that a body running down the plane shall describe the parts 
in eqiial times. 

26. Find the velocity with whioh a body should be projected 
down a smooth inclined plane, whose length is I and height A, 
80 that the time of running down the plane shall be equal to the 
time of falling from rest down the height. 

Ans, F = ^ - 

* s/2gh 

27. Find the inclination of a plane, when a velocity of f ths 
that due to the height is sufficient to render the times of running 
down the plane, and of falling down the height, equal to each 

other. 

Ans. ftO**. 

28. Determine the inclination to the vertical, of that radius 
of a vertical circle down which a body will fall in the same time 
as down the vertical diameter. 

Ans. 60<>. 
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29. Two circles lie in the Fame vertical plane, the lowest point 
of one being in contact with the liighest point of the other ; prove 
that the time of descent from any point of the former to a point 
in the latter along a straight line joining these points and passing 
through the point of contact, is constant. 

30. If two circles touch each other at their highest or lowest 
point, and a straight line be drawn through this point, the time 
of falling- from rest down a straight line intercepted between the 
circumferences is constant. 

31. Find the line of quickest descent; (1) from a given 
point to a given plane; (2) from a given plane to a given point. 

32. Find the line of qui(5kest descent : — 

(1) From a given point without a given circle to the circle. 

(2) From a. given circle to a given point without it. 

(3) From a given point within a given circle to the circle. 

(4) From a given circle to a given point within it. 

(5) From a given circle to a given straight line without it. 

(6) From a given straight line without a given circle to 

the circle. 
{7) From a given liircle to another given circle witiiout it. 

(8) From a given circle to another given circle within it. 

33. A is the highest point of a vertical circle, and AB any 
chord: a circle is described on AB &s diameter, and a tangent, 
drawn at B to the former circle, meets the latter in C; prove 
th^t the time of descent down CB is constant. 

34. Any number of smooth fixed straight rods, not in the same 
plane, pass through a given point; and a heavy particle slides 
down each rod, theparticles starting simultaneously from the given 
point. If the rods be so situated that the particles are at one 
instant in the same plane, prove that they will always be in one 
plane, and that a circle can be described passing through them. 

35. If a body whose mass is 1,000 lbs. be constrained to 
move in a circle, whose radius is 100 feet, by means of a string, 
capable of supporting the weight of a mass of 450 lbs., calculate 
at what velocity the string will break. 

Ans. 38-06. 

36. If a railway carriage, whose mass is 7*21 tons, moving at 
the rate of 30 miles per hoar, describe a portion of a circle, 
whose radius is 460 yards, calculate its centrifugal force in 
gravitation units. 

Ans, 0-314 tons. 
s 
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87. Two bodies whose masses are m anid m^ are placed ob two 
smooth inclined planes, having a common height, and whose 

inclinntions are 9 and ^, The bodies are connected by a string 
passing over a smooth small pulley fixed at the top of the planes; 
required to find the acceleration of velocity, and the tension oJf 
the string. 

A w sin - m' sin d' 

m ^ m 

^(sind + sin d*). 

88. A body whose mass is m, hanging vertically, i^ connected 
by a string with- another body of mass m placed on a smooth 
horizontal table, the string passing over a small smooth pulley at 
the edge of the table ; find the acceleraticm of velocity and the 
tension of the string. 

m rn 



m + m 

89. A descending body, whose mass is m, draws another body 
whose mass is m^ up an inclined plane whose height and length 
are h and I, by a cord passing over a smal)- pulley at the summit 
of the plane ; find the distance of m' from the bottom of the 
plane, when the cord should be cut in order that ni' may just 
reach the top of the plane. 

m + wi' hi 

40. In example (88) suppose the taUe to be rough and u 
to be the coefficient of kinetic friction. 



(1 + f)' 



tn + m- 

mrn g 

J 



41. A mass of 5 ounces draws a mass of 4 ounces over a 
smooth pulley ; required the space described in 3 seconds from rest. 

Ans, ^g ft. 

42. A mass of 7lb8. draws a mass of 51b8. over a fixed pulley ; 
at the end of the first second the string is cut ; required tne 
velocity of the mass of 7tbs. at the end of the next second. 

Ans. ig. 



J 
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4d. A mass of 7nys. is drawn along n smooth horizontal table 
by a mass of iSb. hanging vertically; required the space described 
in 4 seconds. 

Ans, g ft. 

44. If a mass of lOlbs. be placed upon a horizontal plane 
wliich is made to descend with uniform acceleration of velocity 
measured by 10 ; find the mutual pressure between the body and 
the plane. 

Ann, 10(^-10). 

45. In what time will a force, equal to 5^, move a mass of 
lOlbs. through 50 feet along a smooth norizontal plane, and what 
will be the velocity acquired ? 

-^«*- J^ J n/50^. 

46. A body is lifted vertically against gravity through 2 feet 
in 2 seconds by a constant force equal to 40^ ; what is the mass 
of the body ? 

47. In Atwood*s machine, if in one experiment the two larger 
masses be each 15 oz. and the smaller 2 oz., and in a second the 
larger be each 14 oz. and the smaller mass 4 oz., show that the 
iacceleration of velocity in one case is double of that in the other. 

48. If the two larger masses used in Atwood's machine be 
each a pound, and the smaller mass which is lifled ofi be a 
quarter of an ounce, show that the velocity generated in four 
seconds will be approximately that of one foot per second. 

49. If n and n be the number of vibrations made in the 
same given time by the same pendulum in places where the weights 
of the unit of mass are g and g% respectively ; then^ approximately, 

8 » 

50. Colonel Sabine observed that the number of vibrations 
of a pendulum in London, in a mean solar day, was 85945*80. 
Having conveyed the same pendulum to Paris, he observed the 
number of vibrations to be 85933*88 ; calculate the difference of 
the weights of the unit of mass in London and Paris as a frac- 
tion of its total amount. 
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51. If / and f be the times of oscillation of two penduUims, 
at the same place, whose lengths, I and T, differ by a small 
amount ; show that, approximately, 

t r-i 

52. The adjustment of a pendulum to its proper length may 
be effected by a nut on the end of the rod, by which the bob can 
be screwed up or down. If a clock lose two minutes a day, how 
many turns must be given to the nut to correct its error, suppos- 
ing the screw to have 50 threads to the inch, and taking the 
length of the seconds pendulum 3914 inches ? 

° . Ans. 5*4 turns. 

53. Prove that the velocity of a projectile at any point on 
its path is that which would be acquired in falling from the 
directrix to the point. 

54. Find the time in which a projectile reaches its greatest 
height, and the greatest height. 

Fsin e . F» sin« $ 

Ans, t^= ; A= . 

8 2gr 

55. Prove that the same point in a horizontal plane passing 
throut'h the point of projection may be reached by two pi-o- 
jectiles, having the same initial velocity, whose angles of elevation 
are complemental. 

56. Prove that the direction of elevation which corresponds 
to the maximum range of a projectile on an inclined plane, 
passing through the point of projection, bisects the angle between 
the plane and the vertical line passing through the point of 
projection. 

57. Prove that the same point may be reached by two parti- 
cles projected with equal velocities in directions equally inclined 
to the line bisecting the angle between the line joining the given 
point to the point of projection and the vertical line through 
the point of projection. 

58 If any number of particles be projected from the same 
noint at the same instant, with equal velocities, in different 
directions ; prove that they wUl all at any future instant be on 
the surface of a sphere. 

59 If two particles be projected from the same point at the 
same instant, with different velocities, and in different directions, 
the line joining them will always move parallel to itself. 
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60. If three particles be projected from the same point, at 
the same instant, with different velocities, and in different direc- 
tions, the plane which passes through them will always move 
parallel to itself. 

61. A smooth plane is inclined at an angle of 45® to the horizon 
and from the foot of it a particle is projected upwards along the 
plane, with a velocity F, and reaches the top with one-fifth, of 
its ori^nal velocity ; find at what distance from the foot of the 
plane it will strike the ground. 

25^. 

62. Find the inclination to an inclined plane, at which a 

particle must be projected in order to strike on the plane at right 
angles, the inclination of the plane to the horizon being fi 

Ans. 2 tan 6 = cot /3. 

63. A particle is thrown over a triangle from one end of the 
horizontal base, and, grazing the vertex, falls upon the other end 
of the base. If a and j3 be the base angles and the angle of 
projection, prove that 

tan = tan a -k- tan /3. 

64. Supposing the mass of the earth to be 49 times the mass 
of the moon and the radius of the earth 4 times that of the moon, 
prove that a seconds pendulum carried to the moon would 
o&cillate in 1} second. 






CHAPTER m. 

COLLISION OF BODIES. 

37. In tkis chapter we propose to consider in some sim- 
ple cases the change of motion produced in each of two 
bodies which come into collision with one another. For 
simplicity the bodies are supposed to be two spheres haying 
no motion of rotation before or after the shock, and they 
may, hence, be treated as particles. All bodies are more or 
less capable of being compressed, and have a tendency to 
recover their origin^ forms to a greater or less degree, when 
the compressing force ceases to act. This~ property is called 
tldsticity. 

When two spherical bodies whose centres are moving in 
the same line come into collision the mutual resultant force 
between them must at every instant during the contact be 
along this line, on account of the synmietty of the parts of 
the bodies about the line. The whole duration of the 
impact may be divided into two parts. During the first part 
the bodies are compressed ; gradually increasing portions 
of their surfaces come in contact up to the instant of 
closest approximation, when the mutual forces of resistance 
to compression have equalized the velocities of the bodies, 
and they are then moving with the same velocity as 
one mass. During the subsequent portion of the time of 
contact the bodies by reason of their elasticity tend more or 
less to regain their original forms, and during this period 
the force of restitution arising from elasticity tends to sepa- 
rate them. The motions of two such bodies after impact 
are calculated from the following principles. 

The force, at every instant during the contact, which one 
of the bodies exerts on the other is, by the third law of 
motion, equal and opposite to the force which the second 
body exerts on the first. Hence these forces generate 
equal changes of momentum in the bodies in opposite 
directions. 



CHAP. III.] COLLISION OF BODIES. 26S 

• Again, Newton found experimentally, and his conclusions 
have been yerified by subsequent research, that, when no. 
permanent deformation is produced in either body by the 
imip^t, the relative velocity of separation after collision is 
always in a constant ratio to the relative velocity of approach 
before impact, for the same two bodies. This constant 
ratio, called the ooefficient qf restitution, is always less than 
unity, but approaches more nearly to it the harder the bodies 
are. 

Ohs, 1. — The whole duratioii of the contact which takes 
place in the collision of two bodies is extremely short, pro- 
bably in ordinary cases not greater than the one thousandth 
part of a second. Forces which, acting with great intensity 
for a very short time, generate a finite change of momentum 
are called impulsive forces. 

An impulsive force is measured .by the whole change of 
momentum generated by the impulse, and this change of 
momentum is produced in so short a time that the change 
of momentum produced during that time by any ordinary 
force, such as gravity, is altogether inappreciable. For 
example, in the case of a blow the immediate effect produced 
on the body which is struck is not sensibly altered by gra- 
vity, or any like force which may be acting on the body. 

Ohs. 2. — -The ratio of the velocity of recoil to the velocity 
of approach, which is here called the coefficient of restitu- 
tion, will be taken to be constant for the same two bodies 
for all velocities. It has been proved, however, experiment- 
ally that this law is not accurately true for higlji velocities, 
for which the coefficient diminishes. 

. Ohs, 3. — What is here called the coefficient of restitu- 
tion (a name given by Thomson and Tait) is called in 
most books the coefficient of elasticity, and • bodies are thus 
(inaccurately) spoken of as being theoretically perfectly 
elastic, imperfectly elastic, or inelastic according as the 
coefficient of elasticity is unity, less than unity, or zero. The 
etudent will find these terms frequently used in problems^ 

Def — The collision of spheres is said to be direct when at 
the instant of impact their centres are moving along the 
^aoie line ; otherwise th^ impact is said to be oblique. 
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38. Ttc^o spherical bodies impinge directly on each other ; 
required to find the motion of each after the impact. 

We shall take as a standard case when the bodies are 
moving in the same direction, in which direction velocities 
will be considered positive. Let V and F' be the velocities 
of the bodies before impact ; v and v' their velocities after 
impact, both taken as positive ; m and m^ the masses of the 
bodies ; and e the coefficient of restitution. V is supposed 
to be greater than V\ 

The momentum lost by one body in collision is »» ( F- 1;), 
and the momentum gained by the other is m' ( v'- F'). 
Hence, by the third law of motion, 

m(V-v) = m'{v'' P) (1) 

Again, the relative velocity of approach is F- V, and the 
relative velocity of separation (or recoil) is r' - v Hence, 
by the law of restitution, 

y'^v^eiV" F',) (2) 

Equations (1) and (2) are sufficient to determine the un- 
known quantities v and v' in magnitude and in sign. If the 
signs of these quantities are found to be both positive the 
bodies continue to move in the same direction after the col- 
lision. If the sign of one of them, however, be found to be 
negative, this would indicate a reversal of the direction of 
motion. 

Cor. — When the bodies are moving in opposite directions 
before impact the velocity V of one of them is to be taken 
negative, in the above equations. The signs of the quanti- 
ties V and v^ are to be considered as unknown, and are to be 
determined from these equations in the solution of any par- 
ticular question. 

39. The following investigation, leading to the same 
results as those given in the last article, is instructive. 

Let u be the common velocity of the bodies at the instant 
of closest approximation. Art. 87. The force which acts 
on either body during the compression is, by Newton's 
third law, at every instant equal and opposite to the force 
which acts on the other body. Let M be the total amount 
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of this impulsive action, measiired by the whole change of 
momentum which it produces. Then with the same nota- 
tion as in the last article, 

Again, if we assume that the impulsive action of restitution 
due to elasticity is e times the impulsive action due to com- 
pression, we have 

m(u — v) = eU, 

m' (v'-w) = eR, 

Eliminating R and u from these four equations, the 
equations of the last article are immediately arrived at. 
Cor. — From these equations we find immediately 

{m ■\' rn) u = mV ^ m' V = mv ■¥ m'v\ 

This also follows, since the bodies at the instant of closest 
contact must be moving as one mass with a momentum 
equal to the sum of their momenta before or after impact. 

This relation shows, as is otherwise known. Art. 15, that 
the motion of the centre of inertia of the bodies is not 
changed by the collision, Art. 3. 

40. A spherical hody impinges obliquely in a given direc- 
tion on a smooth fixed plane ; required to determine the 
amount and direction of the velocity after impact. 

Let the direction of motion before impact make an angle 
6 with a line perpendicular to the plane ; and let the direC" 
tion of motion after impact make an angle with the samQ 
line. 

The impulsive action during contact is, in direction, per- 
pendicular to the smooth plane. Hence, if we resolve velo- 
cities parallel and perpendicular to the plane, the velocity 
parallel to the plane will be unaltered by the collision, and 
the velocity perpendicular to the plane will be changed 
according to the law of restitution. Thus, 

F" sin d =v sin ^. 
^Fcos d = -v cos ^, 
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From th(Bse equations we get 

t?2 = P^ (siii« -0 + e« cos^O) ; 

cot =» - « cot 0, 

The negative sign appears as the velocity after impact, 
perpendicular to the plane, is reversed in direction. Also 
the directions of velocity before and after impact lie on. difr 
ferent sides of the perpendicular to the plane. 

Ofta.^The angles 9 and <p are called^ respectively, the 
angles of incidence and reflexion. 

41. Two smooth spheres, whose centres are moving in the 
same plane, impinge obliquely ; required to determine their 
motions after impact. 

Let Q and be the angles which the directions of velocity 
of one of the bodies, before and after impact, make with the 
line joining the centres of spheres at the time of , collision ; 
6' and 0' the corresponding quantities for the other body. 

The impulsive action must, since the spheres are smooth,, 
take place along the line joining their centres. Hence the 
resolved components of velocity perpendicular to this line 
will be unaltered by collision, and the resolved motions along 
the line of centres must obey the laws of direct collision, 
Art. 38. Thus 

Fsin = i; sin 0. 

F sin 0' = v' sin 0'. 

w( Fcos 6 - r cos 0) = m\v' cos 0' - V cos 6'). 
e{ Fcos Q - F'cos d') = v'cos 0^ - v cos 0. 

These four equations are sufficient to determine, in magni- 
tude and sign, the four unknown quantities, v, v', 6, 0*. 

Qhs.^^j particular suppositions regarding the values of 
the coefficient of restitution e and the masses of the bodies, 
numerous problems, depending on the results arrived at in 
this chapter, may be proposed for solution. Theoretically we 
may regard e to have values between unity and zero, including 
these limits. In most books the two bodies are said to be 
perfectly elastic when ^ =1, and inelastic when e = 0. Many 
curious results are thus obtained. These results will be suffi- 
ciently illustrated in the examples appe^ded to this chapter. 
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EXAMPLBS. 

1. If two spheres of equal masses come into direct collision ; 
prove, tbat if the coefficient of restitution be unity they will 
interchange velocities. 

' 2. A sphere, whose mass is 51hs., moving with a velocity of 14 
feet per second, impinges directly on a sphere whose mass is 31bs. 
and moving in the same direction with a velocity of 8 feet per 
eecond ; find the velocities after impact, supposing e »= ^. 

AnS. V = II yV^ sea ISi 

3. What must be the coefficient of restitution of two balls 
whose masses are m and m\ in order that m impinging directly 
upon m' at rest, may itself be reduced to rest by the impact? 

Ans, e = -->• 
m 

4. A ball, whose mass is 3}bs., moving with a velocity 
of 14 feet per second, impinges directly on a ball whose mass 
is 51bs moving in the opposite direction with a velocity of 
8 feet per second; find their velocities after impact, supposing 

An9. » s= - 6| ; r' =s 4f . 

5. If a ball impinge on a plane at an angle of 30^ with the 
normal and be reflected at an angle of 60®, find the coefficient 
of restitution. 

Ans. e = ^, 

6. Find with what velocity a ball must impinge upon another 
ball of equal mass moving with a velocity F', that the impinging 
ball may be reduced to rest after collision. 

Ans, F=-^ V\ 

7. If two balls, for which the coefficient of restitution is 
unity and whose masses are in the ratio of 1 : 3, moving in 
opposite directions with equal velocities, meet directly, the larger 
one will remain at rest. 

8. A ball falls from a given altitude a upon a hard horizontal 
plane, and rebounds continually till its whole velocity is lost; 
find the whole space described, the coefficient of restitution 
being e. 

1 +€« 

Ans. J — ^ a. 
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9. A ball slides dovrn a smooth inclined plane, inclination 0, 
from a given height 'A; at the bottom of the inclined plane the 
ball rebonnds from a hard horizontal plane : find the range on 
the horizontal plane. 

Ans. 2eh sin 2$, 

~ » 

10. A particle is projected with a velocity F, at an inclination 
9 to the horizon, and, by continnally rebounding from the 
horizontal plane, describes a series of parabolas ; find the whole 
range, and the whole time of flight. 

Ans Zl?!!Ll?. 2 ^«'" \ 



. CHAPTER IV. 

ENERGY. 

42. Measure op Kinetic Energy. — A body in motion 
is capable of perfonning a definite amount of work against 
forces which resist the motion. The work which a body 
can thus perform is called its kinetic energy, and we shall 
now ^ow how it is to be measured. The body will be sup- 
posed to haye no motion of rotation. 

Suppose that a body, whose mass is m, is moving in a 
straight line with a velocity V at any instant, and that it is 
acted on by a constant force P in the direction opposite to 
that of motion. The velocity of the body will be uniformly 
retarded ; let a be the amount of retardation of velocity. 
Then, Art. 8, 

P = m a. 

Let V be the velocity of the body when it has moved over 
a space s against the force P. Then, Kinematics, Art. 18, 

t;« = F^ - 2 a 5. 

The body comes to rest when v =a ; let A be the corres- 
ponding value of 8, Then, 

F* = 2 a A. 

When the body comes to rest all its kinetic energy has been 
consumed in work done against the force. The work so 
performed through the space h is Pk, Statics, Art. 178. Now, 
we have, 

mV* = 2h m a. 

Hence Ph = — «— • 

Therefore, the kinetic energy of a body in motion (without 
rotation) is half the product of its mass and the square of its 
velocity, 

Obs, — Let A be the position of the body when its velocity 
is V, and B its position when its velocity is zero. It is to 
be observed that the body will not continue at rest at B, 
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In fact the force P, continuing to act in the same manner, will 
generate in the body acceleration of velocity directed 
from B towards -4, and when the body returns to A, its 
velocity, found from the equation F* *= 2aA, is exactly the 
same as the original velocity. Hence, -by work measured 
by Ph done on the body by the force its original kinetic 
energy is restored. The body when at B is said to have 
potential energy, with reference to the force P, greater than 
its potential energy at A by an amount PA, which is 
the work which would be done on the body in moving from 
B to A. Thus the energy of the body at B is equal to its 
energy at A, but at B its energy is all potential. 

Ohs, 2. — ^The product of the mass of a body into the 
square of its velocity is called the via viva of the body. 
The via viva is hence twice the kinetic energy. 

43. If the action of an agent be measured by its force and 
velocity conjointly ; and if similarly y the reaction of the resist-' 
ance be measured by the velocities of its several parts and their 
several forces conjointly, whether arisiny from friction, cohesion, 
weight or acceleration ; action and reaction in all combinatiofis 
of machines will be equal and Opposite, 

Newton gives the above as a «eholium to his third law of 
-inotion in its application to the Science of MachiAes^ or 
Mechanics, and thus specifies another class of actions and 
reactions which are subject to his third law. 

JBy the action of a force is here to be understood the rate 
at which it works, which is proportional to the work done 
by the force during an indefinitely small displacement of its 
point of application ; that is, to the product of the 
resolved component of the force in the direction of mption 
into the displacement of its point of application,«{^iafec5, 
Art. 178. . ^ / , ". .: 

When the point of application of the power, i^ a machine, 
moves through any indefinitely small spiace,ilie points of 
application of the several resistances must moye, in the same 
time, through corresponding spaces proportional to their 
velocities. Hence Newton's statement is >equivalent to say- 
ing that, during any indefinitely small motion of a machine, 
the work done by the power is equal to the whole work done 
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against r^esistances^ whether arising from firictiob, molecolar 
forces, gravity, or acceleration of velocity. 

Any finite displacement of the point of application of a 
force may be supposed to be made up of a great number of 
very small displacements, and the whole work done by a 
force is the sum of thd several amounts of work for all these 
displacements. When there is acceleration of velocity part 
of the work done by the power is expended against reac* 
tions to acceleration (that is, against the forces of inertia of 
the different parts). This work has its equivalent in a corre- 
sponding amount of kinetic energy. When work is expended 
in raising a body against gravity, the fall of the body is 
capable at any time of restoring the amount of work so 
spent. When work is expended against molecular forces as 
in pending a perfect spring, the recoil of the spring is 
capable of restoring at any time the amount of work so 
spent. Thus Newton's scholium on his third law stated in 
modem language is the law of energy as applied to 
Mechanics : — 

The work done, in any time, hy the power is equal to the 
whole effects in the forms of potential and kinetic energy 
together with the work lost against friction* 

The work lost against frifction is transformed into heat, a 
form of molecular energy which always accompanies friction. 

Obs. — The foundation of the theory of energy in abstract 
dynamics was thus laid down by Newton in a remarkably 
clear and compact manner, but the importance and full mean- 
ing of this scholium on his third law escaped the notice of 
commentators until recently pointed out by Thomson and 
Tait. 

44. Conservation of Enbboy. — The invention of a 
machine which, without having energy of any kind sup- 
plied to it from without, would continue to perform work 
for ever had long been one of the dreams of enthusiasts. 
The Principle of the Conservation of Energy denies the 
possibility of the construction of such a machine by assert- 
ing that the total amount of energy of an^ body or system of 
bodies cannot be altered in amount by any mutual actions 
between the parts of the body or system, although it may 
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be transmuted into the different fot^is of which energy is 
susceptible. (See, also, Statics^ Art. 197.) 

The conservation of Energy asserts that it is impossible 
to create or destroy energy. If, however, it were possible 
to transform and retransform energy by any perfect process, a 
machine might be constructed which, when once put in 
motion, would continue to move for ever, but without 
performing work on external matter. It is known from 
experience, however, that no process in nature is exactly 
reversible, so that no system of bodies can pass from one 
particular configuration through a series of others and back 
again to the original configuration without having part 
of its energy transmuted into forms which are incapable 
of further useful transformation. For example, there is no 
such thing in nature as a perfectly smooth body, and the 
motion of a machine is, thus, always retarded by friction, 
the energy so spent being transformed into difiFused heat 
from which no useful effect can be derived. Such diffused 
energy is said to be dissipated, and the Principle of the 
Dissipation of Energy asserts that ( another of the dreams of 
enthusiasts) " the production oi perpetual motion,'* of any 
kind, is impossible. 

45. Enekgy in Abstract Dynamics. — The different 
forms of which energy is susceptible and the transformations 
from one of these forms into any of the others are treated 
of in works on Physics and Chemistry. In Abstract 
Dynamics we are concerned with motion under the action 
of any forces, but unresisted by friction. We have, 
therefore, only to consider visible kinetic energy, or the 
energy which a body possesses in virtue of its motion, and 
visible potential energy, which a body possesses in virtue 
of a position of advantage with respect to forces acting 
on the body, and the transmutations of one of these forms 
of energy into the other. 

The law of energy in Abstract Dynamics is that the 
sum of the potential and kinetic energies of any body 
or system of bodies not acted upon by external forces 
is constant {Statics, Art. 180), and this can be proved by 
mathematical reasoning (which is, however, beyond our 
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limits-) in the case of a system whose mutual forces depend 
on the distances of the particles, and not on the way in which 
the parts are moving at the time. For example, if we take 
the case of a body in motion under the influence of the 
earth's attraction, the law asserts that the sum of the kinetic 
and potential energies of the system, the earth and the 
body, is constant during the motion. When, however, the 
body comes to rest by collision with the earth's surface, the 
apparent loss of energy is to be accounted for by a trans- 
formation into energy of vibrations and the invisible molecular 
energy of heat. 

In Abstract Dynamics we also speak of a body or system 
as being acted upon by external forces, and the law of 
energy asserts that the work done on the body or system 
in any time is equal to the whole change of energy. But 
if the forces are such that they will act equally when any 
motion is reversed, there will be no change of energy, and 
the sum of the kinetic energy and the potential energy, with 
reference to all the forces, internal and external, will be 
constant. See, also. Statics, Art. 180. 

46. The energy of a system of bodies whose mutual 
forces depend on their relative positions is, as has been 
stated, due partly to their motion and partly to their relative 
positions. The potential energy, depending on their relative 
positions only, is the work that the various forces would 
do during the passage of the body from any one chosen 
configuration to anotiier, and the law of energy in Abstract 
Dynamics requires that the same amount of work should be 
done by whatever set of paths the system passes from 
the one configuration to the other. For, if more work is 
done in passing by one set of paths than in passing by 
any other set, the system might be directed by frictionless 
constraints to move from the one configuration by one set 
of paths and return by the other, and so on for ever. 
We should thus have a continual creation of energy, which 
is impossible. 

Since the sum of the kinetic and potential energies is 
constant, the kinetic, as well as the potential, energy depends 
on the parbicular configuration which the system occupies 

T 
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at any instant, and is the same at all times when the ^stem 
again returns to that particular configuration. 

47. To verify the law of conservation of energy in the case 
of a body moving freely under the action of gravity. 

First, let us suppose that the body is in motion along a 
Vertical line ; let m be its mass and W its weight, so that 
W=mg ; V its velocity at any instant, and v its velocity 
after moving through a vertical space h. When the body 
is descending 

v9 = F» + 2gh. 
m 
Therefore g" ^^^ " ^^^^ ^^' 

The left hand side of this equation represents the increase 
of kinetic energy, and the right hand side represents the 
work done on ttie body by gravity, which is also the 
measure of the loss of the body's potential energy with 
reference to gravity. 

When the body is ascending we have 

t;» = F3 - 2gh. 

m 
Therefore g- ( F« - v») = ^A. 

The left hand side is now the loss of kinetic energy, and the 
right hand side is the work done against gravity, which is 
also the measure of the gain of the body's potential energy 
with reference to gravity. 

Secondly, when the body is moving in any direction not 
vertical, with the same notation and the equations of Art. 
32, we have 

v3 = ( ]pr gin - gty + F« cos2 6. 

= F3 - 2^ (Ff sin 6 - i^«) = F» - 2gy, 
Therefore ^ ( F^ - t;») = fPy. 

Since y is the height of the body above the horizontal 
plane through the point of projection, fFy is the gain of 
potential energy. 
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Hence, in all cases of free motion under the action of 
grayity, the sum of the kinetic and potential energies is 
constant. 

Obs, 1. — During the motion a continual transformation of 
energy, from kinetic to potential, as the body ascends, and 
from potential to kinetic, as the body descends, takes place. 
When a body, projected vertically, is at its greatest height 
its whole energy is potential, when it returns again to the 
ground its whole energy is kinetic. We have already men- 
tioned what becomes of this energy after collision with the 
ground. 

Ohs, 2. — We have defined the potential energy of a body 
with reference to gravity to be the work which would be 
done on the body in falling vertically to the ground, taking the 
earth's surface as the zero of reckoning for potential energy, 
Statics, Art. 179. When a body slides down an inclined 
plane it is evident that the work done by gravity is the 
same as the work done in falling freely through the height, 
Statics, p. 161, Ex. 9; and it is a ilecessary consequence of 
the Law of Energy that the work done is the same by what- 
ever path the body may pass from one position to another 
at a different height above the surface. This is also proved 
independently in the next article for the case of a particle. 

48. The work done on a particle, moving under the action 
of gravity, whether freely, or along any smooth curve, is equal 
to the weight of the particle multiplied by the difference of 
altitudes between its first and last positions. 

Let A be the first position of the particle and B the last 
position, and let A and B be joined by any curve whatsoever. 
Let the curve be supposed to be made up of an indefinite 
number of elements, each of which may be considered to be 
an indefinitely small portion of a straight line. Let s be 
the length of one of these elements and & the angle which 
its direction makes with a vertical line. 

The weight W of the particle may be resolved into two 
components ^cos in the direction of motion (or >in the 
opposite direction ) and TFsin perpendicular to the direc- 
tion of motion. Let R be the reaction of the curve on the 
particle. The forces R and ^sin Q being perpendicular 
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to the direction of motion do no work. Hence the whole 
work done on the body by gravity, while the body moves 
from A to ^, is 

SsTTcos 0= TTSscos 0; 

where the letter 2 is used to denote the sum of similar quan- 
tities for the whole path between A and B, But Sscos d is 
evidently equal to the dijBFerence of altitudes between A and 
B ; which proves the proposition. 

Obs, — The motion of the particle may be imagined to 
take place in a very narrow smooth tube in the form of any 
curve, or we may suppose a very small ring to move on a 
very fine wire in the shape of any curve. 

49. The change of the kinetic energy of a particle, moving 
under the action of gravity along any smooth curve, in passing 
from any point to any other point, is independent of the form 
of the curve joining the points. 

This follows from the proposition of the last article and 
the law of energy, since the sum of the potential and kinetic 
energies is constant, Art. 46. 

Thus let V be the velocity of the particle at one point A, 

and V its velocity at -B ; y the vertical distance between A 

and B. Then, whatever be the form of the path connecting 

A and B, the work done by, or against, gravity in passing 

from J. to ^ is mgy, and this is also the difference of potential 

energies at A and B, Hence, 

m 

2 (ra - r«) == mgy. 

Thus the change of kinetic energy depends only on the 
mass of the particle and the verticed distance between the 
points. 

Cor, — i;9 = J^2 + 2gy. 

This equation determines the velocity of the particle in 
any position when descending, F being the initial velocity. 
When the particle is ascending the negative sign is to be 
used with g. When the particle descends from rest, w6 
have, v^ = 2gy ; see, also. Art. 23. The velocity acquired 
from rest is therefore that due to a fall through a vertical 
distance y. 
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50. To determine the loss of kinetic energy in the direct 
collision of two elastic spherical bodies. 

From the equations of Art. 38, we have 

{mv •¥m' vy = (w F + m' F')» 
and m m' (v' - v)« = m m' e^ ( V- T')* 

By adding these equations and reducing we get 
{m + m') (mV + w' v'^)=^(m + w')(w F* + w' F'*) 

-wm'(l-g«)(F- F'/ 
therefore ^ (m F» + w' F'*) - ^ (w v' + m' v'«) 

6'or.— If we suppose « = 1 we have 

i (m F» + wi' F'*) == i (m v« + w' v'«) 

and thus there would be no loss of kinetic energy caused 
by the impact. 

Obs. 1. — Of the Kinetic energy apparently lost in impact 
the greater part is transformed into heat. It is to be 
observed, however, that in Art. 38 we have supposed the 
momentum lost by one body, moving as a whole, to be equal 
to the gain of momentum of the other body, moving as a 
whole. This is never practically the case. Part of the 
momentum of each body is always changed into the 
momentum of vibrations of the body itself. Thus part of 
the kinetic energy apparently lost in impact consists in the 
energy of the vibrations which are produced, and thus even 
on the supposition e= 1, the Kinetic energy after impact 
would ( if we neglect the energy of vibrations ) be less than 
the energy before impact. 

Obs, 2. — The energy of a vibrating body is communicated 
to any surrounding medium, such as air, and is finally 
dissipated as diffused heat. This is the form of kinetic 
energy which, when communicated to our organs of hearing, 
is called sound. 

51. Illustrations op energy and its transforma- 
tions. — In the motions of bodies, (supposed to be unresisted 
by friction and the resistance of the surrounding medium) 
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which we consider in Abstract Dynamics, a continual trans- 
formation from one of two forms of energy, potential and 
kinetic, into the other, without any loss from dissipation, 
would take place. We now give a few common examples 
of these forms of energy, and transformations from one form 
into the other. Numerous other examples will readily 
occur to the reader. 

(1). Motive power is frequently supplied to machinery 
by the fall of water from a higher ta a lower level. The 
loss of potential energy sustained by the water in descending 
is the energy which is taken up and (in part) transformed 
into useful work by the machine. 

(2). In an air-gun we have a store of potential energy 
in the compressed air, which is capable of being converted 
into the kinetic energy of motion of the bullet. The 
potential energy of a bow when bent is converted into 
kinetic energy when the arrow is shot from the bow. 

(3). The motion of the wheels of a clock is maintained 
by the transformation of the potential energy of certain 
masses which descend under the action of gravity. The 
motion of the wheels of a watch is derived from the 
potential energy of the watch spring. 

(4)t The transformations of energy which take place 
when a body is projected under the action of gravity have 
already been noticed. See Art. 47. 

(5). The motion of a pendulum furnishes a good example 
of transformations from potential into kinetic energy and 
vice versd. When the bob is drawn aside from its lowest 
position to a higher position its energy is all potential. 
During the swing to the lowest position the potential 
energy is gradually converted into kinetic energy, and at the 
lowest position all its energy is kinetic. During the ascent 
of the bob on the other side, its kinetic energy is 
gradually reconverted into potential energy, and when the 
bob reaches the same height from which it fell originally 
all its energy is again potential. The same series of 
changes would recur for ever if there were no loss of energy 
from friction and the resistance of the air. 
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